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Chapter 1

Preface and Overview

Machine learning has become increasingly prevalent in astronomical research, driven
by the unprecedented scale and complexity of modern observational data. From the Sloan
Digital Sky Survey to upcoming facilities like the Vera Rubin Observatory and Nancy Grace
Roman Space Telescope, astronomers now routinely work with datasets containing billions
of objects and petabytes of information. This data revolution has made automated analysis

not just useful but essential for extracting scientific insights.

However, discussions about machine learning in astronomy are often complicated
by the fact that “machine learning” has become nearly synonymous with neural networks
and deep learning due to their recent popularity. This association obscures the fact that
machine learning represents a much broader umbrella of techniques with a long history
in statistical analysis. The conflation of machine learning with deep learning has made

productive discussions about these methods more difficult than they need to be.

Machine learning’s growing popularity in astronomy has become a polarizing issue
within the research community. This polarization stems largely from misconceptions about
what machine learning represents and how it connects to the statistical foundations that
astronomers have long relied upon. Too often, machine learning techniques are presented as
“black boxes” that somehow circumvent the need for rigorous statistical thinking. This per-
ception has created an unfortunate divide between researchers who embrace these methods

and those who view them with suspicion.

The root of this problem lies not in the techniques themselves but in how they are

typically presented in research applications. Most existing resources fall into categories

11
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that do not serve the astronomical community well. Classical statistical textbooks provide
mathematical rigor but often stop short of modern methods like neural networks. Machine
learning textbooks focus on engineering applications and algorithmic implementation while
glossing over the statistical foundations that make these methods scientifically valid. There
is also a notable lack of astronomy-focused textbooks in this context—when astronomical
applications are presented, they are often very practical and application-focused rather than

building theoretical understanding.

This gap is particularly problematic in astronomy, where the need for interpretability
and uncertainty quantification exceeds that of most other fields. Computer scientists often
view statistics and machine learning quite differently than physical scientists do. Unlike
commercial applications where predictive power often justifies the means, astronomical re-
search demands understanding not just what our models predict but why they make those
predictions and how confident we should be in the results. When we use these techniques
to challenge existing physical models or claim new discoveries, we must be clear about what

constitutes statistical evidence of discovery.

The consequence of this pedagogical gap has been a fragmented approach to ma-
chine learning in astronomy. Researchers often learn specific techniques for particular prob-
lems—clustering for galaxy classification, regression for stellar parameter estimation, or neu-
ral networks for image analysis—without understanding the underlying statistical principles
that connect these methods. This piecemeal approach not only limits the effective applica-
tion of these techniques but also perpetuates the perception that machine learning is merely

a collection of tools without theoretical depth like physics provides.

This textbook aims to bridge that gap by demonstrating that machine learning tech-
niques are natural extensions of the statistical methods astronomers have always used.
Rather than presenting these methods as revolutionary departures from traditional ap-
proaches, we show how they emerge from the same probability theory and Bayesian inference
principles that underlie all scientific data analysis. By building this foundation systemati-
cally and providing a helicopter view of the field, we hope to demystify these techniques and

enable their more thoughtful and effective application in astronomical research.

What is Machine Learning At its core, machine learning shares the same goal as tra-
ditional scientific modeling: developing a coherent worldview from observed data. Just as
Newton developed the law of gravity to predict planetary positions without explicit lookup

tables, machine learning attempts to learn general rules that can be applied to new situ-
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ations. This perspective reveals that there is no such thing as “pure learning” or “pure

modeling”—all approaches fall somewhere on a spectrum between these extremes.

Every machine learning method incorporates what we call inductive bias—the set
of assumptions that guide learning when data alone is insufficient to determine a unique
solution. When we perform linear regression, we assume relationships follow hyperplanes.
When we choose kernel functions for Gaussian Processes, we encode beliefs about function
smoothness. When we design convolutional neural network architectures, we assume trans-
lation invariance in images. These biases are not limitations but necessities: without them,

learning from finite data would be impossible.

The key insight is that stronger assumptions allow more efficient learning from limited
data but potentially at the cost of flexibility. This trade-off between modeling (incorporating
assumptions) and learning (extracting patterns from data) appears throughout scientific en-
deavor. Even when developing physical theories, we make implicit assumptions about math-
ematical forms, symmetries, and which phenomena are relevant. Machine learning makes
these assumptions explicit through algorithmic choices, offering a principled framework for

balancing prior knowledge with empirical evidence.

Understanding this perspective helps clarify why machine learning is not fundamen-
tally different from traditional astronomical analysis. The choice between a parametric stellar
evolution model and a neural network for predicting stellar properties represents different
points on the modeling-learning spectrum, not a choice between science and black-box al-
gorithms. Both approaches combine theoretical understanding with data-driven discovery;

they simply allocate this combination differently.

What This Book Is—And What It Is Not This textbook is about statistical machine
learning for astronomy, with particular emphasis on building the theoretical foundations nec-
essary to understand and properly apply these methods. While we do include a substantial
chapter on neural networks and deep learning, this book is not primarily a deep learning
textbook. Instead, we view deep learning as the natural culmination of a progression that
begins with basic probability theory and extends through increasingly sophisticated statis-
tical techniques. Understanding the limitations, pros and cons of classical methods helps

illuminate why deep learning has become so prevalent in astronomy.

Our approach is deliberately “classical-centric” in the sense that we prioritize under-

standing the statistical principles that make machine learning methods work. This emphasis
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serves several important purposes. First, classical techniques often provide analytical solu-
tions and well-understood uncertainty quantification that remain valuable for many astro-
nomical applications. Second, understanding these foundations illuminates why and when
more complex methods like neural networks become necessary. Finally, many supposedly
“modern” techniques turn out to be natural extensions of classical ideas—a connection that

becomes clear only when both are understood within the same statistical framework.

We do not attempt to provide comprehensive coverage of every machine learning
technique or to serve as a handbook of implementations. Instead, we focus on developing
conceptual understanding and mathematical intuition that will enable readers to approach
new techniques with confidence. Our goal is not to train practitioners who can apply specific
algorithms but to develop researchers who can think critically about which methods are
appropriate for which problems and why. Although we do provide practical tutorials released
on GitHub (https://github.com/tingyuansen/statml), the emphasis here remains on

understanding rather than implementation.

This perspective shapes our treatment throughout the book. When we discuss linear
regression, for example, we emphasize not just how to fit lines to data but how this connects
to maximum likelihood estimation, Bayesian inference, and the treatment of uncertainties.
When we introduce Gaussian Processes, we show how they represent both a natural extension
of linear methods and a precursor to neural networks. This integrated approach reveals the

connections between apparently disparate techniques.

The astronomical focus of this textbook also distinguishes it from general machine
learning resources. Astronomical data presents unique challenges—irregular sampling, het-
eroscedastic uncertainties, physical constraints, and the need for rigorous error propaga-
tion—that are rarely addressed in textbooks focused on other domains. Throughout our
development, we use astronomical examples not as mere illustrations but as central motivat-

ing problems that drive the need for specific techniques.

It is important to emphasize that this textbook does not claim to present new theo-
retical results or novel algorithmic developments. The mathematical foundations, statistical
principles, and machine learning techniques discussed here are well-established in the litera-
ture. Rather, our contribution lies in synthesizing this existing knowledge within a coherent
framework specifically designed for astronomical applications. While the individual com-
ponents of our treatment can be found scattered across various specialized texts, research

papers, and technical resources, they do not appear to be available elsewhere in the com-
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pact, unified form that the astronomical community requires. Our role is thus one of curation
and pedagogical organization rather than original research—collecting, connecting, and pre-
senting established results in a way that builds systematic understanding for astronomical

researchers.

To support readers in exploring these topics beyond our treatment, we include Further
Reading sections at the end of each chapter that highlight seminal works and key references in
the relevant areas. These sections focus particularly on the foundational papers and influen-
tial texts that have shaped the development of each field. However, given the extraordinary
depth and breadth of modern statistical machine learning—spanning statistics, computer
science, applied mathematics, and domain-specific applications across numerous scientific
disciplines—these reading lists necessarily represent only a tiny selection from a much larger
body of literature. Our choices reflect works that we believe provide either historical con-
text for understanding how these methods developed or particularly clear presentations of
key concepts, rather than any attempt at comprehensive coverage. We hope these curated
selections serve as effective entry points for readers who wish to delve deeper into specific
areas, while acknowledging that they represent starting points rather than complete surveys
of these rich fields.

The Structure and Philosophy of This Textbook This textbook follows a designed
progression that builds statistical understanding systematically while maintaining clear con-
nections to astronomical applications. The structure reflects our belief that machine learning

is best understood as an extension of statistical inference rather than as a separate discipline.

We begin with foundations in probability theory and, more importantly, Bayesian
inference (Chapters 2-3). The philosophy behind Bayesian inference as a framework for
uncertainty quantification permeates the entire textbook. This investment in theoretical
groundwork pays dividends throughout the textbook, as it enables us to show how appar-
ently different methods emerge from the same underlying principles. We then develop these
foundations through the lens of summary statistics, showing how finite data constrains our
ability to characterize probability distributions and motivating the need for more sophisti-

cated approaches.

The progression through supervised learning (Chapters 4-9) follows a logical sequence
that reveals how complexity emerges naturally from limitations of simpler methods. Super-
vised learning involves mapping inputs to known outputs, learning relationships between

variables when we have examples of both. We start with linear regression, showing how
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it emerges from maximum likelihood principles and how the Bayesian treatment provides
uncertainty quantification. The extension to Bayesian linear regression demonstrates how
prior knowledge can be incorporated formally while revealing the connection between regu-

larization and Bayesian priors.

The treatment of input uncertainties in Chapter 6 addresses a challenge that is par-
ticularly important in astronomy, where measurement errors in both dependent and inde-
pendent variables are common. This leads naturally to the iterative optimization methods
needed for logistic regression (Chapters 7-8), which in turn motivates the more sophisticated

Bayesian treatment of classification problems in Chapter 9.

Our coverage of unsupervised learning (Chapters 10-11) follows a similar philosophy,
showing how Principal Component Analysis emerges from constrained optimization and
how clustering methods like K-means and Gaussian Mixture Models provide complementary
approaches to discovering structure in data. Unsupervised learning seeks to find patterns
in data without known target outputs, discovering hidden structure rather than learning
input-output relationships. The connection between these methods and their assumptions

about data structure becomes clear through this systematic development.

The transition to computational methods (Chapters 12-13) acknowledges that as mod-
els become more complex, analytical solutions become unavailable and sampling methods
become necessary. Our treatment of Monte Carlo methods and Markov Chain Monte Carlo
provides the computational backbone needed for complex probabilistic models while main-

taining connections to the Bayesian framework established earlier.

Gaussian Processes (Chapter 14) represent the culmination of our classical approach,
combining linear algebra, kernel methods, and Bayesian inference in a framework that pro-
vides both flexibility and analytical tractability. The dual perspective on Gaussian Pro-
cesses—as kernelized linear models and as distributions over functions—illustrates how the

same mathematical framework can be understood from multiple viewpoints.

Finally, neural networks (Chapter 15) appear not as a departure from previous meth-
ods but as a natural extension that trades some of the mathematical tractability and uncer-
tainty quantification of classical methods for greater computational scalability and flexibility.
By this point in the textbook, readers have the background to understand both what neural
networks can accomplish and what limitations they inherit from their departure from fully

Bayesian approaches.
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A Theory-Focused Approach Our pedagogical philosophy emphasizes understanding
over application, complementing many existing textbooks. Though we believe that deep
understanding ultimately leads to more effective application, we prioritize understanding
why these algorithms work, when they are appropriate, and how they connect to broader

statistical principles rather than focusing on how to implement specific algorithms.

This approach manifests in several ways throughout the textbook. We consistently
derive methods from first principles rather than presenting them as given algorithms. When
we introduce maximum likelihood estimation, for example, we show how it emerges from
probability theory and how it connects to the method of least squares that readers may
know from physics. When we develop the expectation-maximization algorithm, we show
how it provides a general framework for dealing with hidden variables that applies to both

K-means clustering and Gaussian Mixture Models.

We are unrelenting in our mathematical approach—from discussing the ergodic the-
orem for MCMC to proving the Bayesian Information Criterion. This might seem excessive,
but we believe this mathematical rigor is critical for the motivation of this book. Without
understanding the theoretical foundations, it becomes impossible to evaluate when meth-
ods are appropriate, how they might fail, or how they connect to the broader framework of

statistical inference.

We also emphasize the connections between apparently different techniques. The
relationship between ridge regression and Bayesian linear regression with Gaussian priors,
for instance, illustrates how regularization techniques can be understood as encoded prior
knowledge. The connection between Principal Component Analysis and autoencoders shows
how neural networks can extend classical dimension reduction techniques. These connections

help readers develop intuition about when different approaches might be appropriate.

Mathematical rigor is balanced with intuitive explanation. While we provide com-
plete derivations for key results, we also use analogies, geometric interpretations, and physical
intuitions to help readers understand what the mathematics means. The goal is not mathe-
matical sophistication for its own sake but rather the development of quantitative reasoning

skills that enable confident application of these methods to new problems.

Throughout the textbook, we use a musical analogy to frame our approach. Classical
machine learning methods are like classical music—they may require more initial investment
to appreciate, but this foundation enhances understanding and appreciation of more complex

forms. Neural networks and deep learning, by contrast, are like contemporary popular music
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or K-pop—immediately accessible and often quite powerful, but best appreciated with some

understanding of the underlying compositional principles.

This analogy extends to our treatment of the methods themselves. Just as understand-
ing Bach’s compositional techniques illuminates later musical developments, understanding
the statistical foundations of classical machine learning enhances the appreciation and ef-
fective application of neural networks. Rather than viewing classical and modern methods
as competing paradigms, we present them as part of a continuous development of statistical

techniques for dealing with increasingly complex data and problems.

Addressing Common Misconceptions One of the goals of this textbook is to address
misconceptions that have created unnecessary controversy around machine learning in as-
tronomy. Chief among these is the characterization of machine learning methods, particularly

neural networks, as “black boxes” that somehow avoid the need for statistical understanding.

This characterization is ironic because many machine learning techniques are actually
more transparent about their assumptions than traditional approaches. When we engineer
features for linear regression, for example, we make implicit assumptions about which trans-
formations of our data are likely to be useful. When we choose a kernel function for Gaussian
Process regression, we encode assumptions about the smoothness and structure of the under-
lying function. Neural networks, by learning these transformations directly from data, often
make their representational choices more explicit and interpretable than hand-engineered

approaches.

The perception of neural networks as somehow unscientific also reflects a misunder-
standing of how scientific progress often works. Throughout history, engineering develop-
ments have often preceded theoretical understanding. Steam engines were built and improved
for decades before the development of thermodynamics provided a theoretical framework for
understanding their operation. Similarly, the empirical success of neural networks has moti-
vated the development of new mathematical frameworks—Ilike neural tangent kernel theory
and the study of double descent phenomena—that are advancing our theoretical understand-

ing of these methods.

Another common concern is that machine learning techniques require abandoning the
uncertainty quantification that is central to scientific inference. While it is true that neural
networks present challenges for full Bayesian treatment, this textbook shows multiple ap-

proaches to uncertainty quantification, from the Monte Carlo dropout methods that provide
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practical approximations to the rigorous Bayesian treatments available for simpler models.
The goal is not to achieve perfect uncertainty quantification in all cases but to understand

the trade-offs involved in different approaches.

Perhaps most importantly, we address the concern that using machine learning meth-
ods means abandoning physical understanding. Throughout this textbook, we emphasize
how physical knowledge can and should inform the choice and application of statistical tech-
niques. The selection of appropriate kernel functions for Gaussian Processes, the design
of network architectures that encode relevant symmetries, and the interpretation of latent
representations in unsupervised learning all benefit from physical insight. Machine learning

is most powerful when it augments rather than replaces scientific understanding.

What You Will Learn By the end of this textbook, you will have developed a systematic
understanding of statistical machine learning that enables confident application of these

methods to astronomical research problems. This understanding operates at several levels.

At the conceptual level, you will understand how machine learning techniques emerge
from probability theory and Bayesian inference. This foundation will enable you to evaluate
new methods critically and to understand their assumptions, limitations, and appropriate do-
mains of application. You will also understand the connections between apparently different

techniques and how they represent different solutions to common statistical challenges.

At the mathematical level, you will be comfortable with the derivations and anal-
ysis of key algorithms. This includes understanding how maximum likelihood estimation
leads to specific loss functions, how regularization emerges from Bayesian priors, and how
optimization algorithms like expectation-maximization provide practical solutions to com-
plex inference problems. While mathematical sophistication is not the goal, mathematical

understanding provides the foundation for confident application and troubleshooting.

At the practical level, especially with accompanying tutorials, you will understand
how to match statistical techniques to astronomical problems. This includes knowing when
linear models are sufficient and when more complex approaches are needed, how to incorpo-
rate physical knowledge into statistical models, and how to evaluate and compare different
approaches to the same problem. You will also understand the computational trade-offs in-

volved in different methods and how to balance statistical rigor against practical constraints.

Perhaps most importantly, you will develop the ability to think statistically about

astronomical problems. This means understanding how uncertainty propagates through
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analysis pipelines, how to distinguish between different sources of uncertainty, and how to
design observational strategies that provide maximum statistical power for addressing specific

questions.

The ultimate goal is not mastery of any particular technique but rather the devel-
opment of statistical reasoning skills that will serve you throughout your research career.
As new methods are developed and new data challenges emerge, the foundations developed
in this textbook will enable you to evaluate, understand, and apply these developments

effectively.

Looking Forward This textbook represents a snapshot of statistical machine learning as
applied to astronomy in the mid-2020s. In a fast-moving field, new theoretical insights and
practical techniques appear regularly. However, the foundations developed here—probability
theory, Bayesian inference, and the connections between classical and modern statistical

methods—provide a stable base for understanding these developments.

As you progress through this textbook, you will likely find that your perspective
on both classical and modern statistical methods evolves. Techniques that initially seem
complicated often reveal simplicity when understood within the proper framework. Methods
that appear unrelated often turn out to share deep mathematical connections. This evolution

of understanding is not just a byproduct of the learning process but its primary goal.

The future of astronomical research will undoubtedly involve increasingly sophisti-
cated statistical techniques applied to increasingly complex datasets. Success in this en-
vironment will require not just familiarity with specific algorithms but the kind of deep
statistical understanding that enables rapid adaptation to new challenges and opportunities.
This textbook aims to provide that foundation, ensuring that you can contribute effectively

to astronomical research regardless of how the technical landscape continues to evolve.

The journey from basic probability theory to advanced neural networks may seem
daunting at the outset. However, by building understanding systematically and maintaining
clear connections to the underlying statistical principles, we hope to make this journey not
just manageable but enlightening. The goal is not just to understand how these methods
work but to appreciate why they work and when they provide the right tools for advancing

astronomical knowledge.



Chapter 2

Bayesian Inference

The core of scientific data analysis lies in measuring, quantifying, and reasoning about
uncertainty. Throughout this textbook, we will develop machine learning methods that are
firmly grounded in Bayesian principles—approaches that provide a principled framework
for understanding astronomical phenomena under uncertainty. Before we can apply these
methods, however, we must establish the probability theory that underlies the Bayesian

approach.

A central insight from Thomas Bayes—one that revolutionized statistical thinking—was
that both observations and model parameters should be treated as random variables. This
perspective, which we’ll explore in depth, forms the mathematical basis for all subsequent
chapters. While treating observational data as random variables seems intuitive (our mea-
surements always have uncertainty), extending this treatment to model parameters might
initially seem counterintuitive. After all, physical constants like the gravitational constant
or the mass of a galaxy should have definite values. Yet our knowledge of these values is in-
herently uncertain, and Bayesian inference provides a mathematically consistent framework

for updating this knowledge as we gather more observations.

This Bayesian perspective is particularly valuable in astronomy, where many phenom-
ena cannot be repeated under controlled conditions. Unlike laboratory experiments where
we can run multiple trials, astronomers often study unique events. By treating model pa-
rameters as random variables, Bayesian inference allows us to make principled statements

about uncertainty even when we have limited data.

In this chapter, we build the mathematical foundation necessary for Bayesian infer-

21
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ence and machine learning. We’ll start by distinguishing between deterministic and random
variables—a distinction that clarifies why treating model parameters as random variables
makes sense. We'll then explore probability distributions commonly encountered in astron-
omy, establish rules for manipulating probabilities, and contrast frequentist and Bayesian
approaches. Through concrete examples, we’ll demonstrate how Bayesian inference works in

practice, even with minimal data.

This foundation in probability theory will illuminate why methods from linear regres-
sion to neural networks can all be understood as extensions of Bayesian principles. Each
technique, in its own way, implements the core Bayesian idea of updating our beliefs about
model parameters based on observed data. Understanding this connection provides not just
practical tools for data analysis but also a deeper appreciation for how machine learning

methods relate to the principles of scientific inference.

2.1 Deterministic vs. Random Variables

To understand why scientific inference requires a probabilistic approach, we must first
distinguish between two different types of quantities: deterministic and random variables.
This distinction forms the conceptual foundation for all statistical methods we’ll explore
throughout this textbook.

Deterministic Variables are quantities that, given the same conditions, always
yield the same value. For example, the orbital period of a planet around a star of known
mass at a known distance follows deterministic physical laws. When we say “given the same

Y

conditions,” we mean that all the relevant physical parameters that could affect the outcome

are specified and fixed. Consider Kepler’s Third Law for a planet orbiting a star:

2
4= 4

2 _
P = aur® (2.1)

where:
e P is the orbital period
e (5 is the gravitational constant
e M is the mass of the central star (assuming M >> Mpjanet)

e ¢ is the semi-major axis of the orbit
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The variables P, M, and a are deterministic variables. If we specify M and a, the
period P is completely determined—there is no ambiguity or uncertainty in its value. Every
time we apply the same values for M and a, we obtain exactly the same period P. This
deterministic nature characterizes most quantities from our basic physics and mathematics

courses, where solving an equation like:

2?4+ 2r —3=0 (2.2)

The solutions x = 1 or x+ = —3 are deterministic—they are the exact values that

satisfy the equation, and they do not change no matter how many times we solve it.

Random Variables, in contrast, are quantities whose values are subject to uncer-
tainty or variation. Even when all known conditions are specified, we can only predict
probabilities of different outcomes, not the exact outcome itself. In real astronomical ob-
servations, even though the true orbital period of a planet is a deterministic quantity, our
measurement of it becomes a random variable. When we measure that orbital period P,
we make multiple observations of the star’s radial velocity or the planet’s transit, and each
measurement has some uncertainty due to instrumental noise and atmospheric effects. Our

final estimate of P comes with an uncertainty, often expressed as P 4+ op.

This uncertainty does not arise because the true period is random—it is not! Rather,
the randomness comes from our imperfect measurement process. The key distinction from
deterministic variables is that even when all known conditions are specified, we can only

predict probabilities of different outcomes, not the exact outcome itself.

Random variables come in two main forms:

Inherently Random: Some quantities in nature appear to be fundamentally probabilistic,

such as quantum phenomena. Examples include:
e The exact time of decay of a radioactive atom

e The spin measurement of an electron in a superposition state

Incomplete Knowledge or Measurement Uncertainty: Many astronomical quantities
appear random not because they are inherently probabilistic, but due to practical limita-
tions. Consider again the orbital period example: while Kepler’s Third Law tells us the exact

period for given values of mass and semi-major axis, our measurements of these quantities
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come with uncertainties. The star’s mass estimate may have error bars from spectroscopic
analysis, and the semi-major axis measurement may be affected by observational limitations.
Even though the true orbital period is a fixed, deterministic value, our incomplete knowledge
of the input parameters, combined with measurement uncertainties in our period observa-
tions themselves, means we can only make probabilistic statements about its value. This
transformation of deterministic quantities into random variables due to measurement and

parameter uncertainties is a common feature in astronomical analysis.
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Figure 2.1: Illustration of deterministic versus random variables. The dashed vertical line
represents a true (deterministic) value of some quantity. The blue curve shows the probabil-
ity distribution of measured values when accounting for uncertainties. Individual red dots
represent specific measurements, which scatter around the true value due to various sources
of uncertainty. This demonstrates how a fundamentally deterministic quantity becomes a
random variable when we consider measurement or other uncertainties.

This distinction becomes particularly important when we consider how to analyze
physical systems. We often know the physical laws governing these systems (like Kepler’s
Third Law), but our measurements of the relevant parameters come with uncertainties. This
creates an asymmetry in scientific inference: while we can easily predict what observations

should result from a given set of parameters (the forward problem), determining the param-
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eters from observations (the inverse problem) requires carefully accounting for all sources of

uncertainty.

For instance, the mass of a galaxy’s central black hole has a definite value in reality.
However, our estimate of this mass—based on stellar velocity measurements, gas dynamics,
or other observational techniques—comes with uncertainty. We represent this uncertainty
through a probability distribution that reflects our current state of knowledge. As we gather
more data, this distribution will narrow, becoming more concentrated around the true value,

but some uncertainty will always remain.

This perspective of representing our knowledge about physical quantities through
probability distributions enables a consistent mathematical framework for scientific inference.
It allows us to start with prior knowledge, incorporate new observations, and systematically

update our understanding—a process that lies at the heart of all scientific progress.

2.2 Probability Distributions

Having established that many quantities in astronomy can be treated as random
variables, we now need a mathematical framework to quantify the uncertainty associated
with them. This leads us to probability distributions—mathematical objects that describe

how probabilities are distributed across all possible values of a random variable.

When we consider a parameter like the mass of a black hole as a random variable,
we're not suggesting the mass itself fluctuates randomly. Rather, the probability distribution
represents our state of knowledge about that mass—where the peak indicates our best esti-
mate and the width reflects our uncertainty. Similarly, for observational data, the probability

distribution captures both the expected value and the uncertainty in our measurements.

Mathematically, for any event A associated with our random variable X, we denote

its probability as P(A), which must satisfy three fundamental axioms:
1. Non-negativity: P(A) > 0 for any event A
2. Normalization: P(€) = 1, where Q is the sample space (all possible outcomes)
3. Additivity: For mutually exclusive events A and B, P(AU B) = P(A) + P(B)

While probability gives us a single number for a specific event, a probability dis-

tribution describes how probabilities are distributed across all possible values of a random
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variable. This concept is central to statistical inference, as it provides a complete description

of uncertainty rather than just single-point estimates.

In astronomy, we encounter both discrete and continuous random variables, which

are treated differently in probability theory:

Discrete Case: Some astronomical quantities can only take specific, countable values.
For instance, when counting the number of photons that hit our detector in a given time
interval, or when classifying galaxies into distinct morphological types (e.g., spiral, elliptical,
irregular). For a discrete random variable X, we define a probability mass function (PMF)

p(z) where:
e p(z) = P(X = z) is the probability of X taking the specific value x

e > p(x) =1 (normalization)

Continuous Case: Most astronomical measurements are continuous. For these random

variables, we define a probability density function (PDF) p(x) where:
e Pa< X <b) = ffp(x)dx is the probability of X falling in the interval [a, b]
e [7_p(x)dz =1 (normalization)

Since a random variable X does not take a fixed value, but rather follows a certain

probability distribution, we write this mathematically as:
X ~ P(x) (2.3)

This notation expresses concisely that the random variable’s behavior is governed by that

specific probability distribution.

An important but subtle point about continuous distributions is that the probability
of measuring any exact value is actually zero! This might seem counterintuitive, but consider
measuring an orbital period: if we could measure with infinite precision, what is the probabil-
ity of getting exactly 365.256363... days? Since there are infinitely many possible values, the
probability of getting any specific one is zero. This is why we can only discuss the probability
of measurements falling within intervals (like between 365.2 and 365.3 days) by integrating
the PDF. The value of p(z) itself tells us the relative likelihood or density of measurements

near z, but we need to integrate over some interval to obtain actual probabilities.
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This property of continuous distributions has an important implication for statistical
inference with continuous parameters. When we say a probability distribution peaks at a
certain parameter value, we're identifying the most likely small range of parameter values,
not a specific exact value with non-zero probability. The shape of the distribution around
this peak tells us about the uncertainty in our parameter estimates—a narrow peak indicates

high confidence, while a broad distribution suggests greater uncertainty.

As we develop statistical methods in subsequent chapters, these probability distribu-
tions will provide the mathematical language for expressing uncertainty in both our data and
our model parameters. Whether we’re performing linear regression, classification, or dimen-

sionality reduction, probability distributions will be our tool for characterizing uncertainty.

2.3 Common Distributions in Astronomy

Several probability distributions appear frequently in astronomical applications. While
these distributions can be derived mathematically through the principle of maximum entropy
(i.e., finding the least presumptive distribution given certain constraints), we can also un-
derstand their origins through physical intuition, which provides deeper insight into when

and why they arise in astronomical contexts.

Gaussian Distribution The Gaussian or normal distribution naturally emerges when we
only know (or constrain) the mean and variance of a quantity. Physically, it appears when
many small, independent effects add together—what we call the Central Limit Theorem.
Consider measuring a star’s brightness, where the measurement process involves countless

sources of uncertainty.
For a single random variable X, we write:
X ~ N(p,0?) (2.4)

to denote that it follows a Gaussian distribution with probability density:

plali,) = — = exp (—%) (25)

Here, p(z|u, o) is the probability density at value z given parameters p and o, where:

e 1 is the random variable (e.g., the measured brightness)
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e 4 is the mean or expected value
e o is the standard deviation, measuring the spread of the distribution
e The factor #ﬂ ensures the total probability integrates to 1

To understand why Gaussian distributions are so ubiquitous in astronomical mea-
surements, consider the detailed process of measuring stellar brightness. Each photon’s path
through the atmosphere is randomly disturbed by countless small air pockets of varying
density and temperature, each contributing a tiny deflection. The telescope’s optical system
introduces minute aberrations from surface imperfections and thermal variations. The de-
tector adds electronic noise from millions of independent electron movements in the CCD.
The analog-to-digital conversion process introduces quantization noise. Each of these effects
is small and independent, but they all add up. According to the Central Limit Theorem,
when many small, independent effects combine additively, the result approaches a Gaussian

distribution—regardless of the individual distributions of each effect.

This is why the Gaussian distribution is ubiquitous in nature—it represents the most
likely way random effects combine when nothing else is constraining them, making it the

natural choice when we know only the mean and variance of a system.

For multivariate data (i.e., many different random variables), we write:
X~ N(p, %) (2:6)

to denote a multivariate Gaussian distribution with probability density:

il 2) = s (x-S o ) 2.7)

Here:

e x is an n-dimensional vector of random variables

p is the mean vector

Y is the n X n covariance matrix

|X] is the determinant of the covariance matrix
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Figure 2.2: Visualization of a standard normal (Gaussian) distribution with mean py = 0
and standard deviation ¢ = 1. The dashed vertical line indicates the mean (u), which
corresponds to the peak of the distribution. The green arrow shows one standard deviation
(o) from the mean, a key measure of the distribution’s spread. The Gaussian distribution is
symmetric around its mean, with approximately 68% of the probability mass falling within
one standard deviation of the mean. This distribution naturally emerges when many small,
independent effects combine additively, making it ubiquitous in astronomical measurements
due to the Central Limit Theorem.

e X! is the inverse of the covariance matrix

The covariance matrix ¥ captures not just the variance of each variable (diagonal
elements), but also how pairs of variables are correlated (off-diagonal elements). This be-
comes particularly important when analyzing multivariate astronomical data, such as the
correlation between different spectral lines or between physical properties like mass, age,

and metallicity in stellar populations.

Poisson Distribution The Poisson distribution emerges when we are counting indepen-
dent events occurring at a constant average rate, with our only constraint being knowledge

of the mean rate. This distribution is central to photon detection and many other counting
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processes in astronomy:
Aee=A
k!

P(X =k|N) = (2.8)

To understand how the Poisson distribution arises from physical principles, consider
the process of detecting photons from a distant star. Imagine dividing our observation time
into infinitesimally small intervals. In each tiny interval, we can expect at most one photon
to arrive—the probability of two or more photons arriving in the same infinitesimal interval
is negligible. The key physical principles at play involve independence, uniformity, and ran-
domness. The arrival of photons in different time intervals are independent events—whether
a photon arrives in one interval has no effect on whether another photon arrives in a different
interval. The probability of detecting a photon in any given interval is simply proportional
to how long we observe. If we double the observation time (or double the size of our time
interval), we double our chances of seeing a photon. Finally, the precise arrival times are
truly random. No two photons will arrive at exactly the same instant, and there are no

preferred arrival times.

These simple physical assumptions inevitably lead to the Poisson distribution—it
is the most natural way to describe random, independent counting events. This is why
photon counts, cosmic ray hits, and galaxy counts in small volumes all tend to follow Poisson

statistics.

An important property of the Poisson distribution is its relationship to the Gaussian
distribution. When the mean rate parameter A becomes large, the Poisson distribution
increasingly resembles a Gaussian distribution with mean u = A and variance o2 = . This
convergence is a specific case of the Central Limit Theorem and has practical implications
in astronomy: while photon counting fundamentally follows Poisson statistics, we can often
approximate these counts with Gaussian distributions when dealing with bright sources

where the count rates are high.

Power Law Distribution Power laws appear when a process has no characteristic scale—that
is, when the physics works the same way regardless of size. Consider the mass distribution

of stars (the Initial Mass Function):

p(z) o<z (2.9)

When we have physical limits that constrain the range of x between a minimum value
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Figure 2.3: Visualization of a Poisson distribution with mean rate parameter A = 5. The
discrete probability mass function is shown as blue bars, with the mean value indicated by
the dashed vertical line. A key property of the Poisson distribution is that its standard
deviation equals v/A (shown by the orange arrow), making the distribution relatively more
spread out for smaller values of A and more concentrated for larger values. This distribution
naturally describes counting processes in astronomy, such as photon arrivals, cosmic ray hits,
or galaxy counts in small volumes, where events occur independently at a constant average
rate.

Tmin and maximum value .., the normalized form of the power law becomes:

11—« a
p(a) = 1,7 (2.10)
Tnax — Lmin

where the prefactor ensures that integrating p(x) from xp, t0 Tpax equals 1.

Why do power laws emerge in star formation? Imagine the process of molecular
cloud fragmentation forming stars. As a massive molecular cloud collapses under its own
gravity, it becomes unstable and fragments into smaller clouds. Each of these resulting
clouds can further break down into even smaller clouds through the same physical processes.
The fascinating aspect is that the physics governing this fragmentation process remains

remarkably similar regardless of the size scale we are examining.
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Figure 2.4: Illustration of how the Poisson distribution (blue bars) approaches a Gaussian
distribution (red line) as the mean rate parameter A increases. For small A (e.g., A = 1),
the distribution is highly discrete and skewed. As X increases (A = 5,10), the distribution
becomes more symmetric and the discrete nature is less pronounced. By A = 50, the Poisson
distribution is nearly indistinguishable from a Gaussian distribution with the same mean and
variance (02 = \). This convergence, a consequence of the Central Limit Theorem, explains
why photon counting statistics can often be approximated by Gaussian distributions when
count rates are high.

Whether we are looking at a massive cloud complex spanning hundreds of parsecs or a
small proto-stellar core of 0.01 parsecs, the same physical processes drive the fragmentation:
gravitational collapse competes with turbulent pressure, magnetic fields provide additional
support, and thermal pressure from heating and cooling processes influences the dynamics.
The cloud does not “know” whether it is breaking into 1-parsec or 0.1-parsec sized pieces—the
process looks essentially the same at all scales, within the physical limits imposed by the

interstellar medium.
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Figure 2.5: Visualization of a power law distribution using the Salpeter Initial Mass Func-
tion (IMF) as an example. The Initial Mass Function (IMF) describes the distribution of
stellar masses at birth—essentially how many stars of each mass are formed in a given pop-
ulation. The distribution follows {(M) oc M~ with a = 2.35 (Salpeter’s value), plotted on
logarithmic scales. The vertical dashed lines indicate the physical limits of stellar masses
(Mpin and M.y ). This power law behavior emerges from the scale-invariant nature of the
star formation process, where the same physical mechanisms operate across many orders
of magnitude in mass. The negative slope indicates that lower-mass stars are much more
numerous than high-mass stars, with the frequency decreasing by a factor of ~1023% = 222
for every factor of 10 increase in mass. The distribution is normalized over the finite mass
range, though it appears as a simple straight line in log-log space.

Power laws appear across a wide range of astronomical contexts beyond stellar mass
distributions. Galaxy luminosity functions, the distribution of cosmic structures, and even
the energy distributions of particles in astrophysical plasmas all frequently follow power laws.
This prevalence highlights the scale-invariant nature of many astronomical processes, where

similar physical mechanisms operate across many orders of magnitude.
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2.4 Joint and Conditional Probability

Real astronomical problems inherently involve multiple variables simultaneously. Even
in the simplest scenario where we have just one parameter and one observable, we're already
dealing with a pair of interrelated random variables that must be analyzed jointly. This
multidimensional nature requires us to understand how different random variables relate to

each other.

In practice, the dimensionality of astronomical problems tends to be much higher.
Consider characterizing a stellar spectrum. We need multiple parameters to describe the
physical properties of the star—its effective temperature, surface gravity, metallicity, rota-
tional velocity, and potentially magnetic field strength. Meanwhile, our observational data
consists of flux measurements spanning thousands of wavelength points across the spectrum,
each with its own uncertainty. This creates a complex web of relationships between many

variables that we must carefully untangle through statistical analysis.

This multidimensional nature leads us to need different ways of manipulating these
variables. Sometimes we want to know what observations we expect given certain model
parameters (forward modeling). Other times, we want to infer model parameters from
our observations (inverse problem). To handle these scenarios mathematically, we need

to understand joint and conditional probabilities.

Joint Probability For two random variables z and y, their joint probability distribu-
tion p(z,y) describes the probability of both variables taking specific values simultaneously.
To understand this concept concretely, we examine how it manifests in both discrete and

continuous cases in astronomy.

For discrete variables, joint probability has a straightforward interpretation. Con-
sider classifying galaxies by both morphology (spiral/elliptical) and size (large/small). Here,
p(spiral, large) simply represents the probability of finding a galaxy that is both spiral and
large—a direct measure of the frequency of this specific combination in our galaxy popula-

tion.

The concept extends naturally to continuous variables, though with an important
distinction. Take the example of stars characterized by their temperature and luminosity.
The joint probability distribution p(7, L) maps out the probability density for finding stars

across the temperature-luminosity space, giving rise to the familiar Hertzsprung-Russell
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diagram. Here we see that not all combinations are equally likely—stars tend to cluster

along the main sequence, reflecting the underlying physics of stellar evolution.

However, with continuous variables, the probability of any exact value pair is zero—just
as it is for single continuous variables. To obtain meaningful probabilities, we must integrate
over finite regions. For instance, the probability of finding a star with temperature between
T1 and T and luminosity between L, and Ly is given by:

L

2 T>
P <T<T),, L1 <L< L) = / / p(T,L)dT dL (2.11)
L Jny

Conditional Probability Unlike joint distribution, which describes the probability of
both events occurring simultaneously, conditional probability addresses a different question:
given that we know one event has occurred, what is the probability of another event? We

write this conditional probability as p(z|y), which reads as “the probability of x given y.”

To make this concrete, consider our stellar example. The joint distribution p(7, L)
describes the overall distribution of stars in temperature-luminosity space. But suppose we
observe a star and measure its temperature precisely. The conditional probability p(L|T")
would then tell us the distribution of possible luminosities for stars at that specific tempera-
ture. This “slice” through the joint distribution at a fixed temperature usually gives a much

narrower range of likely luminosities than if we had no temperature information at all.

This concept of conditional probability is particularly important in statistical infer-
ence. The relationship between forward and inverse problems can be understood through

two types of conditional probabilities:

e The forward problem: If we know the model parameters, what observations do we

expect? This corresponds to calculating p(datajmodel).

e The inverse problem: Given our observations, what can we infer about the underlying

model parameters? This corresponds to calculating p(model|data).

Understanding these two conditional probabilities—and how they relate to each other—is
crucial for scientific inference. Our theories naturally predict observables from physical pa-
rameters (the forward direction), but we typically observe phenomena and want to infer their
physical properties (the inverse direction). In the next section, we’ll explore the mathemat-

ical rules that connect these different types of probabilities, ultimately leading to a formal
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Figure 2.6: Illustration of joint and conditional probability distributions using stellar temper-
ature and luminosity. The left panel shows the joint distribution p(7', L) describing the proba-
bility density of finding stars with different combinations of temperature and luminosity. The
red plane indicates a slice through the joint distribution at a fixed temperature 7' = 6000K.
The right panel shows the corresponding conditional distribution p(L|T = 6000K), represent-
ing the probability distribution of stellar luminosities for stars with temperature 7" = 6000K.

relationship between forward and inverse problems.

2.5 Probability Rules and Independence

Having introduced joint and conditional distributions, we now explore the mathemat-
ical relationships that govern how these probabilities relate to each other. These rules form
the foundation for statistical inference and will allow us to derive one of the most important

results in probability theory: Bayes’ theorem.

The Sum Rule Often we want to extract information about a single variable from a joint
distribution that involves multiple variables. Returning to our stellar example: suppose we
have the joint distribution p(7', L) of stellar temperature and luminosity, but we are only

interested in the distribution of luminosities, regardless of temperature. How do we obtain
this?

This brings us to the concept of marginal distributions and the sum rule. A marginal

distribution is what we get when we consider one variable while accounting for all possible
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values of the other variables. The sum rule tells us how to compute this mathematically:

For discrete variables, if we want the probability of X taking a specific value x, we

sum over all possible values of Y:

p(z) = plx,y) (2.12)

For continuous variables, like in our stellar example, we integrate over all possible

values of the other variable:
(L) = / (T, L) dT (2.13)

Here, p(L) represents the probability of finding a star with luminosity L, taking
into account all possible temperatures. We can visualize this as “collapsing” our 2D joint

distribution along the temperature axis.

This marginalization process has important implications for analyzing multivariate
data. For instance, when studying galaxies, we might have joint distributions of multiple
properties—mass, star formation rate, metallicity, etc. The sum rule allows us to extract the
distribution of any individual property by integrating over all the others. This capability is
crucial when we want to compare our results with previous studies that may have focused

on different subsets of properties.

The Product Rule Having understood how to obtain marginal distributions from joint
distributions through the sum rule, we now turn to another relationship: the product rule.

This rule tells us how joint probabilities relate to conditional probabilities:

p(x,y) = p(zly)p(y) = p(y|x)p(v) (2.14)

To understand this intuitively, consider our stellar example. The joint probability
p(T, L) of finding a star with both temperature 7" and luminosity L can be broken down in

two equivalent ways:

1. We can first consider the probability p(7T') of finding a star with temperature T
and then multiply by the probability p(L|T") of finding luminosity L given that temperature:

p(T, L) = p(L|T)p(T) (2.15)
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Figure 2.7: Visualization of marginalization for a bivariate Gaussian distribution. The cen-
tral panel shows contours of a joint probability distribution p(z,y) with positive correlation
(p = 0.7). The top and right panels show the marginal distributions p(x) and p(y) re-
spectively, obtained by integrating the joint distribution over the other variable. The green
arrows indicate the marginalization process: integrating over y (vertical arrow) gives the
marginal distribution of z (top panel), while integrating over x (horizontal arrow) gives the
marginal distribution of y (right panel). This illustrates how marginalization reduces a mul-
tivariate distribution to its component distributions by accounting for all possible values of
the marginalized variables.

2. Alternatively, we can first consider the probability p(L) of finding a star with
luminosity L, and then multiply by the probability p(7T|L) of finding temperature 7" given
that luminosity:

p(T, L) = p(T|L)p(L) (2.16)

The equality of these two expressions (p(L|T)p(T) = p(T|L)p(L)) is far more profound
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than it might first appear. Consider what it tells us: while stellar evolution naturally gives
us the probability of observing certain luminosities given a star’s temperature (p(L|T)), we
might actually want to infer temperature from an observed luminosity (p(7T'|L)). The product
rule tells us these viewpoints are intimately connected—we can convert between them if we

know the overall distributions of temperature and luminosity in the stellar population.

However, we note that the conditional probabilities p(L|T) and p(T'|L) are generally
not equal by themselves—knowing the probability of luminosity given temperature does not
directly tell us the probability of temperature given luminosity. For example, a star with
temperature 6000K might have an 80% chance of having luminosity between 0.5 and 2 solar
luminosities, but observing a star with 1 solar luminosity might only give a 30% chance of
it having temperature between 5800-6200K.

This asymmetry lies at the heart of scientific inference. Our theories naturally pre-
dict observables from physical parameters (forward direction), but we typically observe phe-
nomena and want to infer their physical properties (inverse direction). The product rule,
together with the sum rule, provides the mathematical foundation for rigorously connecting

these complementary perspectives.

2.5.1 Independence

Having learned about the product rule, before discussing its connection with statistical
inference in astronomy, we examine a final useful concept that we will encounter many times
in this course. In many cases, when we have many different variables, it is advantageous
to know if we can handle them separately without changing the conclusion of the inference.

This leads to the concept of independence.

Two random variables X and Y are said to be independent if knowing the value
of one variable provides no information about the other. Mathematically, this means that

observing Y does not change our probability assessment of X:

P(X|Y)=P(X) for all values of Y’ (2.17)

This definition captures our intuitive notion of independence—if knowing Y tells us
nothing new about X, then the probability of X should remain unchanged regardless of what

value of Y we observe.

From this definition and the product rule, we can derive another key property of
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independent variables. Recall that the product rule gives us:
P(X,Y)=P(X|Y)P(Y) (2.18)
If X and Y are independent, then P(X|Y) = P(X), so:

P(X,Y) = P(X)P(Y) (2.19)

This means that for independent variables, the joint probability factorizes into a
product of individual probabilities. While this factorization property is often used as the
definition of independence, we see here that it follows naturally from our more intuitive

definition involving conditional probabilities.

For continuous random variables, these equations still hold but with probability den-
sities rather than probabilities. The interpretation remains the same—independence means

knowing one variable tells us nothing about the other:

p(zly) = p(x) leads to p(x,y) = p(x)p(y) (2.20)

Consider a concrete astronomical example: the detection of photons from two widely
separated stars. The arrival time of a photon from one star is independent of photon arrivals
from the other star—knowing we just detected a photon from the first star tells us nothing
about when we might detect one from the second star. Similarly, when counting stars in non-
overlapping regions of the sky that are sufficiently far apart, the number of stars in one region
is independent of the count in another region—this is why we can analyze different patches
of the sky separately when studying stellar populations. In contrast, the temperature and
luminosity of a star are not independent—knowing a star’s temperature gives us significant

information about its likely luminosity.

Independence has important practical implications for statistical analysis. When
random variables are independent, we can analyze them separately, which often simplifies
our calculations significantly. For example, if we have multiple independent measurements
of the same quantity, the joint probability of all measurements is simply the product of
the individual probabilities. This property is particularly valuable when dealing with large

datasets, as it allows us to break complex problems into simpler, more manageable pieces.

However, we must be careful not to assume independence without justification—many
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Figure 2.8: Visualization of dependent versus independent variables. Left panels show a case
where the variables 2 and y are independent — note how the conditional distributions p(y|x)
remain identical regardless of the value of . This means knowing x provides no information
about y. Right panels show dependent variables where p(y|z) changes with different values
of x, demonstrating that knowledge of x informs our expectations about y. Top panels show
the conditional distributions for two different values of x (solid blue line: x = 1, dashed red
line: x = —1). Bottom panels show the corresponding joint distributions with vertical lines
indicating where the conditional slices were taken.

astronomical properties are correlated in subtle but important ways. For example, in galaxy

surveys, the properties of neighboring galaxies are often correlated due to their shared en-
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vironment and formation history. Understanding when we can and cannot assume indepen-

dence is crucial for proper statistical analysis in astronomy.

These rules—the sum rule, product rule, and concept of independence—will become
essential tools as we develop statistical inference methods for astronomical data analysis. In
the next section, we’ll see how these rules lead directly to one of the most powerful tools in

statistics: Bayes’ theorem.

2.6 Frequentist and Bayesian Approaches

With our probability foundation established, we can now examine two different philo-
sophical approaches to statistical inference: frequentist and Bayesian. Understanding this
distinction is crucial because astronomy’s unique challenges often necessitate a Bayesian per-
spective, and this choice affects how we approach machine learning problems in astronomical

contexts.

The Frequentist Approach At its core, the frequentist approach, as the name suggests,
defines probability through the concept of repeated experiments (hence frequency). Consider
a simple example: determining if a die is fair. A frequentist would roll the die many times
and plot the relative frequency of each outcome. As the number of rolls increases, these
frequencies should converge to 1/6 for each face if the die is fair. This convergence, known
as the law of large numbers, forms the foundation of frequentist probability—given enough

trials, the sample average approaches the true population parameter.

This approach is not just mathematically rigorous; it is also intuitive. In many scien-
tific contexts outside astronomical research, particularly in laboratory physics, we can indeed
repeat experiments many times under controlled conditions. Each trial is independent, and
our statistical uncertainties decrease predictably with the square root of the number of mea-

surements—a direct consequence of the Central Limit Theorem.

One of the clearest demonstrations of the frequentist framework is the confidence
interval. A 95% confidence interval means that if we could repeat our experiment many times,
about 95% of similarly constructed intervals would contain the true parameter value. Notice
how this interpretation relies on the concept of hypothetical repeated experiments—we are
making a statement about the procedure’s long-run behavior, not about our degree of belief

in the parameter value itself.
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However, astronomy often presents unique challenges that strain this frequentist
framework. The main issue is that in many contexts, we simply cannot repeat the ex-
periment. For example, when we try to constrain cosmological parameters like the densities
of dark matter and dark energy, we have only one observable universe. Many astronomical
questions involve unique objects or events—the mass of the Milky Way’s supermassive black
hole, the cause of a particular supernova, or the formation history of our Solar System. In
these cases, the concept of “what would happen if we ran this experiment many times”

becomes philosophical rather than practical.

These challenges do not mean frequentist methods are never useful in astronomy—they
remain valuable tools, particularly when analyzing large surveys where we do have many
similar objects, or when characterizing random measurement uncertainties. However, they
do explain why astronomers often need additional tools beyond the frequentist framework,
particularly when dealing with unique systems or complex systematic uncertainties. This
limitation of frequentist statistics in astronomical contexts leads us naturally to consider

alternative approaches—the Bayesian approach.

The Bayesian Approach

Core Idea Bayesian inference asks a different question: given our current knowledge and
observations, what can we reasonably infer about the underlying physical system and how
should we update these inferences when new data becomes available? Unlike the fre-
quentist approach where there is an inherent asymmetry between observations and the
true model—where we aim to approach such truth with larger samples of repeated experi-
ments—the key insight from Thomas Bayes was to treat both the observations and model
parameters on equal footing. Both are random variables playing similar roles; they are

simply two sides of the same coin.

This treatment of model parameters as uncertain might seem unsettling at first. After
all, in physics and astronomy, we believe there are true underlying physical laws governing
the universe—the true equation of state of dark energy, the true mass of the Milky Way’s
supermassive black hole, or the true mechanism driving galaxy evolution. The Bayesian view
does not deny the existence of these truths. Rather, it acknowledges that our knowledge
of them is inherently uncertain because our observations and theoretical understanding are
always incomplete. When we are limited by finite samples (as with our one observable

universe) or systematic uncertainties, we can never be absolutely certain about our models.
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Our “belief” in our theories should therefore be treated as a random variable it-
self. This probability distribution representing our state of knowledge will become more
sharply peaked as more evidence accumulates, but some uncertainty will always remain.
This captures how science progresses: through continuous refinement and updating of our

understanding rather than achieving absolute certainty:.

In a way, this perspective forms the foundation of modern scientific inquiry itself.
Science is not just a collection of facts; it is a process of constantly updating our beliefs
and acknowledging the limitations and uncertainties in our models. This is precisely how
we make progress—by quantifying our uncertainty and understanding how it changes as we

gather new evidence.

Mathematical Formalism The mathematical framework behind Bayes’ theorem is re-
markably simple, emerging naturally from the probability rules we established earlier. At
its core, Bayes’ theorem emerges naturally from the product rule we established earlier. For
two random variables x and y, recall that the product rule gives us two equivalent ways to

write their joint probability:

p(x,y) = p(x[y)p(y) = p(yx)p(x) (2.21)

This symmetry in the product rule leads directly to Bayes’ theorem. Since both

expressions equal the joint probability, we can write:

p(x[y)p(y) = p(y|x)p(x) (2.22)
And therefore: ( | ) ( )
_ plylx)p(x

p@W%——;GT— (2.23)

The beauty of this result lies in its generality—since both x and y are treated as
random variables, neither plays a privileged role. This symmetry allows us to reverse the
direction of conditioning, a capability that proves invaluable in data analysis. To see why, we
apply this to astronomical research by denoting our observational data as D and our model
parameters as 6. Despite the simple formula, both can be remarkably complex—D might

contain millions of data points from a large survey, while 8 might encompass hundreds of
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parameters describing intricate physical processes. Bayes’ theorem then becomes:

p(D|6)p(6)

pe) = "=

(2.24)

While this equation might appear to be just algebraic manipulation, its implications

run deep. Each term has a specific interpretation in scientific inference:

1. p(8|D) is the posterior distribution: This represents our updated knowledge about
the model parameters after seeing the data. It tells us which combinations of param-
eters are most likely to explain our observations. The posterior distribution does not
just give us the best-fit parameters—it provides a complete picture of our uncertainty

about them.

2. p(D|0) is the likelihood function: This quantifies how well our model explains the
observed data. For any specific choice of model parameters, how likely are we to
observe the actual data we measured? The likelihood function is our mathematical

bridge between model predictions and reality.

3. p(@) is our prior distribution: This encodes what we know about the model parame-
ters before considering the data. This might include knowledge that certain parameter
values are physically unreasonable, or that we expect parameters to fall within certain
ranges based on previous studies. The prior allows us to formally incorporate existing

scientific knowledge.

4. p(D) is the evidence: This represents the total probability of observing our data
under all possible parameter values. While crucial for model comparison, it acts as a

normalization constant when we are focused on parameter estimation.

While we will return to discuss the evidence term p(D) when exploring information
criteria and model selection, since this term does not depend on 8, it acts as a constant in
parameter estimation. Therefore, throughout this course and in many practical applications,

we often work with the proportional form:

p(6|D) o p(D|6)p(0) (2.25)

To understand how this framework guides scientific inference, imagine we propose

a particular set of model parameters 8. We can ask: how likely are we to observe our



46 Statistical Machine Learning for Astronomy — Y.-S. Ting

actual data D if these were the true parameter values? Models that maximize p(D|0) (high
likelihood) become more probable in our posterior distribution p(@|D). This mirrors how we
evaluate scientific theories more broadly—like understanding that Earth is round because
this model better explains observations of ships disappearing hull-first over the horizon or

the circular shadow during lunar eclipses.
The Bayesian approach offers several advantages for astronomical inference:

e [t provides a complete characterization of parameter uncertainties through the poste-

rior distribution, not just point estimates.
e It naturally incorporates prior knowledge from previous studies or physical constraints.

e [t applies consistently regardless of sample size—we can make inferences from a single

observation or millions of data points using the same framework.
e It offers a natural way to compare different models through the evidence term p(D).

e It allows for hierarchical modeling, where parameters themselves might depend on

higher-level parameters.

These advantages make Bayesian inference particularly well-suited to the challenges
of astronomical data analysis, where we often have limited observations of unique phenomena

and need to incorporate theoretical constraints with empirical evidence.

2.7 Bayesian Inference in Practice

One of the powerful implications of treating model parameters as random variables is
that Bayesian inference can handle scenarios with limited data—even a single observation.
This capability is particularly valuable in astronomy where, as we discussed earlier, many
phenomena cannot be repeatedly observed under controlled conditions. We explore this
through two concrete examples that will bridge our understanding between the theoretical

framework and practical applications.

2.7.1 Inference with One Data Point

The Die Example Consider four competing models for a die’s behavior, which we call
Fair, Bad, Worse, and Worst. Each model makes specific predictions about the probability

of each outcome:
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Outcome | Fair Bad Worse Worst
6 1/6 1/8 1/12 1/20
/6 1/8 1/12 1/20
1/6 1/6 1/8 1/10
1/6 1/6 1/6 1/8
1/6 5/24 1/4 1/5
1/6 5/24 1/3 1/2

— N W R Ot

Table 2.1: Probability distributions for different die models. Each column represents a
different hypothesis about the die’s behavior, with Fair representing an unbiased die and
successive models showing increasing bias toward lower numbers.

Under the Fair model, each outcome has equal probability (p(D = i|@ = Fair) = ; for
all ). The Bad model shows slight bias toward lower numbers, while the Worse and Worst
models show progressively stronger bias. Note that for each model 0, the probabilities p(D|0)
must sum to one—this is reflected in how each column in our table sums to unity, ensuring

proper normalization of the probability distribution.

Now, imagine we roll the die exactly once and observe a 6. A frequentist approach
would struggle with a single data point. However, Bayesian inference provides a natural
framework for updating our beliefs. If we begin with equal prior probabilities for each model
(p(6 = Fair) = p(6 = Bad) = p(6 = Worse) = p(@ = Worst) = ), Bayes’ theorem gives us:

p(0l{6}) o< p({6}0)p(6) (2.26)

Since we have equal priors p(@) = constant, our posterior belief p(8|D = {6}) is
proportional to the likelihood p(D = {6}|@). This likelihood can be read directly from
the first row of our table, as it represents the probability of rolling a 6 under each model.
The evidence term p(D) in Bayes’ theorem, while not affecting our relative beliefs about
different models, serves as a proper normalization constant. In other words, while each
column (representing p(D|0) for fixed €) must sum to one, this constraint does not apply to
rows. Therefore, to obtain proper posterior probabilities, we must normalize our likelihoods

by dividing by their sum across all models.
For our single roll of 6, the likelihoods are:
e Fair: 1/6 = 0.167

e Bad: 1/8 = 0.125
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Worse: 1/12 = 0.083

Worst: 1/20 = 0.050

The sum of these likelihoods is 0.425, so our posterior probabilities are:

p(Fair|[{6}) = 0.167/0.425 = 0.393

p(Bad|{6}) = 0.125/0.425 = 0.294

p(Worse|{6}) = 0.083/0.425 = 0.195

p(Worst|{6}) = 0.050/0.425 = 0.118

Notice how our beliefs have shifted: we started with equal probability (0.25) for each
model, but after observing a single 6, we now favor the Fair model (0.393) and consider
the Worst model least likely (0.118). This makes intuitive sense—observing a 6 is most
consistent with the Fair model and least consistent with the Worst model, which heavily

favors lower numbers.

If we now observe two more outcomes, say 1 and 4, our likelihood becomes p({6, 1,4}|0).
Since die rolls are independent events (by the definition of independence we discussed earlier),

this joint likelihood naturally factorizes:

p({6,1,4}|6) = p({6}|0)p({1}|6)p({4}|6) (2.27)

Calculating this product for each model:

= L ~0.0046
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Normalizing these values, our updated posterior probabilities become:

p(Fair|{6,1,4}) ~ 0.31

p(Bad|{6,1,4}) ~ 0.29
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e p(Worse|{6,1,4}) ~ 0.23
e p(Worst|{6,1,4}) ~ 0.17

The results are now more balanced between the models. While the Fair model still
has the highest probability, the difference between models has decreased. This makes sense
because we observed a mixture of high (6) and low (1) values, which is somewhat consistent
with all the models.

This example illustrates a key strength of Bayesian inference: as long as we can specify
the probability of observations under different models (the likelihood), we can update our
beliefs even with minimal data. The approach handles any amount of data naturally—from

a single observation to thousands of data points—through the same consistent framework.

Fitting a Gaussian with One Data Point The same principle of performing inference
with limited data extends to continuous parameters in astronomy. Consider measuring
some astronomical quantity that we believe follows a Gaussian distribution with known
standard deviation ¢ but unknown mean p. In the frequentist approach, we would take
many measurements and use their average as our best estimate. But what if we only have

one or two measurements? This is where Bayesian inference becomes particularly valuable.

In this scenario, our model parameter is the unknown mean p. For simplicity, we’ll
fix 0 = 1, giving us a standardized Gaussian. Suppose we make a single measurement x = 6.

Just as with our die example, we can apply Bayes’ theorem:

p(u|D = {6}) o< p(D = {6}u)p(k) (2.28)

But instead of having a “look-up” table as we did with the die, the likelihood function
p(D = {6}|x) in this case is:

202

plo = 6l) = s exp (—M) (2.20)

That is, if we were to “propose” a value for pu, the probability of observing the value
6 would be the evaluation of the Gaussian PDF with this p at x = 6, following directly from
the definition of probability density functions.

In the first figure, we see how different proposed values of i lead to different prob-
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Figure 2.9: Top panel: Likelihood functions p(z|u) for different proposed values of . When
i = 2 (red curve), the probability of measuring x = 6 is very low. When p = 5 (green
curve), this probability is much higher. Bottom panel: The likelihood p({6}|x) as a function
of p, showing how likely each proposed mean value is given our single observation. This
likelihood is proportional to our posterior distribution (assuming an uninformative prior).
The maximum occurs at g = 6, which makes intuitive sense—with a single measurement and
no informative prior, our best estimate for the mean would be exactly what we measured.

abilities of observing our measurement x = 6. When p = 2, the probability of measuring
x = 6 is very low, as shown by the small value of the red curve at x = 6. When p = 5, the

probability is much higher, as shown by the larger value of the green curve at x = 6.

The bottom panel shows the likelihood for each proposed value of p, given our single
observation. This is proportional to our posterior distribution (before considering the prior

or assuming an uninformative prior). The maximum likelihood estimate occurs at p = 6,
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which makes intuitive sense—with a single measurement and no informative prior, our best

estimate for the mean would be exactly what we measured.

We purposely fixed o here because, given a single data point, the maximum likelihood
estimate for o would tend toward zero—essentially trying to create an infinitely narrow
Gaussian centered at 6 (unless we assume a reasonable prior that prevents this degenerate

solution).

The scenario becomes more interesting with multiple measurements. Suppose we
make a second measurement z = 4. Because our measurements are independent (assuming

uncorrelated measurement errors), we can multiply the individual likelihoods:

p(x1, 22|p) = p(x1|p)p(w2| 1) (2.30)

The second figure shows the individual likelihood functions for different values of
w, with vertical lines marking our two observations. The bottom panel shows the joint
likelihood—the probability of observing both measurements for each proposed value of p.
Notice how the maximum likelihood estimate has shifted to u = 5, the average of our
two measurements. This illustrates a key principle: as we gather more data, our posterior
distribution must account for all available information while becoming more concentrated,

reflecting our increasing certainty about the parameter we are trying to estimate.

If we were to add a third measurement, say x = 5, our likelihood would become:

p(x1, w2, 3| 1) = p(a1|p)p(ze|p)p(ws| 1) (2.31)

The maximum likelihood estimate would now be p = 5, the average of our three
measurements (4, 5, and 6). More importantly, the likelihood curve would become narrower,
indicating increased confidence in our estimate. This narrowing reflects the principle that
uncertainty decreases as we collect more data—a property that emerges naturally from the

Bayesian framework.

Implications for Scientific Inference The examples above illustrate several implications
of the Bayesian approach for scientific reasoning. First and foremost, by treating model pa-
rameters as random variables, Bayesian inference allows us to handle any amount of data
(evidence), regardless of whether we can repeat the experiment—a capability that is partic-

ularly valuable in astronomy. While the examples we’ve explored are deliberately simple,
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Figure 2.10: Top panel: Individual likelihood functions for different values of i, with vertical
lines marking our two observations at x = 4 and x = 6. Bottom panel: The joint likelihood—
showing how the probability of observing both measurements varies with . The maximum
likelihood estimate occurs at p = 5, the average of our two measurements.

the same principles apply to complex models with many parameters, where the posterior

distribution becomes a high-dimensional probability distribution over parameter space.

In the die example, we saw how Bayesian inference allows us to rationally update our
beliefs about different models as we gather more evidence. Even with a single data point,
we could quantify the relative plausibility of each model. With the Gaussian example, we
saw how our uncertainty about the mean parameter decreases as we gather more measure-

ments—a natural consequence of the likelihood function becoming more concentrated.



Statistical Machine Learning for Astronomy — Y.-S. Ting 53

A key advantage of the Bayesian approach is its ability to incorporate prior knowl-
edge. While we used uninformative priors in our examples, we could have specified more
informative priors based on previous studies or theoretical constraints. For instance, if previ-
ous surveys suggested that our Gaussian mean should be close to 3, we might use a prior like
p(p) = N(p|3,1). This would pull our posterior toward 3, especially when we have limited
data. As we gather more data, the likelihood would typically dominate the prior, reducing

its influence on our final conclusions.

The requirement to specify priors—while sometimes viewed as a limitation—can ac-
tually be seen as a strength. The interplay between prior knowledge p(8) and new evidence
p(D|0) is particularly relevant for extraordinary claims in science. As Carl Sagan famously
noted, “extraordinary claims require extraordinary evidence.” In Bayesian terms, this means
that overcoming a strong skeptical prior (like our prior against the existence of faster-than-
light travel) requires correspondingly strong evidence in the likelihood term p(D|@). This

formalism thus captures both the open-mindedness and skepticism essential to scientific in-

quiry.

The examples we have explored—both the die and the Gaussian—represent deliber-
ately simple cases to illustrate the core principles of Bayesian inference. Throughout this
textbook, we will see how this mathematical framework provides the foundation for more
sophisticated machine learning methods in astronomical data analysis. However, the logic
of updating our beliefs about model parameters based on observed data remains analogous
to what we have seen here. Despite their simplicity, these examples deserve careful consid-
eration as they embody the core principles that will guide our exploration of more complex
methods.

2.8 Summary

This chapter has established the probability theory framework that underlies the
Bayesian approach to inference—a foundation that will support all machine learning tech-

niques we explore throughout this textbook.

We began by distinguishing between deterministic and random variables, emphasizing
the key Bayesian insight that treating model parameters as random variables provides a
principled way to handle uncertainty in scientific inference. While model parameters like a
galaxy’s mass or a star’s temperature may have true, definite values in reality, our knowledge

of these values is inherently uncertain. The probability distributions we assign to parameters
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represent our state of knowledge, not any inherent randomness in the parameters themselves.

We examined three probability distributions that appear frequently in astronomical
applications. The Gaussian distribution emerges when only mean and variance are known,
naturally arising from the Central Limit Theorem when many small, independent effects
combine. The Poisson distribution describes counting processes with independent events oc-
curring at constant average rates, crucial for modeling photon detection and galaxy counts.
Power law distributions appear in scale-invariant processes, exemplified by the stellar Initial
Mass Function where the same physical mechanisms operate across many orders of magni-
tude.

The concepts of joint and conditional probability provide the mathematical foun-
dation for connecting observations with physical models in Bayesian inference. The sum
rule enables us to obtain marginal distributions by integrating over unwanted variables—a
process essential for analyzing high-dimensional posterior distributions. The product rule
reveals the relationship between joint and conditional probabilities and leads directly to
Bayes’ theorem. The concept of independence, where knowledge of one variable provides no
information about another, helps simplify calculations when applicable but must be applied

carefully in astronomical contexts where many properties are subtly correlated.

We contrasted frequentist and Bayesian approaches to probability and inference. The
frequentist approach defines probability through repeated experiments and relies on the law
of large numbers, providing powerful tools when experiments can be replicated under con-
trolled conditions. However, astronomy presents unique challenges where many phenomena
cannot be repeated—we have only one observable universe for cosmological studies, and

many astronomical objects and events are inherently unique.

The Bayesian approach addresses these limitations by treating both observations and
model parameters as random variables. Bayes’ theorem, emerging naturally from the product
rule, provides a framework for updating our beliefs about model parameters as new evidence
becomes available. The posterior distribution represents our updated knowledge, computed
from the likelihood (how well our model explains the data) and our prior beliefs. This
approach quantifies how extraordinary claims require extraordinary evidence through the

interplay between priors and likelihood.

Through concrete examples—from discrete die models to continuous Gaussian param-
eter estimation—we demonstrated that Bayesian inference can handle any amount of data,

even single observations. The posterior distribution provides a complete characterization of
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our uncertainty, becoming more concentrated as we gather more evidence. While the re-
quirement to specify priors might seem like a limitation, it actually makes our assumptions

explicit and provides a principled way to incorporate existing scientific knowledge.

The probabilistic framework we have developed serves as the foundation for all ma-
chine learning methods we will explore in subsequent chapters. In Chapter 3, we will build on
these concepts by exploring summary statistics as practical tools for characterizing probabil-
ity distributions. These summary statistics will prove crucial for understanding how uncer-
tainty propagates through calculations—a key consideration for Bayesian machine learning

applications.

As we progress through later chapters on linear regression, classification, cluster-
ing, and more advanced techniques, we will see how each method implements the central
Bayesian principle of updating our beliefs about model parameters based on observed data.
The treatment of parameters as random variables—established in this chapter—will remain
the unifying thread throughout our exploration of machine learning for astronomical data

analysis.

Further Readings: The development of Bayesian inference has evolved through centuries
of mathematical and philosophical contributions, with foundational early work including
Bayes’ posthumous essay Bayes [1763] on inverse probability. For readers interested in the-
oretical foundations, Jaynes [2003] presents an influential perspective on probability theory
as an extension of logic, exploring connections between Bayesian methods and scientific rea-
soning. Box and Tiao [1973] offered systematic treatment of applied Bayesian methods,
while Gelman et al. [2013] serves as a modern reference connecting theory with practice
through examples and computational techniques. The field has seen particular development
in astronomical applications: Loredo [1992] helped establish Bayesian methods in modern
astronomy through practical demonstrations including supernova analysis, while Gregory
[2005] focuses on astronomical applications, comparing frequentist and Bayesian approaches
with field-specific examples. For accessible introductions to the subject, Sivia and Skilling
[2006] provide a tutorial approach with physical science examples. Trotta [2008] reviews
the adoption of Bayesian methods in cosmology, synthesizing theoretical and practical de-
velopments across the field. More recent contributions include Eadie et al. on practical
implementation aspects in astronomy, and Thrane and Talbot [2019] on Bayesian meth-
ods in gravitational-wave astronomy, covering parameter estimation, model selection, and

hierarchical models.
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Chapter 3

Statistical Foundations and Summary
Statistics

In our previous chapter, we explored the concepts of random variables and probabil-
ity distributions, establishing a mathematical framework for handling uncertainty in data
analysis. We examined how treating both our observations and model parameters as ran-
dom variables naturally leads to Bayesian inference—an approach that has become central

to modern research.

However, we left a critical question unanswered: how do we extract meaningful in-
formation from probability distributions in practice? The machine learning methods we’ll
explore in subsequent chapters—from linear regression to Bayesian inference—all depend on

our ability to characterize and manipulate probability distributions using finite datasets.

This foundation requires us to address a challenge that directly impacts every ma-
chine learning algorithm: how do we reliably extract distributional information from finite,
noisy data? Our observations are always limited and uncertain, which means our models
and inferences must also carry uncertainty. We never observe the probability distributions
we want to characterize—only finite samples drawn from them. When studying any astro-
nomical population, we don’t see the theoretical distribution directly, but rather a limited

collection of measurements with their own uncertainties.

This sampling limitation becomes particularly acute when we consider the specific
demands of machine learning methods. For example, linear regression, which we’ll explore in

Chapter 4, requires us to estimate means, variances, and covariances from data to determine

57



58 Statistical Machine Learning for Astronomy — Y.-S. Ting

optimal model parameters and quantify their uncertainties. When we fit a relationship
like the M-o relation between black hole mass and stellar velocity dispersion, we need to
characterize not just the best-fit line, but also our confidence in that fit and our ability to

make predictions for new observations.

Bayesian inference, which we’ll develop in Chapter 5, further demands that we charac-
terize not just point estimates but complete probability distributions over parameters. This
requires robust methods for uncertainty quantification that can distinguish between mea-
surement noise (irreducible randomness in our data) and genuine model uncertainty (our
incomplete knowledge of parameters)—a distinction crucial for scientific interpretation and

model comparison.

The solution lies in summary statistics—mathematical tools that capture essential
characteristics of probability distributions while being reliably estimable from finite sam-
ples. Rather than attempting to reconstruct full distributions (often impossible with limited
data), we focus on key features that contain the information needed for machine learning:
expectations that reveal central tendencies and enable parameter estimation, variances that
quantify scatter and measurement precision, and covariances that capture relationships be-

tween different observed quantities.

This requires developing a precise mathematical language for discussing these con-
cepts. This chapter develops these statistical foundations systematically, beginning with
the expectation operator and moments of distributions. We show how the first moment
(expectation) captures central tendencies while higher moments reveal increasingly detailed
information about distribution shapes. We then explore how these statistics behave under
mathematical transformations, developing the machinery needed for error propagation and
uncertainty quantification that will prove essential for linear regression parameter estimation

and prediction uncertainties.

The framework culminates in understanding how uncertainties combine when we per-
form common analytical operations: averaging multiple measurements, combining different
datasets, and propagating uncertainties through calculations. Every concept we develop here
directly enables the machine learning applications in subsequent chapters. The expectation
and variance we study become the mathematical foundation for understanding how linear
regression minimizes prediction errors through least-squares optimization. The covariance
structures we explore reveal how different measured quantities relate to each other, enabling

us to build predictive models and understand their limitations.
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3.1 Moments of Distributions

To characterize probability distributions for machine learning applications, we need
mathematical tools that capture essential distributional properties. Among the various ap-
proaches available, moments of a distribution provide a systematic framework that directly
supports the parameter estimation and uncertainty quantification needed for machine learn-

ing algorithms.

For a random variable X with probability distribution p(z), we define the kth moment

as:
Discrete case: = Zxkp(x), (3.1)
x
Continuous case: py = /xkp(x)dx. (3.2)
These expressions are often written in a more compact notation using the expectation
operator:

= E[z*], (3.3)

where E[-] denotes the expectation (or average) of a quantity weighted by its probability
distribution. This notation represents averaging over the probability distribution of a random
variable and will be central to the mathematical framework we develop throughout this

chapter.

For discrete variables, we sum over the finite or countably infinite possible values,
with p(z) representing the probability mass function. For continuous variables, we integrate
over the continuous range of possible values, with p(z) representing the probability density
function. This distinction is necessary because continuous variables have zero probability of

taking any exact value—we must instead consider probability densities over intervals.

The key intuition behind moments lies in their ability to characterize different as-
pects of a distribution’s shape. Each moment p; weights the distribution by increasingly
higher powers of z (z*), with each successive moment emphasizing different features of the

distribution.
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Figure 3.1: Visualization of how different moments weight a probability distribution. Top
panel: The black curve shows a normalized probability distribution p(x), while the colored
curves show z*p(x) for different values of k. As k increases, the peaks of x*p(x) shift toward
larger values of x, demonstrating how higher moments become increasingly sensitive to the
tails of the distribution. Bottom panel: The relative contribution of different powers of z
(%) to each moment, showing how higher moments (k > 1) give progressively more weight
to larger values. This illustrates why higher moments are particularly sensitive to extreme
values in a distribution—a feature especially relevant in astronomy where rare, extreme
objects often carry important physical information.

The first moment (k = 1) is the mean or expected value:
w1 = Elz] = /xp(m)dx. (3.4)

This gives us the distribution’s center or typical value, which becomes the basis for parameter
estimation in linear regression. To understand why, recall that p(x) represents the probability

density—it tells us how likely we are to observe each value x. When we multiply = by p(z)
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and integrate, we are effectively taking a probability-weighted average of all possible values.
This weighting by probability is what makes the first moment a meaningful measure of the

distribution’s central tendency.

The second moment (k = 2) measures the mean squared value:

po = E[z?] = /pr(x)dx. (3.5)

When combined with the first moment, this enables us to calculate variance—the key quan-
tity for uncertainty quantification in machine learning. When the mean is zero, squaring
makes both positive and negative deviations from zero contribute positively to the sum, giv-

ing us a measure of spread that directly relates to the precision of our parameter estimates.

Higher moments (k > 2) become increasingly sensitive to the “tails” of the distri-
bution—the regions far from the center where extreme values occur. This sensitivity arises
because, as shown in Figure 3.1, raising values to higher powers (k) amplifies large values
much more dramatically than small ones. For instance, if a value is twice the typical scale, its
contribution to the kth moment is 2* times larger—with & = 3 it contributes 8 times more,
with k& = 4 it contributes 16 times more, and so on. This exponential amplification means
that even if extreme values are rare, they can dominate the higher moments, making these
statistics particularly useful for studying rare events in astronomy and for understanding the

robustness of our machine learning models to outliers.

In subsequent sections, we will explore how these moments transform under various
operations, how they relate to marginal and conditional distributions, and eventually how
we can estimate them from observed data. These concepts will provide the foundation for
the machine learning methods we’ll develop in later chapters, where moments play a crucial

role in parameter estimation, uncertainty quantification, and model evaluation.

3.2 Transformation of Random Variables

In our discussion of moments above, we implicitly used what is known as the transfor-
mation of random variables. In particular, when computing the kth moment, we transformed
the random variable through # — 2*. This seemingly simple operation requires careful con-
sideration that directly impacts how we handle data preprocessing and feature engineering

in machine learning applications.
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As we established in Chapter 2, x represents an outcome of the random variable
X, not merely a deterministic variable. Therefore, ¥ naturally represents outcomes of a
new random variable X*. When we apply any function to a random variable, the result
is itself a random variable with its own probability distribution. This follows from a basic
property: if a quantity has inherent variability, any function of that quantity must also
exhibit variability. This understanding becomes critical when we preprocess data for machine
learning—transformations like taking logarithms, computing ratios, or standardizing features

all create new random variables whose statistical properties need to be understood.

In astronomy and data analysis, we frequently need to transform random variables
— whether converting between different units (like parsecs to light-years), applying calibra-
tion corrections, or computing derived quantities (like absolute magnitude from apparent
magnitude and distance). To formalize how these transformations affect probability distri-
butions, consider a random variable X with probability density function px(z). When we
apply a function g to create a new variable Y = g(X), we obtain a new random variable Y’
with its own probability density function py(y). The central question becomes: given the
original probability density px(x) and transformation function g, how do we determine the

transformed probability density py (y)?

Let’s start with the simplest case relevant to data preprocessing: linear transforma-

tions. For a linear transformation of the form:
Y =aX 40, (3.6)

where a and b are constants, the relationship between the probability densities is:

py(y) = px (y — b) L (3.7)

a ) la|

The factor 1/]a| appears due to the requirement of probability conservation—a prin-
ciple that becomes crucial when we standardize or rescale features for machine learning
algorithms. Recall that a probability density function represents the chance of an outcome
materializing per “unit” of the outcome space. As illustrated in Figure 3.2, when we stretch
the distribution by a factor a (e.g., a = 2 in the figure), the concept of per “unit” outcome
itself changes accordingly. When we scale a variable by a factor a, the probability density
must correspondingly scale by 1/|a| to maintain this conservation—intuitively, as the units

are now a times larger, the probability density per unit must decrease by 1/|a| to ensure the
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Figure 3.2: Visualization of how probability distributions transform under linear transfor-
mations. Top panel: The blue curve shows the original probability distribution px(z) and
the green curve shows the transformed distribution py (y) under the linear transformation
Y =2X + 1. The shaded regions have equal areas, demonstrating probability conservation.
Bottom panel: Illustration of how a uniform grid transforms under the same linear trans-
formation. The spacing between grid lines increases by a factor of |a| = 2, necessitating a
corresponding decrease in probability density by a factor of 1/|a| to preserve total probabil-
ity. This visualization demonstrates why the Jacobian factor |dz/dy| appears in probability
transformation formulas.

total probability still integrates to one. This scaling factor representing the change in “unit

area” is known as the Jacobian determinant, which appears generally when transforming
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between different variables to ensure proper probability conservation.

For a general transformation Y = ¢(X), where ¢ is a differentiable and monotonic
function (either strictly increasing or strictly decreasing), the probability density transforms

as:
dx

py(y) = px(z) a0

— g™ o) | 07 ). 33)

The term |dz/dy| is called the Jacobian of the transformation. It accounts for how
the transformation stretches or compresses intervals of the random variable, ensuring that
probability is conserved. The absolute value ensures that the probability density remains
non-negative even when the transformation reverses the orientation (i.e., when g is decreas-
ing). Since probability conservation only needs to be maintained locally at each point, the
change of measure through the Jacobian is always well-defined locally, even if the global
transformation is complex. This local nature allows us to express the change in measure
through calculus as the derivative |dz/dy|, which captures how infinitesimal intervals are

stretched or compressed at each point.

For multivariate transformations, where we transform multiple random variables si-
multaneously, the Jacobian becomes a matrix determinant. If we have a vector of random
variables X = (X1, ..., X,,)T transforming to Y = g(X), then:

det (?;) ‘ . (3.9)

This multivariate case is particularly relevant for machine learning applications when

py(y) =px(g ' (y))

transforming between different coordinate systems (like equatorial to galactic coordinates)
or when dealing with derived astronomical quantities that depend on multiple observables.
These transformations become critical when we preprocess multivariate data for linear regres-
sion, as the choice of coordinate system can significantly impact the linearity of relationships

and the performance of our models.

Another important class of transformations involves combinations of multiple random
variables, such as their sum. When we combine random variables, we are effectively creating
a new random variable whose outcomes depend on multiple random events. For instance, if
we have two random variables X and Y, their sum Z = X + Y represents a new random
variable whose probability distribution depends on both the individual distributions of X

and Y and their relationship to each other. This type of transformation becomes particularly
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relevant in linear regression when we model a response variable as a linear combination of

predictors.

In subsequent sections, we will further develop these concepts to understand how
transformations affect the moments of distributions and how they apply to common opera-
tions in data analysis and machine learning. This framework will provide the foundation for
understanding error propagation, uncertainty quantification, and the effects of data prepro-

cessing on model performance.

3.3 Expectation

In our discussion of moments, we introduced the first moment as the mean or expected
value of a random variable. This concept is so fundamental to probability theory and machine
learning that it deserves deeper exploration. The first moment, which we now refer to more
generally as expectation, involves both a weighting process where each possible outcome
is weighted by its probability, and in the case of higher moments, a transformation of the
random variable (X — X%).

This operation of taking a probability-weighted average is central to machine learn-
ing—from parameter estimation to loss function optimization—which is why we give it spe-
cial notation and terminology. We denote the expectation of a random variable X as E[X],

defined as:
Discrete case: E[X] = Z rpx(z), (3.10)

Continuous case: E[X] = /xpx(x) dx. (3.11)

The argument inside E[-| represents the random variable whose expectation we are
computing. This notation becomes particularly important in machine learning contexts
where we need to distinguish between different types of averages. For instance, in linear
regression, we’ll encounter the expectation over data points, the expectation over noise re-
alizations, and the expectation over parameter distributions—each serving different roles in

model fitting and uncertainty quantification.

We note however that the name “expectation” might suggest what we expect to mea-

sure, but this can sometimes be misleading. For example, consider the Initial Mass Function
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(IMF) for stars. While E[M] gives us the average stellar mass, most stars actually have
masses below this value. This occurs because stellar masses follow a power law that spans
several orders of magnitude—from brown dwarfs at about 0.08 solar masses to massive stars
exceeding 100 solar masses. The power-law nature of the IMF means we find exponentially
more low-mass stars than high-mass stars, but the few high-mass stars pull the average up.
For instance, with a Salpeter IMF (p(M) oc M~%3%) we might find thousands of 0.5 solar
mass stars for every 50 solar mass star, yet these rare massive stars contribute substantially

to the average mass due to their high values.

Having established the foundation of expectation, we now explore how it behaves
under the transformations of random variables we discussed in the previous section. These
properties, expressed in the compact formalism of expectation values, will prove invaluable
for understanding how preprocessing steps affect our machine learning models and for prop-

agating uncertainties through complex calculations.

When working with transformations of random variables, it’s important to understand
how expectations behave. For a transformation Y = g(X), we can compute its expectation

in two equivalent ways:

1. Using the original variable X and its distribution:

Blo(X)] = [ g(o)px(e) dr (3.12)

2. Using the transformed variable Y and its distribution:

IMﬂz/wﬂwwz/M@m@Mm (3.13)

These expressions are equivalent when we properly account for the transformation
of probability densities using py (y) = px (g~ (y))|dg~'/dy|. This equivalence is particularly
useful in machine learning applications where we might transform features before fitting
models—we can compute expected values using either the original or transformed represen-

tations, provided we handle the probability transformations correctly.

This equivalence explains why we can write our definition of moments either way:

px = E[X*] = E[Y] where Y = X*. (3.14)
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Let’s explore some key properties of expectation that are crucial for machine learning

applications. For any constants a and b, expectation exhibits linearity:

E[aX + b] = aE[X] + b. (3.15)

This property is intuitively clear if we think about what scaling and shifting do to
a distribution’s center, as illustrated in Figure 3.3. When we multiply a random variable
by a, we stretch (or compress) all values by that factor, so the center must also stretch by
a. Similarly, when we add b, we shift all values by that amount, so the center must shift
by b as well. This intuition holds regardless of the distribution’s shape—the expectation al-
ways transforms linearly because it represents the distribution’s center of mass. In machine
learning contexts, this linearity property is crucial for understanding how data preprocess-
ing affects model parameters. When we standardize features by subtracting the mean and
dividing by the standard deviation, the linearity of expectation tells us exactly how the

transformed features will behave.

Formally, we can prove this using the definition of expectation:

ElaX +b] = /(ax + b)p(x)dx (3.16)
=a [ zp(x)dr + b/p(x)dx (3.17)
= aE[X] + b, (3.18)

where we’ve used the fact that [ p(z)dz =1 for any probability distribution.

For any two random variables X and Y, expectation is additive:

Exy[X +Y] =Ex[X]+Ey[Y]. (3.19)

This property tells us that the expectation of a sum is the sum of the expectations,
regardless of whether X and Y are independent—a fact that becomes crucial in linear re-

gression where we model the response as a sum of contributions from different predictors.
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Figure 3.3: Visualization of expectation’s linearity property using a bivariate Gaussian dis-
tribution. Left panel: Original distribution with expectation E[X] marked by the red cross.
Right panel: The transformed distribution under ¥ = 2.X + 1, showing how the expectation
transforms linearly: E[Y] = 2E[X] 4 1. The contours represent probability density levels,
demonstrating how the entire distribution stretches and shifts while maintaining its shape.
The red dashed lines highlight how the center (expectation) transforms according to the
same linear rule, regardless of the distribution’s specific shape or spread.

This property simply follows from:

EXHX+Y1=//@+yW@mew (3.20)

= // xp(a:,y)d:vdy—l—// yp(x,y)dxdy (3.21)
:/Q</p@wmﬁdx+/y(/mawm)@ (3.22)

I/w@m+/w@@ (3.23)
=Ex[X]+ Ey[Y], (3.24)
where we’ve used the fact that integrating the joint distribution p(z,y) over one variable
gives us the marginal distribution of the other. For example, if we measure the total light

from two stars, the average total luminosity is simply the sum of their average individual

luminosities, where each average is taken over all possible values of that star’s luminosity.

Having explored expectation in the univariate and bivariate cases, we now extend
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Figure 3.4: Visualization of expectation’s additivity property using bivariate Gaussian dis-
tributions. Left panel: Original distributions of random variables X (blue contours) and Y
(green contours) with their respective expectations E[X] and E[Y] marked by colored crosses.
The contours represent probability density levels of each distribution, and the dashed lines
mark the coordinate positions of the expectations. Right panel: The distribution of the sum
Z = X +Y (purple contours) with its expectation E[Z] = E[X + Y| marked by the red
cross. The figure demonstrates that E[X + Y] = E[X] + E[Y], showing how expectations
add component-wise regardless of the correlation structure in the original distributions.

these concepts to the multivariate setting that characterizes most machine learning applica-
tions. When dealing with multiple random variables simultaneously, we can represent them
as a random vector X = (X,..., X,,)T. The expectation of this random vector, denoted

E[X], is defined as the vector containing the expectations of each individual component:

E[X,]
Exj=| : | (3.25)
E[X]

When we apply a linear transformation A, which is an m x n matrix, to our random

vector X, we get a new random vector Y = AX + b of dimension m. By expanding the
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matrix multiplication and using the linearity of expectation, we can see that:

Y, = ZAinj + bi, (3.26)
j=1

E[Y;] =Y AyE[X)] + b;. (3.27)
j=1

And hence, in the multivariate case:
E[Y] = AE[X] + b, (3.28)
where A is an m X n transformation matrix and b is an m-dimensional offset vector.

This linearity property extends beyond simple scaling and shifting operations to more
general linear transformations where the components of X can be mixed together through
matrix multiplication. Such transformations effectively rotate our coordinate system or
create new variables that are linear combinations of our original variables—operations that

are at the heart of linear regression and principal component analysis.

3.4 Law of Total Expectation

Having explored how expectation behaves under transformations, we now turn to
another important aspect: how expectation relates to marginal and conditional distributions,
which we introduced in Chapter 2. This relationship helps us understand how to calculate
expectations when we have partial information or when working with hierarchical probability

structures.

For example, suppose we want to estimate a star’s mass, but we can only measure
its luminosity directly. In this case, we want to make the most of our available data by
combining our luminosity measurement with theoretical understanding of how masses tend
to be distributed for stars of a given luminosity. This scenario leads us to a powerful principle

known as the law of total expectation.

When working with multiple variables, we need to be precise about which variables

we're averaging over. For two random variables X and Y, we can write expectations with
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subscripts to indicate which variables we’re averaging over:

Exylg(X,Y)] = / / o(e,y) plz, y) de dy, (3.20)
Ex[g(X,Y)] = / oz, ) plaly) de, (3.30)

where in the second equation, we’re only averaging over X while treating Y as fixed. This
uses the conditional probability p(z|y) since we're considering the distribution of X for a

specific value of Y.

The law of total expectation states that we can compute the overall expectation of X
in two equivalent ways:

Ex[X] = By [Ex[X]Y]]. (3.31)
To prove this relationship, let’s write out the right-hand side explicitly:

By [Ex[X|Y) = [ Ex[X]Y = 4] p(o) dy (3.3

-[(/ xp<x|y>dx) ply)dy (333
/ / 2 p(aly) ply) do dy (3.34)
//xp v, y) dz dy (3.35)

_ / x( / (z,7) dy> da (3.36)

= /xp(x) dx (3.37)
= Ex[X], (3.38)

where we've used the product rule that p(z,y) = p(z|y)p(y) and that p(z) = [ p(z,y)dy is

the marginal distribution.

This mathematical framework proves particularly valuable when dealing with astro-
nomical observations where direct measurements might be challenging or biased. Consider
the practical problem of estimating the average stellar mass, illustrated in Figure 3.5. The

most straightforward approach would be to directly average all stellar masses:

= / M p(M) dM. (3.39)
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Figure 3.5: Visualization of the law of total expectation using stellar mass-luminosity rela-
tionships. Left panel: Joint distribution of stellar mass and luminosity (in solar units and
log scale), shown as blue contours. The red cross marks the overall expectation E[M], while
colored circles show conditional expectations E[M|L] at three different luminosities (marked
by dashed lines). Right panel: The conditional expectation E[M|L] as a function of luminos-
ity (blue line), demonstrating how we can estimate stellar masses given their luminosities.
The gray shaded region shows the marginal distribution of luminosity p(L), which accounts
for observational selection effects in magnitude-limited surveys. The red dashed line marks
the overall expectation E[M], illustrating how integrating E[M|L] weighted by p(L) recovers
the average stellar mass E[M], even when direct mass measurements are challenging.

However, we rarely know the true distribution p(M) a priori, and it’s particularly
difficult to account for observational effects like selection bias. For instance, in a magnitude-
limited survey, we preferentially observe brighter, typically more massive stars (as shown by
the gray shaded region in the right panel of the figure), making it challenging to directly esti-
mate p(M). The red cross and dashed line in the figure mark this overall expectation E,;[M],
but directly measuring it requires accurately sampling the full mass distribution—something

that’s often impossible due to observational limitations.

A more powerful approach decomposes the problem using conditional expectations,

where we first find the average mass for stars of a specific luminosity, then average over all
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possible luminosities:

Ey[M] = E[Ey[M]|L] = / ( / M p(M|L) dM) p(L)dL. (3.40)

As visualized in the figure, this hierarchical decomposition offers several practical
advantages. For each luminosity value (shown by horizontal dashed lines in the left panel),
we can compute the conditional expectation Ey/[M|L] (marked by colored circles). The
blue contours show how mass and luminosity are correlated, with the blue line in the right
panel tracing how this conditional expectation varies with luminosity—essentially giving
us a regression function that predicts mass from luminosity. These expectations are then
weighted by the luminosity distribution p(L), shown by the gray shading in the right panel,

which we can measure directly from our magnitude-limited survey.

The power of this approach lies in its ability to handle observational constraints
naturally. The luminosity distribution p(L) can be modeled while explicitly accounting for
the selection effects of our magnitude-limited survey, as luminosity directly relates to our
observational constraints. Meanwhile, the mass distribution at fixed luminosity, p(M|L)
(represented by vertical slices through the contours in the left panel), is well-understood

from stellar evolution theory and typically has much smaller observational biases.

Just as in the univariate case, the law of total expectation extends naturally to mul-

tivariate random variables. For random vectors X and Y:

Ex[X] = Ey[Ex[X|Y]]. (3.41)

This means that for each component of our random vector, we can compute its expec-
tation by first finding its conditional expectation given Y, and then taking the expectation
over all possible values of Y. The proof follows exactly the same steps as in the univariate
case, just with additional integration variables—we exchange the order of multiple integrals

over the components of X and Y using the same chain of probability density relationships.

This principle forms the foundation for calculating predictive distributions in Bayesian
modeling. In Bayesian analysis, model parameters (like regression coefficients) are treated
as random variables with associated uncertainty. When making predictions, we need to

account for this parameter uncertainty. If 6 represents our model parameters and y, a new
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observation we want to predict, the law of total expectation allows us to write:

This means we compute the expected prediction for each possible parameter value 6
(the inner expectation), then average these expectations over the posterior distribution of
0 (the outer expectation). This process, known as marginalization, properly incorporates

parameter uncertainty into our predictions.

3.5 Variance, Covariance, and Correlation

We've seen that the first moment E[X] characterizes the center of a distribution,
providing a foundation for parameter estimation. However, understanding the center alone
is insufficient for a complete statistical description. We also need to quantify uncertainty and
understand relationships between variables. The second moment E[X?] might seem like a
natural choice for measuring the spread of a distribution, as it gives more weight to values far
from zero. However, there’s a subtle but important issue: E[X?| only meaningfully measures
spread when the distribution is centered at zero. For distributions centered elsewhere, E[X?]
conflates the spread with the location of the center, making it unsuitable for uncertainty

quantification in most practical scenarios.

To isolate the true spread of the distribution, we need to measure deviations from the
distribution’s center (E[X]), not from zero. This leads us to define the variance of a random

variable X, denoted as Var[X] or o%:

Var[X] = E[(X — E[X])?]. (3.43)

Here we first center the distribution by subtracting E[X], then compute the average
squared deviation from this center. This variance becomes the key quantity for understanding

prediction uncertainty and for quantifying the reliability of parameter estimates.

Using the properties of expectation we derived earlier, we can expand this into a

more computationally convenient form. Note that while X is a random variable, E[X] is a
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constant (it’s just a number), so we can use the linearity property of expectation:

Var[X] = E[(X — E[X])?] (3.44)
= E[X? — 2XE[X] + (E[X])?] (3.45)
= E[X?] - 2E[X]E[X] + E[(E[X])?] (3.46)
= E[X?] - 2(E[X])* + (E[X])* (3.47)
= E[X?] - (E[X])” (3.48)

This algebraic manipulation reveals that we can compute the variance simply by
calculating the first and second moments of the distribution. Rather than directly computing
deviations from the mean, this alternative formulation provides a computationally efficient

way to characterize the spread of our data.

The standard deviation oy is simply defined as the square root of the variance:

ox =4/ Var[X]. (3.49)

We define the standard deviation because it has the same units as the original variable.
For instance, if we measure stellar masses in solar masses (M), the variance will be in
(M)? while the standard deviation is in M. This makes the standard deviation more
directly interpretable for uncertainty quantification—when we say the mean stellar mass is
1M with a standard deviation of 0.5M, we can immediately understand the scale of the

variations.

Having defined variance, we can now examine how it behaves under transformations
of random variables. Let’s begin with linear transformations, where we scale and shift a
random variable. Unlike expectation, which we showed to be a linear operator, variance

exhibits a different scaling behavior. For any constants a and b:

Var[aX + b] = a®Var[X]. (3.50)

We can prove this using the definition of variance and the properties of expectation
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we derived earlier:

aX +b—E[aX + b])?]
aX +b— (aE[X]+1))?] (using linearity of expectation)

—~
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Figure 3.6: Visualization of how variance and standard deviation transform under linear
transformations. Left panel: Original bivariate distribution (blue contours) with its expec-
tation marked by the red cross and variance structure indicated by the red dashed ellipse.
The ellipse represents a constant probability contour of the distribution, with its shape and
orientation determined by the covariance matrix. Right panel: The transformed distribution
(green contours) under Y = 2X +1. While the mean shifts by the same linear transformation
(E[Y] = 2E[X] + 1), the standard deviation scales linearly (oy = 20x) while the variance
scales quadratically (Var[Y] = 4Var[X]), as shown by the enlarged red dashed ellipse.

This result has an intuitive interpretation: when we multiply a random variable by
a, we stretch (or compress) all deviations from the mean by a factor of a. Since variance
measures squared deviations, it scales by a?. Adding a constant b merely shifts the entire

distribution without changing its spread, so it doesn’t affect the variance. This behavior
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is crucial for understanding how data transformations affect statistical analyses—scaling
variables changes the variance of the data, which can impact both interpretation and com-

putational behavior.

Just as we moved from studying single random variables to examining relationships
between variables in our discussion of expectation, we can extend our understanding of
variance to capture how multiple random variables vary together. This leads us to the

concepts of covariance and correlation.

The covariance between two random variables X and Y, denoted as Cov(X,Y"), mea-

sures their joint variability:

Cov(X,Y) = E[(X — E[X]))(Y — E[Y])]. (3.57)

Looking at this definition, we can understand covariance intuitively: it measures
whether two variables tend to deviate from their means together. When both variables tend
to be simultaneously above or below their means, their deviations multiply to give positive
values, resulting in positive covariance. Conversely, when one variable tends to be above its
mean while the other is below, we get negative products and thus negative covariance. When
there’s no systematic relationship between their deviations, positive and negative products

cancel out, giving us zero covariance.

This covariance can arise in two distinct ways in astronomical measurements. First, it
can reflect inherent physical relationships—for example, more massive stars naturally tend to
be more luminous than average, creating a positive covariance between mass and luminosity.
Second, it can arise from measurement processes—if our instruments have systematic errors
that affect multiple measurements simultaneously, this introduces covariance even when the

underlying quantities might be independent.

Using the properties of expectation we derived earlier, we can show that covariance

has an alternative, computationally convenient form:

Cov(X,Y) = E[XY] — E[X]|E[Y]. (3.58)
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To prove this:

3.59
3.60
3.61
3.62
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While covariance effectively measures how variables vary together, it has a limitation
that becomes problematic when comparing relationships across different measurement scales:
its scale dependence. To see this explicitly, consider what happens when we rescale our

variables by constants a and b:

Cov(aX,bY) = E[(aX — E[aX])(bY — E[bY])] (3.63)
= E[(aX — aE[X])(bY — bE[Y])] (3.64)
= Elab(X — E[X])(Y — E[Y])] (3.65)
= abCov(X,Y). (3.66)

This means if we change measurement units—for example, converting stellar masses
from solar masses to kilograms (multiplying by 2 x 103°)—the covariance scales proportion-
ally. This makes it difficult to compare covariances between different pairs of variables or

across different measurement scales.

To address this limitation, it is therefore convenient to define what is known as the

correlation coefficient:

Ox0Oy

which is dimensionless and scale independent. This makes it a more useful measure for com-
paring the strength of relationships between different pairs of variables and for understanding

which relationships are strongest in multivariate data.

The scale-invariant properties of correlation can be easily verified. Recall from our
earlier discussion that variance scales quadratically: Var[aX] = a*Var[X]. By taking the

square root on both sides, we have o,x = |alox. Using these properties along with our
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Figure 3.7: Visualization of how correlation shapes bivariate normal distributions. The
panels show three distributions with identical marginal variances but different correlation
structures. Left panel: Uncorrelated variables (p = 0) produce circular contours, with the
principal axes of the red dashed ellipse aligned with the coordinate axes. Middle panel:
Positive correlation (p = 0.7) stretches the distribution along the diagonal (red dashed line),
indicating that higher values of one variable tend to occur with higher values of the other.
Right panel: Negative correlation (p = —0.7) tilts the distribution in the opposite direction,
showing that high values of one variable tend to occur with low values of the other. The red
dashed ellipses, representing contours of constant probability, rotate and deform based on the
correlation strength, while maintaining the same total variance (area). This illustrates how
correlation captures the directionality of the relationship between variables without affecting
their individual scales.

earlier result about covariance scaling;:

Cov(aX,bY
PaX by = CovlaX, b¥) (3.68)
Oax0Oby
bCov(X,Y
_ abCov(X,Y) (3.69)
|alox|bloy
= sign(ab)pxy. (3.70)

This result shows that correlation maintains its magnitude under scaling but its sign
depends on how we transform our variables. This makes intuitive sense: if we multiply one

variable by -1, we reverse the direction of their relationship.

Furthermore, a key property of the correlation coefficient is that it always takes values

between -1 and +1. A correlation of +1 indicates perfect positive correlation, meaning
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the two variables are linearly related with a positive slope—when one increases, the other
increases proportionally. Conversely, a correlation of -1 indicates perfect negative correlation,
where one variable decreases proportionally as the other increases. A correlation of zero
suggests no linear relationship between the variables. This bounded nature of correlation
makes it particularly useful for comparing relationship strengths across different variable

pairs.

The fact that correlation must lie between -1 and +1 follows from a mathematical
principle known as the Cauchy-Schwarz inequality. For vectors u and v in an inner product

space, this inequality states that:
ju-v| < uff|[v]], (3.71)
where || - || denotes the vector norm.

In this framework, for centered random variables (meaning we subtract their means),

we can show:

E[(X —EX])(Y - E}])] < VE[(X - EX])E[Y - E[Y])?]. (3.72)

Looking at this inequality more closely, we can see that the left side is the abso-
lute value of the covariance, |Cov(X,Y)|, while the right side is y/Var(X)Var(Y) = oxoy.

Therefore, when we divide both sides by oxoy, we get the bound on correlation:

<1. (3.73)

Cov(X,Y)
OxO0y

|PXY| = ’

In other words, the magnitude of the covariance cannot exceed the product of the

standard deviations, which is precisely why correlation must lie between -1 and 1.

This mathematical bound has practical implications for astronomy. When we mea-
sure correlations between different astronomical properties, the value tells us not just whether
there’s a relationship, but how close it is to the theoretical maximum strength possible. The
Tully-Fisher relation, for example, shows a strong positive correlation between galaxy lumi-
nosity and rotation velocity, remarkably close to perfect correlation. This strong correlation

suggests a tight physical relationship between a galaxy’s light output and its rotation.

Similarly, the main sequence in the Hertzsprung-Russell diagram shows a very strong
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correlation between stellar temperature and luminosity for main sequence stars. This high
correlation reflects the physics of stellar structure—stars are not random collections of hot

gas but highly ordered systems governed by precise physical laws.

When dealing with multiple random variables simultaneously, it’s natural to organize
them into a random vector X = (Xi,...,X,)T. The variance generalizes to a covariance

matrix, typically denoted as Cov(X) or X:

Cov(X) = E[(X — E[X])(X — E[X])T]. (3.74)

The transpose operation here is crucial for dimensional consistency and interpretation.
Note that X —E[X] is an n x 1 column vector, while its transpose (X —E[X])T is a 1 x n row
vector. Their multiplication therefore produces an n x n matrix, where each element (i, j)
represents the expected product of deviations in the ith and jth components. This matrix

multiplication naturally leads to:

Var(X;) ifi=y

Sy = E[(X; — E[X])(X; — E[Xj])] = N
Cov(X;, X;) ifi#j

(3.75)

The covariance matrix 3 directly encodes all pairwise relationships between variables,

making it a central quantity for understanding multivariate data.

Just as variance scales quadratically with scalar transformations (Var(aX) = a*Var(X)),
the covariance matrix transforms systematically under linear operations. For a linear trans-

formation Y = AX + b, where A is an m X n matrix and b is an m-dimensional vector:

Cov(Y) = ACov(X)AT, (3.76)

This “sandwiching” of the covariance matrix between A and A’ ensures the dimen-
sions work out correctly: the n x n covariance matrix of X is transformed into an m x m

covariance matrix for Y, matching the dimensionality of our transformed random vector.
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We can prove this using the same properties of expectation we used in the univariate case:

Cov(Y) = E[(Y — E[Y])(Y - E[Y])"] (3.77)
=E[(AX +b — (AE[X] + b))(AX + b — (AE[X] + b))7] (3.78)
=E[A(X - EX])(X - E[X])"A"] (3.79)
= AE[(X — E[X])(X — E[X])"]A” (3.80)
= ACov(X)AT. (3.81)

This transformation property has important applications in data analysis. When we
apply principal component analysis, standardize features, or perform any linear transfor-
mation of our data, this formula tells us exactly how the covariance structure will change.
These transformations play key roles in many statistical techniques used in astronomy and
other fields.

3.6 Sampling Statistics and Uncertainty

Having explored how variance behaves under transformations of individual variables,
we now turn to another important question: how does variance behave when we combine
different random variables? Just as we did with expectation, we’ll begin by examining the
variance of sums—a common case that arises frequently in astronomical measurements and
statistical applications, from combining multiple observations to understanding how errors

propagate through calculations.

For any two random variables X and Y, we have:

Var[X + Y] = Var[X]| + 2Cov(X,Y) + Var[Y]. (3.82)

We can prove this using our definition of variance:

Var[X + Y] =E[((X +Y) — E[X +Y])?] (3.83)

E[(X — E[X]) + (Y - E[Y]))*] (3.84)
E[(X — E[X]))* +2(X - E[X])(Y - E[Y]) + (Y - E[Y])?] (3.85)
Var[X] 4+ 2Cov(X,Y") + Var[Y]. (3.86)
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This formula reveals a difference between expectation and variance when combining
random variables. While expectations add linearly, variances include an additional covariance
term that arises from the squared nature of the calculation. When we expand (X +Y)?, cross-
terms of the form XY appear, and their average contribution is precisely the covariance term
2Cov(X,Y). This means that the uncertainty in a sum depends not just on the individual
uncertainties, but also on how the variables move together—a crucial principle for error

propagation in any scientific measurement or prediction task.

For independent variables, where Cov(X,Y) = 0, the formula simplifies:

Var[X + Y| = Var[X]| 4+ Var[Y] (for independent variables). (3.87)

This means that when random variables are independent, their variances add directly.
This property underlies much of statistical analysis and has important implications for how
uncertainties accumulate in many scientific contexts, from combining multiple measurements

to understanding the reliability of aggregate statistics.

Distribution of X A Distribution of Y A Distribution of X+Y
Var[X] = (1.0, 0.5) Var[Y] = (0.5, 1.0) Var[X+Y] = (1.5, 1.5)
3t : 3t : 3t
2r 2 2
-
S ol 1T
>
0 0 0r
-1 -1 —1r
-2 0 5 -2 0 5 =2 0 5
X Y (X+Y)1

Figure 3.8: Visualization of how variances add for independent random variables. Left
panel: Distribution of X (blue contours) with different variances in each dimension (1.0,
0.5). Middle panel: Distribution of Y (green contours) with different variances (0.5, 1.0).
Right panel: Distribution of their sum X + Y (purple contours). The red dashed ellipses
show the variance structure of each distribution. For independent variables, the variances add
component-wise: the variance of the sum in each dimension equals the sum of the individual
variances in that dimension. This is evident in the right panel, where Var[X +Y| = (1.5,1.5)
results from adding the corresponding variances. This increase in variance is intuitive: when
we add two independent uncertain quantities, our uncertainty naturally grows since each
variable contributes its own source of randomness to the final sum.
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This additivity property of variance has a particularly important application: under-
standing the uncertainty in sample means. When making astronomical measurements, we
frequently need to combine multiple observations of the same quantity to improve preci-
sion—for instance, multiple measurements of a star’s magnitude or repeated spectroscopic
observations of a galaxy’s redshift. This principle underpins many statistical methods that

rely on aggregate information or ensemble behavior.

Let’s consider N independent measurements { X1, ..., Xy} of the same quantity. The

sample mean, our best estimate of the true value, is defined as:

N
|
N; (3.88)

Using the variance properties we derived earlier, and assuming the measurements are

independent with the same variance o2, we can compute:

% > X,»] (3.89)

Var[X| = Var

N
1
= m\/ar ZX"] (3.90)
i=1
| X
=2 ZVar[Xi] (all covariances = 0) (3.91)
i=1
1
2
o
= —. 3.93
- (3.93)
And hence we recover the well-known result:
_ 0‘2
Var| X| = — 3.94

which shows that the variance of the mean decreases inversely with sample size. Taking the
square root, the uncertainty decreases as 1/ VN with sample size. In astronomical terms, this
tells us that if each individual measurement of a star’s brightness has uncertainty o, averaging
N independent measurements will reduce our uncertainty to o/v/N. This is why longer
exposure times (effectively increasing N) lead to more precise measurements. This same

principle explains why larger datasets generally lead to more reliable parameter estimates in
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statistical analyses, provided the data are independent and identically distributed.
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Figure 3.9: Demonstration of how sample mean uncertainty decreases with sample size. Left
panel: The black curve shows the original distribution of individual measurements (with true
mean shown by red dashed line). The colored histograms show the distributions of sample
means for different sample sizes (N = 5, 20, and 100). As N increases, the distribution
of sample means becomes increasingly concentrated around the true mean, demonstrating
how larger samples provide more precise estimates. Right panel: Quantitative analysis of
how the standard error (uncertainty in the sample mean) scales with sample size. The red
dashed line shows the theoretical prediction o/ V/N, while blue points show the measured
uncertainties from numerical simulations.

This discussion of sample mean uncertainty brings us to our original motivation: char-
acterizing probability distributions through summary statistics. When we estimate moments

with finite samples, we use sums of the form:

o1
i =~ Z k. (3.95)

The hat notation signifies that this is an estimate of the true moment p. This esti-
mate itself exhibits variability known as finite sampling noise—the inherent uncertainty that
arises from using a finite number of samples to estimate properties of an infinite population.
Understanding this noise is crucial because it determines the reliability of our parameter
estimates and the confidence we can place in statistical inferences and predictions based on

these estimates.
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To understand this noise, consider estimating the moments of the stellar Initial Mass
Function (IMF). Even if we could measure stellar masses with perfect precision, our estimate
i1, would still vary if we repeated the measurement with different random samples of stars.
This variability occurs because each star’s mass is randomly drawn from the underlying
IMF distribution, making X* and consequently fi;, random variables themselves. This same
principle applies broadly in statistics: even with perfect measurements, our estimates carry
uncertainty because they’re based on finite samples from the underlying distribution, and

this uncertainty must be properly quantified for reliable statistical inference.

As we established in our analysis of sample means, the precision of such moment
estimates improves with larger samples. Specifically, for independent measurements, the
variance of our k-th moment estimates scales as Var(X*)/N, meaning the sampling noise
decreases as 1/ v/N. This insight explains why modern astronomy has ventured into deep
surveys with wide sky coverage. The sheer number of objects in these surveys reduces finite
sampling noise, providing increasingly precise estimates of population statistics and thus
more stringent constraints on theoretical models. Similarly, in many fields, larger datasets

allow for more precise parameter estimation and more reliable statistical inferences.

While the 1/4/ N scaling represents the expected improvement of the moment estimate
with sample size, the total uncertainty in moment estimates depends crucially on the variance
term Var(X*), which grows rapidly with k. To understand this growth, consider expanding

a fluctuation around the mean value: if X = p + 6 with Taylor’s expansion, then

XF = (u+0)* (3.96)

k(k—1
—u“+mﬁ45+—L3—lMF%2+”. (3.97)

If we only keep the linear term p* + kp*~16, using the linearity of variance:

Var(X*) ~ k2 *Var(X). (3.98)

This shows that the variance of higher moments grows approximately quadratically
with k. Just as in our earlier discussion, astronomical distributions often have a few very
massive galaxies or extremely bright quasars that can dramatically affect higher-moment
estimates, making the estimate of the higher moments inherently noisier compared to lower
moment estimates. This phenomenon is not unique to astronomy but appears in many fields

where distributions have heavy tails or extreme values.
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Yet these higher moments often contain crucial physical information. In cosmology, for
instance, the non-Gaussian features in the galaxy distribution—captured only by moments
beyond variance—provide key constraints on structure formation theories. This creates
a tension: higher moments offer unique physical insights but require substantially larger
samples for reliable measurement. This trade-off between information content and estimation
precision is a fundamental aspect of statistical analysis that must be carefully navigated when

designing studies and analyzing data.

3.7 Bootstrapping

While our discussion above demonstrates the important /N scaling law that gov-
erns how uncertainties decrease with sample size, in practice we often need more than just
the scaling—we need precise values for these uncertainties to make quantitative statistical
inferences. Our analysis above of Var(X*) used only the leading-order term in the Taylor
expansion to build intuition. The higher-order terms we neglected in our approximation can
significantly affect these precise values, especially for small samples or when dealing with

highly skewed distributions common in astronomy and many other fields.

Even for simple moment estimates, these higher-order terms in the expansion can be-
come significant, and for multidimensional or nonlinear statistics, analytical expressions may
become intractable altogether. This limitation in deriving exact analytical expressions leads
us to consider empirical methods for uncertainty estimation that have become increasingly

important with the growth of computational statistics.

The bootstrap technique provides a robust way to estimate the variance of estimators
when analytical expressions are unavailable. The bootstrap algorithm proceeds as follows:

Given an original sample {xy,...,zx}, we:
1. Draw N samples with replacement from this set, creating a “bootstrap sample” {z3%, ..., 2%}

2. Calculate our statistic of interest (e.g., the k-th moment) on this bootstrap sample:

it = 5 Do) (3.99)

3. Repeat steps 1-2 many times (typically thousands)
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4. Use the variance of these bootstrap estimates to approximate Var(ji)
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Figure 3.10: Ilustration of the bootstrap resampling process and its ability to estimate
sampling variance of the first moment. Left panel: Original sample {z1,...,zx} (black tick
marks) drawn from true distribution p(z) (black dashed curve), with three bootstrap resam-
ples {3, ..., 2%} (colored histograms) generated by sampling with replacement. Right panel:
Distribution of bootstrap estimates i} = % Zf\il xf from 1000 resamples (blue histogram)
compared to theoretical sampling distribution of first moment estimator (red dashed curve).
The agreement between bootstrap variance Var(ji}) and theoretical variance ¢?/N demon-
strates bootstrap’s accuracy in estimating sampling variance without knowledge of p(x).
Black vertical line shows original sample estimate fi; = % ZZ]\LI Xi.

For example, if our original dataset is {1, 2,3}, one possible bootstrap sample might
be {1, 1,2}, another might be {2, 3,3}, and so on. Each bootstrap sample maintains the same
size as our original dataset, but some values may appear multiple times while others may not
appear at all. This resampling process mimics the natural variability that would occur if we
could repeatedly collect new datasets of the same size from the same underlying population.
The approach is particularly valuable because it provides a computational solution to what

is fundamentally a theoretical problem.

The underlying logic of bootstrapping is rooted in how we think about probability
distributions and sampling. Recall that our sample {x1, ..., xy } is drawn from some unknown
probability distribution p(z). If we knew p(z) exactly, calculating any moment would simply
require integration as discussed earlier. However, we typically only have access to a finite
sample. The key insight of bootstrapping is to use this sample itself as a proxy for the un-

derlying distribution, leveraging the information contained in the observed data to estimate



Statistical Machine Learning for Astronomy — Y.-S. Ting 89

properties of the sampling distribution of our statistics.

When we resample with replacement in bootstrapping, we are effectively treating
our observed sample as a discrete approximation to p(x), where each observed value has
equal probability 1/N of being drawn. This resampling mimics the process that generated
our original data: just as our original sample was drawn from the true distribution p(x),
our bootstrap samples are drawn from this empirical distribution. If we could draw many
new samples from p(z), we could directly study how our statistic /i varies across samples,
revealing its sampling distribution and hence its uncertainty. Bootstrapping approximates
this ideal process using only our available data, providing a powerful tool for uncertainty

quantification without requiring additional data collection.

The mathematical justification for this approach relies on the fact that as our sample
size N increases, our empirical distribution approaches the true distribution p(z). Conse-
quently, the distribution of statistics computed from bootstrap samples approaches the true
sampling distribution we would obtain if we could repeatedly sample from p(z). This con-
vergence explains why bootstrap provides valid estimates of sampling uncertainty and why
it has become such a valuable tool for model validation and uncertainty quantification in

modern statistical practice.

The power of bootstrapping lies in its generality. Instead of deriving analytical for-
mulas for standard errors—which may be intractable for complex statistics—bootstrapping
automatically captures sampling behavior through direct simulation. This is particularly
valuable in astronomy where we often need to characterize uncertainty in complex mea-
surements, such as galaxy morphology classifications or stellar parameter estimates from
spectroscopy. The method also applies broadly to other fields where complex statistics are
used, from economics to ecology, providing uncertainty estimates for quantities ranging from

correlation coefficients to diversity indices.
However, understanding bootstrap’s logic also reveals its limitations:

First, sample representativeness is crucial. Bootstrap assumes our sample is large
enough to reasonably approximate the underlying distribution. If our sample misses impor-
tant features of p(z) (like rare events), bootstrap will inherit this blindness. This limitation
becomes particularly relevant for higher moments, which are sensitive to the distribution’s
tails, and for applications where the tails of the distribution are of particular interest, such

as extreme value analysis or risk assessment.
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Second, the basic bootstrap treats observations as independent by resampling indi-
vidual values. This can produce misleading results when data are correlated, such as in
time series or spatial data where neighboring measurements are related. In astronomical
contexts, this might occur when studying galaxy clustering or stellar variability. Modified
bootstrap techniques like block bootstrapping have been developed to address this limitation,

resampling blocks of observations to preserve the correlation structure.

Third, for statistics heavily dependent on extreme values, bootstrap might underes-
timate uncertainties because it can only resample values present in our original sample. It
cannot generate new extreme values that might occur in future datasets, potentially leading
to overly optimistic uncertainty estimates for statistics sensitive to outliers. This limita-
tion is particularly relevant in fields like hydrology or finance, where extreme events carry

significant importance.

Despite these limitations, bootstrapping remains one of our most valuable tools for
uncertainty estimation in practice. Its theoretical foundation in the relationship between
samples and populations, combined with its practical simplicity, makes it particularly useful
in astronomical applications where we often deal with complex measurements and unknown
underlying distributions. The method has been extended in various ways to address its
limitations, including parametric bootstrapping, where resamples are drawn from a fitted
parametric distribution rather than the empirical distribution, and the jackknife, which
systematically leaves out one observation at a time to assess each observation’s influence on

the statistic of interest.

3.8 Law of Total Variance

Just as the law of total expectation helps us break down expected values in hierarchical
problems, the law of total variance provides a framework for decomposing and understanding
variability in our data. This decomposition becomes particularly valuable when we want to
understand how much of our uncertainty comes from different sources—such as measurement

noise versus intrinsic variability, or explainable versus unexplainable variation.

For any two random variables X and Y, the law of total variance states:

VarX[X] = Ey[val"x[X‘YH + Val"y[Ex[X|Y]] (3100)

This statement says that the total variance of a random variable can be decomposed
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into two parts with clear interpretations. The first term, Ey [Varx[X|Y]], represents the ex-
pected value of the conditional variance—the average “unexplained” variability that remains
after knowing Y. To understand this term, consider that for each value of Y, we have some
spread in possible X values (the conditional variance). We then average these spreads over
all possible Y values. For example, even if we know a star’s luminosity exactly (Y'), there is
still some uncertainty in its mass (X) because stars of the same luminosity can have slightly
different masses due to factors like age and metallicity—this term quantifies that remaining
uncertainty averaged across all luminosities. This represents the irreducible uncertainty that

remains even after conditioning on all our available information about Y.

The second term, Vary[Ex[X|Y]], captures how much of X’s variability can be “ex-
plained” by knowing Y. This term measures how much the average value of X changes
as Y changes. In our stellar example, this represents how much the average stellar mass
systematically varies as we look at different luminosities—essentially measuring the strength
of the mass-luminosity relation itself. This quantifies how much variance our understanding

of the relationship between X and Y can potentially explain.

To prove this relationship, let’s write out the total variance and decompose the
deviation (X — Ex[X]) into two components: the deviation from the conditional mean
(X —Ex[X]|Y]), and the deviation of the conditional mean from the overall mean (Ex [X|Y]—
Ex[X]):

Vary[X] = E[(X — E[X])] (3.101)
= E[((X - E[X|Y]) + (E[X]Y] - E[X]))’] (3.102)
= E[(X - E[X|Y])?] + E[(E[X|Y] - E[X])*] (3.103)
+ 2E[(X — EX|Y)(E[X|Y] — E[X])]. (3.104)
The cross-term vanishes because:
E[(X - EX|Y)(E[X]Y] - E[X])] = E[E[(X — E[X[Y])(E[X|Y] - E[X])[Y]]  (3.105)
= E[(E[X[Y] - E[X]))E[(X —E[X[Y])[Y]]  (3.106)
= E[(E[X|Y] — E[X]) - 0] (3.107)
=0, (3.108)

where we've used the fact that E[X —E[X|Y]|Y] = 0 by definition of conditional expectation.
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Now looking at the remaining terms:

Varx[X] = E[(X — E[X|Y])?] + E[(E[X|Y] — E[X])?] (3.109)
= E[E[(X — E[X[Y])?’|Y]] + E[(E[X|Y] — E[X])*] (3.110)
= E[Var[X|Y]] + Var[E[X Y]], (3.111)

which is exactly the law of total variance.

Law of Total Variance

0.6 Varu[M) = Ey[Vary[M|L]] + Var, [Ex[M|L]
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Figure 3.11: Visualization of the law of total variance using the stellar mass-luminosity
relationship. The blue points show individual stars, demonstrating the scatter in stellar
masses at each luminosity. The red line traces the conditional expectation Ey/[M]|L] as a
function of luminosity, with the red shaded region showing +10 bounds of the conditional
variance. The blue shaded region at L = 0.5L¢, highlights E[Var,[M|L]], representing the
average scatter in mass at fixed luminosity. The green shaded region and dashed lines on the
right show the range of conditional expectations, whose variance Vary[Ey/[M|L]] captures
how the average mass changes with luminosity. The law of total variance states that the
total variance in stellar mass equals the sum of these two contributions: the average scatter
at fixed luminosity (Ep[Vary [M|L]]) plus the variance in the mass-luminosity relationship
itself (Varp[Ep[M]L]]). This decomposition helps us understand how much of the mass
variance comes from intrinsic scatter versus systematic trends with luminosity.

This decomposition is illustrated in Figure 3.11 using the stellar mass-luminosity
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relationship. Looking at the figure, we can see individual stars plotted as blue points,
showing how stellar masses vary at each luminosity. The red line traces the conditional
expectation [E,;[M|L]—essentially showing the average mass of stars at each luminosity
value. The red shaded region represents the conditional variance at each luminosity, showing
how much stellar masses typically deviate from this average. At the specific luminosity
L = 0.5L¢ (highlighted by the blue shaded region), we can see the spread of masses around
the conditional mean. When we average these conditional variances across all luminosities,
weighted by how common each luminosity is, we get the first term in our decomposition:
Ep[Vary [M|L]].

The second term is represented by the green shaded region on the right side of
the figure, which shows how much the conditional expectations themselves vary across
different luminosities. This variation in Ey/[M|L] (the red line) as L changes represents
Varp [E [M|L]]—capturing how much of the total mass variance can be explained by the

systematic relationship between mass and luminosity.

The law of total variance highlights an important principle: improving measurement
precision (reducing the first term) might not always substantially reduce our total uncertainty
if natural variability (the second term) dominates. For example, in stellar spectroscopy, be-
yond a certain point, improving our spectral resolution or signal-to-noise ratio won’t help
us better determine stellar parameters if the remaining variation comes from intrinsic stellar
variability or population diversity. This principle has important implications for experimen-

tal design and resource allocation in scientific research.

This decomposition also provides insight into when additional variables might be
valuable for prediction. If the conditional variance Varx[X|Y] is much smaller than the
total variance Varx[X], then knowing Y substantially reduces our uncertainty about X,
suggesting that Y is a valuable predictor. Conversely, if these variances are similar, then
Y provides little predictive information about X. This insight helps us assess the potential

value of different variables in statistical modeling and prediction tasks.

The law of total variance also generalizes naturally to the multivariate case:

Cov(X) = E[Cov(X[|Y)] + Cov(E[X]Y]). (3.112)

This extension follows from the same proof we developed for the univariate case,

as our derivation relied only on properties of expectation that hold equally well for vec-
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tors. The interpretation remains similar: the total covariance decomposes into the aver-
age of conditional covariances and the covariance of conditional means. This multivariate
version becomes particularly useful when analyzing systems with multiple variables, such
as multivariate regression problems or complex physical systems with multiple interacting

components.

The law of total variance has important applications in Bayesian statistics, particu-
larly for understanding predictive uncertainty. In Bayesian analysis, model parameters (like
regression coefficients) are treated as random variables with associated uncertainty. When
we want to predict a new outcome y, while accounting for our parameter uncertainty, the

law of total variance allows us to decompose the predictive variance:

Varly.] = Eo[Var[y.|0]] + Vary[E[y.|0]] (3.113)

The first term represents the average inherent variance of our predictions for each pos-
sible parameter value 6 (weighted by the posterior distribution of #), while the second term
captures how much our predictions vary due to parameter uncertainty. This decomposition
helps distinguish between aleatoric uncertainty (inherent randomness in the data-generating

process) and epistemic uncertainty (uncertainty due to our limited knowledge of parameters).

3.9 Summary

In this chapter, we have developed the mathematical machinery needed to characterize
probability distributions and extract meaningful information from finite datasets—foundations
that prove essential for statistical analysis and the quantitative methods we’ll explore in sub-

sequent chapters.

We began with the challenge of extracting reliable information from limited observa-
tions, recognizing that we rarely observe probability distributions directly but must instead
infer their properties from finite samples with their own uncertainties. This perspective is
central to modern statistical thinking, where we explicitly acknowledge the limitations of

our data and the uncertainties in our inferences.

Our journey progressed systematically from basic concepts of moments and transfor-
mations to more complex ideas like bootstrapping and variance decomposition. We started
by exploring moments of distributions, which provide a hierarchical characterization where

each successive moment emphasizes different features: the first moment captures central
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tendency needed for parameter estimation, the second moment measures spread crucial for
uncertainty quantification, and higher moments become increasingly sensitive to extreme

values that can significantly impact statistical robustness.

Through the mathematical formalism of expectation, we established key properties
including linearity and additivity, extending these concepts naturally to multivariate settings
that characterize many real-world problems. The law of total expectation demonstrated how
we can decompose complex estimation problems into manageable hierarchical structures—an
approach that becomes particularly valuable when dealing with conditional relationships and

hierarchical data structures.

Our investigation of transformations of random variables revealed how probability
distributions change under mathematical operations, providing the foundation for under-
standing how uncertainties propagate through calculations. We demonstrated that linear
transformations preserve the Gaussian nature of distributions while scaling their variances
quadratically, and showed how multivariate transformations require the Jacobian determi-
nant to ensure probability conservation. These insights prove crucial for many statistical
applications, from change of variables in integration to understanding how data transforma-

tions affect statistical properties.

Our exploration of variance and covariance revealed how uncertainty propagates
through combinations of random variables—knowledge that becomes essential for under-
standing prediction uncertainties and error propagation. We discovered that while expec-
tations add linearly, variances include covariance terms that capture how variables move
together, a crucial insight for understanding correlated measurements and their statistical
implications. The correlation coefficient provided a scale-invariant measure of relationship
strength, bounded between -1 and +1 by the Cauchy-Schwarz inequality, giving us a tool for
comparing relationship strengths across different variable pairs and identifying the strongest

patterns in multivariate data.

The extension to multivariate settings through covariance matrices demonstrated how
these concepts scale to high-dimensional data common in modern scientific applications. We
showed how covariance matrices transform under linear operations, knowledge that becomes
crucial for understanding how data transformations affect correlation structures and for

properly accounting for uncertainties in multivariate analyses.

The study of sampling statistics and uncertainty illuminated how precision improves

with sample size through the 1/ VN scaling law—a relationship that governs the reliability
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of statistical estimates across disciplines. We demonstrated how finite sampling noise affects
moment estimates differently, with higher moments requiring substantially larger samples for
reliable estimation due to their increased sensitivity to rare, extreme events. This analysis
revealed a fundamental trade-off: higher moments contain valuable information that can
distinguish between different theoretical predictions, but they require significantly larger

samples to constrain reliably.

Our exploration of bootstrapping introduced powerful resampling methods that pro-
vide practical tools for uncertainty estimation when analytical expressions become intractable.
This technique exemplifies how computational approaches can extend our statistical toolkit
beyond purely analytical methods, particularly valuable when dealing with complex statis-
tics and unknown underlying distributions. The bootstrap’s effectiveness stems from treating
our observed sample as an empirical approximation to the underlying distribution, allowing

us to simulate the sampling process that generated our data.

The law of total variance provided a framework for decomposing uncertainty into
interpretable components, separating “explained” variability from intrinsic scatter. This
decomposition proves essential for understanding systems where multiple sources contribute
to observed variability, allowing us to systematically separate and quantify different sources
of uncertainty. The mathematical framework revealed that total variance decomposes into
the expected conditional variance plus the variance of conditional expectations, providing
insight into how knowledge of additional variables affects our uncertainty about outcomes

and guiding variable selection in statistical modeling.

Chapter 4 will demonstrate how these statistical principles translate directly into the
parameter estimation framework of linear regression. We will see how the concept of ex-
pectation enables us to derive optimal parameter estimates through maximum likelihood
principles, how variance and covariance structures determine the uncertainty in these esti-
mates, and how the sampling theory we developed here helps us understand the reliability
of regression models. The mathematical framework for transformations, the understanding
of sampling variability, and the tools for uncertainty quantification will all prove essential
as we move from characterizing individual distributions to modeling relationships between

variables.

Further Reading: The development of statistical theory has been shaped by several foun-
dational contributions, beginning with the influential work of Fisher [1922], which developed

concepts of efficiency, sufficiency, and consistency that remain central to statistical infer-
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ence. Cramer [1946] provided mathematical treatment connecting probability theory with
statistical methods, contributing to a unified framework that became widely adopted in the
field. For readers seeking modern treatments of statistical theory, Cox and Hinkley [1974]
offer a balance between mathematical rigor and practical insight, while Casella and Berger
[2002] serves as a graduate text building statistical inference from probability foundations.
Kendall and Stuart [1977] and Stuart and Ord [1994] provide extensive coverage of distri-
bution theory and statistical methods, serving as valuable references for properties of distri-
butions and moments. For practical error analysis in physical sciences, Taylor [1982] offers
a widely-used introduction to uncertainty propagation and error estimation. The bootstrap
method was developed by Efron [1979], with Davison and Hinkley [1997] providing coverage
of bootstrap theory and applications across various contexts. The field has seen particular
growth in astronomy-specific applications: Lupton [1993] connects general statistical theory
with astronomical practice, while Wall and Jenkins [2003] focus on statistical methods for

observational astronomy, covering both frequentist and Bayesian approaches.



98

Statistical Machine Learning for Astronomy — Y.-S. Ting




Chapter 4

Chapter 4: Linear Regression

In our previous chapters, we developed probability theory and summary statistics,
exploring how these frameworks provide natural approaches for astronomical data analysis.
We examined why astronomy’s unique challenges—from analyzing rare events to confronting
systematic uncertainties—often necessitate a Bayesian rather than frequentist perspective.
This mathematical groundwork now serves our understanding of various machine learning

techniques commonly deployed in astronomy throughout this course.

We begin our exploration of supervised learning techniques by demonstrating the
power of Bayesian inference through perhaps one of the simplest yet most elegant techniques
in machine learning: linear regression. While conceptually straightforward, we’ll discover
that even this simple technique reveals surprising mathematical depth when viewed through
the lens of Bayesian inference. By treating both our data and model parameters as random

variables, we develop a more complete statistical understanding of the fitting process.

Our choice to begin with linear regression serves two key purposes. First, its inherent
simplicity provides an ideal context for visualizing and understanding Bayesian inference in
action. The concrete nature of line-fitting makes abstract statistical concepts tangible and
practical. Second, as we’ll see throughout this course, linear regression—both its capabilities
and limitations—serves as a natural bridge to many other fundamental concepts in machine
learning. The insights we develop here will extend naturally to more sophisticated methods,

from logistic regression to Gaussian processes and neural networks in future chapters.

99
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4.1 Linear Regression Fundamentals

Linear regression addresses one of the most fundamental tasks in data analysis: map-
ping an input variable x to a continuous output variable y through a linear relationship. In

its most basic form, this relationship can be expressed as:
Y = wo + Wi, (4.1)

where w is the intercept and w; is the slope. This simple equation embodies a strong
inductive bias—an assumption about the nature of the relationship we’re trying to model.

In this case, we assume the relationship between x and y is linear.

At first glance, this might seem overly restrictive. After all, many astronomical phe-
nomena exhibit complex, nonlinear behaviors. However, linear regression remains a corner-
stone technique in astronomical research for several compelling reasons that demonstrate the

power of “keeping things simple” while maintaining mathematical rigor.

Expressiveness through transformations We can make linear regression surprisingly
expressive by transforming our input features. For example, consider Kepler’s Third Law,
which relates orbital period (P) to semi-major axis (a) through the equation:

2
4 4

2 _
P = (4.2)

This nonlinear relationship becomes linear when we take logarithms of both sides:

472

1 3
log P = élog (GM) + §log a. (4.3)

The transformation technique becomes particularly powerful when we consider that
many fundamental relationships in astronomy follow power laws. As we discussed in Chapter
2, power laws emerge naturally in astronomy when physical processes operate similarly across
different scales—when there’s no inherent preferred scale in the system. This scale invariance
is a common feature in astronomical systems, from stellar masses to galaxy properties,

making power-law relationships ubiquitous in our field.

Consider the M-o relation, which relates the mass of a supermassive black hole (Mgy)
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to the velocity dispersion (o) of its host galaxy’s bulge:
Mgy = ao”. (4.4)

Similarly, the Kennicutt-Schmidt law describes how the star formation rate surface density

(Xsrr) relates to the molecular gas surface density (3,,0):

ESFR = Oészl. (45)

Both of these fundamental astronomical relationships, though nonlinear in their orig-

inal form, transform into linear relationships in logarithmic space:
log Mgy =loga + Blogo, (4.6)

log ¥srr = loga + 5log X0 (4.7)

Physical interpretability These examples illustrate a key advantage of linear regression
models: they often provide clearer physical interpretability than more complex approaches.
The coefficients (or weights, in modern machine learning terminology) directly correspond
to physically meaningful quantities. The slope  in these logarithmic relationships directly
represents the power-law index, revealing fundamental aspects of the underlying physics.
For instance, in the Kennicutt-Schmidt law, § ~ 1.4 indicates a superlinear relationship:
doubling the gas density leads to more than a doubling of the star formation rate. This
superlinearity suggests that star formation becomes increasingly efficient at higher gas den-
sities, possibly due to stronger self-gravity and enhanced molecular cloud collision rates in

denser environments.

The intercept terms (log o) also carry physical significance. In the M-o relation, log «
represents the normalization factor that connects stellar dynamics to black hole mass. In the
Kennicutt-Schmidt law, log o quantifies the global efficiency of the star formation process,
telling us how effectively a galaxy can convert a given density of molecular gas into new

stars.

Mathematical advantages Beyond interpretability, linear regression offers mathematical
advantages that emerge from our Bayesian framework. First, for many objective functions
derived from Bayesian inference, linear regression yields analytical solutions. This means

we can determine the optimal model parameters through direct mathematical calculation,
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without requiring computationally expensive iterative optimization procedures. Second, and
perhaps more profoundly, linear regression naturally accommodates the Bayesian treatment
of model parameters as random variables. This probabilistic approach allows us to quantify
not just point estimates of our parameters, but their full probability distributions, enabling
rigorous assessment of parameter uncertainties, correlation structures, and confidence inter-

vals—essential tools for robust scientific inference.

This combination of physical interpretability and mathematical tractability explains
why linear regression remains a cornerstone technique in astronomical data analysis, even as

more sophisticated methods continue to emerge.

4.2 Mathematical Formalism

Having established why linear regression is valuable for astronomy, let’s now formalize
the mathematical framework that underlies this technique. We assume our output y, a scalar,
can be written as a linear combination of our input features. If we have d input features, we

can write this out explicitly:
Y = Wo + w11 + Wakg + ... + wexy + €. (4.8)
We can express this more compactly using vector notation:

y=w'x+e. (4.9)

Here, wy is the intercept term (also known as the bias term), w is our vector of model
parameters (weights), x is our vector of input features, and ¢ represents noise or error in our
measurements. The intercept/bias term wy allows our model to shift the predicted values

up or down, independent of the input features.

For example, consider our earlier M-o relation example after taking logarithms. In
its simplest form, y would be log Mgy, and z; would be logo. However, we can incorpo-
rate additional features that might influence black hole mass, such as galaxy morphology
indicators or environmental parameters, making x multidimensional. For instance, we might
model:

log Mgy = wo + wy log o + we log R, + ws(B/T) + ¢, (4.10)

where R, is the effective radius of the galaxy and B/T is the bulge-to-total mass ratio. Here,
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wy serves as the intercept/bias term, representing the baseline black hole mass when all other

terms are zero.

While we assume y to be a scalar for simplicity (like a single black hole mass), this
framework readily generalizes to vector-valued outputs (like simultaneously predicting mul-
tiple galaxy properties). In such cases, we would have a different set of weights w; for each

output dimension y;, effectively running multiple parallel regressions.

For mathematical convenience, we can incorporate the intercept/bias term wgy by

augmenting our feature vector with a constant 1:

T

OIS TR P a1

Xq

By including this constant 1 as our first feature, wy becomes part of our weight vector,
allowing us to express both the linear transformation and the intercept /bias term in a single,
compact dot product w’x. This is mathematically equivalent to our earlier formulation but

provides a more elegant representation.

As we discussed earlier, we need not limit ourselves to using the raw input features
directly. We can apply any mathematical transformation to our inputs, mapping x to some

new feature space through functions ¢(x). This leads to a more general form of linear

regression:
M-1
y(x,w) =Y wi-6;(x) = wp(x), (4.12)
=0
where w = (wy,...,wy1)T is our vector of parameters, ¢(x) = (¢o(x),...,dp_1(x))7 is

our vector of basis functions, and by convention, ¢¢(x) = 1, making wy the bias parameter.

The notation y(x, w) emphasizes that our model represents a function that maps any
input x to a predicted output y, given a specific choice of parameters w. This functional
view is crucial because it highlights our ultimate goal in this machine learning model: we
want to find parameters w that not only fit our existing data well but also make accurate

predictions for new, unseen data points.

For instance, in our M-o relation example, once we determine suitable parameters w,
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we should be able to estimate a black hole mass for any galaxy given its velocity dispersion
and other relevant properties. This predictive perspective—transforming data into insight

that generalizes beyond our training set—Ilies at the heart of machine learning.

The basis functions ¢;(x) can take many forms. For instance, in our earlier power-law
examples, ¢;(x) might be log(z). Or for polynomial regression, we might use ¢;(x) = 7.

When we simply take ¢(x) = x, we recover our original linear regression form.

This mathematical framework provides the foundation for understanding how linear
regression connects to the broader machine learning paradigm. The choice of basis functions
¢(x) represents one of the key design decisions in building a linear model, allowing us to
encode domain knowledge about the expected relationships in our data while maintaining

the mathematical advantages of linearity in the parameters w.

4.3 Maximum Likelihood Estimation

Having defined our model, we now face a crucial question: what makes a set of
parameters w “best” for our purposes? As mentioned earlier, we seek parameters that
not only fit our existing data well but also allow our model to generalize effectively to
new observations. This balance between fit and generalization can be formalized through

Bayesian inference.

Recall from Chapter 2 that in our general Bayesian framework, we use 6 to denote
model parameters. For linear regression specifically, we will use w to represent our weight
parameters, following the machine learning convention. The posterior distribution of our

parameters is proportional to the product of the likelihood and prior:

p(w|D) o< p(D|w)p(w). (4.13)

Here, w itself is a random variable, with its probability distribution given by this posterior.
This distribution encapsulates our uncertainty about the true parameter values given our
data D. The complete posterior distribution provides a full description of our parameter
uncertainties, telling us not just the most likely parameter values but also how confident we

can be in these estimates.

While having this complete distribution is powerful, for many practical applications,

we often want to identify a single “best” set of parameters. One natural approach is to find
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the parameters that maximize the posterior probability:
wyap = arg max p(w|D). (4.14)

This is known as the Maximum A Posteriori (MAP) estimate. However, as a starting point,
let’s consider an even simpler case where we have minimal prior knowledge about our parame-
ters—what we call an uninformative prior. In this case, we can assume p(w) is approximately
constant and independent of w. Under this assumption, maximizing the posterior becomes

equivalent to maximizing the likelihood p(D|w) alone:
wy, = arg max p(D|w). (4.15)

This approach, known as maximum likelihood estimation (MLE), represents the simplest
way to determine optimal parameters based purely on how well they explain our observed
data.

But what is the likelihood here? Recall that the likelihood p(D|w) by definition asks:
given a proposed set of parameters w (which we aim to optimize in MLE), how likely are
we to observe what we actually observed in our data? In our case, the data consists of pairs

(x4, t;), where t; represents our observed values.

Let’s consider how our observations relate to our model predictions. We assume that

each observation can be described as:
t = y(x,w) + ¢, where e ~ N(0,0?). (4.16)

Here, we deliberately distinguish between ¢ (our observed values) and y(x, w) (our model
predictions). While y(x, w) represents our deterministic model prediction for a given input
x and parameters w, the actual observed value ¢ includes measurement noise €. This noise

term ¢ follows a Gaussian distribution centered at zero with variance o2

, reflecting our
assumption that measurements scatter symmetrically around the true model values due to

random uncertainties.

This treatment of uncertainty is not just a mathematical convenience—it’s funda-
mentally necessary for meaningful Bayesian inference. If our data were absolutely certain
(0 = 0), we would expect to know our model parameters with perfect precision—a situation
that never occurs in real astronomical observations. As we discussed in Chapter 2, this

relationship between data uncertainty and model uncertainty reflects a deeper truth about
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scientific knowledge: our understanding of physical systems is fundamentally limited by the
precision of our measurements. This is why we needed to develop the rigorous framework
of Bayesian statistics—to quantify and reason about these unavoidable uncertainties in a

principled way.

(a) Correct Model (b) Incorrect Model

—— Model prediction
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Figure 4.1: Visualization of the likelihood function for linear regression with Gaussian noise.
The cyan curves show model predictions y(x, w) for two different parameter values w. Yellow
distributions indicate the Gaussian uncertainty in possible observations at each prediction
point, while red dots show actual observations. (a) A model with appropriate linear coeffi-
cients, where observations scatter naturally within the expected uncertainty. (b) A model
with incorrect coefficients, showing the deviations of the model predictions from the data
that cannot be explained by data measurement uncertainty alone.

For a single observation, the likelihood of observing value ¢ given input x follows
directly from our noise model. Since we assumed ¢t = y(x,w) + ¢ where ¢ ~ N(0,0?),
the observation ¢ must itself follow a Gaussian distribution centered at our model prediction
y(x, w) with variance 02. We can write this explicitly using the Gaussian probability density

function:

pltlx,w,o?) = — p<_<t—y<_w>>)

= N(tly(x,w),0o?). (4.17)

This equation formalizes our belief about where observations might fall relative to our
model predictions. The parameter o determines how quickly this probability falls off—larger
values of ¢ indicate greater measurement uncertainty and thus a more gradual decrease in
probability as we move away from the model prediction. This reflects our level of confidence

in the measurements: with small o2, for the correct model with the right parameters w, we



Statistical Machine Learning for Astronomy — Y.-S. Ting 107

2

expect observations to cluster tightly around our model predictions, while larger o= allows

for more scatter in the observations.

With incorrect parameters, we expect systematic deviations where our predictions
consistently miss the data points, even accounting for measurement uncertainties. In such
cases, the Gaussian distributions centered on our model predictions would fail to capture

the actual pattern of observations, indicating that we need to adjust our model parameters.

The figure above illustrates how the likelihood function behaves with good versus poor
model parameters. In (a), the model predictions align well with the data within expected
uncertainties, while in (b), the predictions systematically miss the observations, indicating
poorly chosen parameters. By optimizing MLE, we expect the parameters to converge toward
values that produce predictions that best explain our observations, accounting for the known

measurement uncertainties.

Having established the likelihood for a single observation, let’s consider the more
realistic scenario where we have N data points. We’ll make a simplifying assumption that
our observations are independent. The independence assumption means that knowing the
outcome of one measurement tells us nothing about the outcomes of other measurements.
For example, in the M-o relation, when measuring velocity dispersions and black hole masses
of different galaxies, the measurement of one galaxy’s velocity dispersion doesn’t influence
our measurement of another galaxy. This is often a reasonable assumption in astronomy,
where we typically observe different objects with separate observations, each subject to its

own set of random measurement uncertainties.

Let’s further consider that each measurement may have different uncertainties 0. The
likelihood of observing our entire dataset is the product of the individual likelihoods. This
product form follows directly from the definition of independence in probability theory: when
events are independent, the probability of all events occurring together equals the product
of their individual probabilities. In our case, since the measurements are independent, the
probability of obtaining our complete set of measurements is simply the product of the
probabilities of each individual measurement. Here, t represents our vector of all observed

target values, and X is our matrix of input features:

N N

p(tIX,w. {o7}) = [ [ p(talxn, w,0F) = T[N (talw" @(x2), 07)- (4.18)

n=1 n=1
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This product form of the likelihood enables us to combine evidence from multiple
independent measurements in a mathematically rigorous way, weighting each observation

according to its own uncertainty o?.

To make this product more mathematically tractable, we take the logarithm of both
sides. Since the logarithm is a monotonic function—meaning it preserves the order of num-
bers—maximizing the log-likelihood is equivalent to maximizing the likelihood itself. This
transformation is particularly useful because it converts our product of probabilities into a

sum, which is much easier to work with:

Inp(t|X, w, {o7}) = Y N (t,|w' ¢ (x,), 07). (4.19)

Expanding this using the explicit form of the Gaussian distribution with heteroge-

neous noise:

9 1 N al n— W ¢ Xn))2
Inp(t|X,w,{o;}) = —3 Z (2m07) Z 202 : (4.20)
n=1 n=1

When we seek to find the optimal parameters w that maximize this log-likelihood,
we can focus solely on the terms that depend on w. Since the first term doesn’t depend on

w, we can drop it and focus on minimizing the negative of the second term:

— W%,

o (4.21)

t
arg max In p(t|X, w, {07}) = arg minz (

This equation reveals that maximizing the likelihood under our heterogeneous Gaus-
sian noise assumption is mathematically equivalent to minimizing the weighted sum of
squared errors. The weights are inversely proportional to the measurement variances, mean-
ing that more precise measurements (smaller 02) contribute more strongly to determining
the optimal parameters. When dealing with varying o2 (heteroscedastic errors), using stan-
dard unweighted least squares would inappropriately give equal weight to all measurements,

regardless of their precision.
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In the case of homogeneous noise where o, = ¢ for all n, the equation simplifies to:

argmlnz — w9 Xn))2 argmmz —wlp(x,))?. (4.22)

Since 1/20? is just a constant scaling factor, minimizing this expression is equivalent
to minimizing the unweighted sum of squared errors. This explains why standard least
squares regression is appropriate when measurement uncertainties are uniform across all

observations.

Importantly, in the derivation above, we have seen that weighted least squares emerges

naturally from maximum likelihood estimation when we properly account for measurement
(tn—w" P(xn))*

2 )
Tn

uncertainties. The weighted sum of squared residuals that we derived, Zivzl
is known in statistics as the chi-square statistic, commonly denoted as y2. This statistic
measures the goodness of fit between our model predictions and the data, with each squared
residual weighted by its measurement uncertainty. While chi-square is commonly used in
astronomical model fitting, it is crucial to recognize that this is not an arbitrary choice,
but rather a direct mathematical consequence of our probabilistic framework. This con-
nection between chi-square minimization and maximum likelihood estimation demonstrates
how seemingly disparate statistical concepts are unified under the framework of probabilistic

modeling.

4.4 Analytical Solution

Having established our objective function through maximum likelihood estimation,
we now turn to the practical question of finding the optimal parameters w. Our weighted

least squares loss function:

-3 N e (4:23)

n=1

can be rewritten in matrix form:
1
E(w) = 5(1; —®dw)'S7(t — dw), (4.24)

where:
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o t = (t,...,tx)T € RV*! is our vector of observed values, where N is the number of

data points

o & ¢ RV*M is our design matrix, a fundamental concept in regression analysis. To

understand the design matrix, let’s break it down:
— Each row corresponds to one data point (observation)
— Each column represents a feature or predictor variable

— The entry at row ¢ and column j contains the j-th feature evaluated at the i-th

data point

More formally, ® = [p(x1),...,P(xy)]T, where ¢(x) represents our feature trans-
formations (also called basis functions) that map each input x to an M-dimensional
feature vector. For example, if we're fitting a quadratic function, ¢(x) might transform

a single input x into the vector (1, z, z?), making M = 3

e S € RV 5 a diagonal matrix of measurement variances: diag(o?,...,0%), where o?
represents the variance of the i-th measurement. Since S is diagonal, its inverse S™! is

also diagonal with elements 1/0?: S™' = diag(1/0?,...,1/0%)

This quadratic form is particularly interesting because it guarantees two important
properties, which may be familiar from working with simple quadratic equations like y =

ar?® + bx + c:

1. The function is convex (opens upward when a > 0), meaning it has a unique global

minimum, just as a parabola y = ax? + bx + ¢ has exactly one lowest point

2. This minimum can be found analytically through “completing the square”—a technique
we learned in basic algebra where we rewrite az? + bz + ¢ as a(z + £)* + (c — %) to

find the vertex. The same principle applies here, though in higher dimensions

While we could theoretically find the minimum by completing the square, taking
derivatives offers a more direct and computationally efficient approach and avoids the need to
manipulate large matrices into a perfect square form. Recall that E(w) = L (t—®w)"S™!(t—

®dw). Expanding this expression:

1
E(w) = §(tTS*1t —t'S7'ew —w' 'St + w DTS Bw). (4.25)
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Since t7S~'®w is a scalar, it equals its transpose w’ ®7'S~'t. Taking the derivative

with respect to w and applying matrix calculus rules:

VoE(Ww)=—-®"S7 't + &"S 'dw = — 'S (t — dw). (4.26)

Here, the nabla symbol V., represents the gradient operator with respect to the
vector w. It produces a vector containing all partial derivatives of F(w) with respect to

each component of w. For a vector w = (wy, wy, ..., wy )T, the gradient is defined as:

VwE(w) =

(aE OF OF )T. (4.27)

8w1’8w2"“’8wM

At the minimum of E(w), this gradient must equal zero. Setting VF(w) = 0 and

solving for w gives us the maximum likelihood estimate:

wyr = (@7S71®) ' @TS 't (4.28)

In the special case of homogeneous noise where o,, = o for all n, the covariance matrix

S simplifies to oI, where I is the identity matrix. Substituting this into our solution:
wiar = (87 (0%1) 71 ®) 1T (6°1) 't

1 1
T 15T
= (@7 18) 2" Tt

1 1
- (;<I>T<I>) 1;<I>Tt (4.29)
1

= 02(<I>T<I>)‘1F<I>Tt
= (®7®) '®'t.
This simplified form is the ordinary least squares solution:
wur = (7 @) 1dTt, (4.30)

showing how the general weighted least squares solution reduces to the simpler unweighted

case when measurement uncertainties are uniform.

As a concrete example, consider the problem of fitting a straight line y = mx + b to
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data points (x;,y;). For this linear model:
e w = (b,m)” contains the intercept and slope
e & is an N x 2 matrix where each row is (1, z;)
e t = (y1,...,yn)’ contains the observed y values

For uniform uncertainties, the solution gives the familiar formulas:

m:NZ%yz—(sz)(Zyz) b:Zyi—mZ:ri
NS (Sap N

(4.31)

When measurement uncertainties o; vary between points, the weighted least squares

solution instead gives:

_ Yo wiziy; — (Y wizy) (D] wiys) /W b— Do Wiy — MY Wil

. S wa? — (L w2 W W

(4.32)

where w; = 1/ and W = > w;. This weights more precise measurements (smaller ¢;) more

heavily in determining the fit.

This analytical solution reveals several properties that make linear regression partic-
ularly valuable in astronomical applications. First, it provides an exact solution without
requiring iterative numerical optimization methods, even in the presence of heterogeneous
measurement uncertainties. Second, the solution’s mathematical form remains valid regard-
less of the dimensionality of our feature space. This property proves especially powerful when
analyzing high-dimensional astronomical data, such as spectroscopic observations where each

spectrum may contain thousands of flux measurements across different wavelengths.

Additionally, the computational cost scales well with the size of the dataset. Let’s
examine the dimensions of each matrix multiplication: ®” is M x N, S~ is N x N, and ® is
N x M, resulting in an M x M matrix that needs to be inverted. The most computationally
expensive operation is the matrix inversion of (<I>TS*1<I>). However, since this final matrix
is only M x M, where M is the number of features, the computation remains tractable even
for very large datasets. For instance, with millions of data points but only a few hundred
features, the matrix inversion is still computationally feasible since its size depends only on

the number of features, not the number of data points.

This favorable scaling with dataset size, combined with the ability to handle high-
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dimensional data efficiently, demonstrates why linear regression continues to serve as a foun-

dational tool in modern astronomical research.

4.5 Noise Parameter Estimation

Until now, we've treated the measurement uncertainties o; as known quantities. How-
ever, in many astronomical applications, these uncertainties themselves need to be estimated
from the data. For example, in spectroscopic observations, the quoted instrumental uncer-
tainties might not fully capture systematic effects from sky subtraction or flux calibration.
Similarly, in photometric time series, the formal uncertainties often underestimate the true

scatter due to unmodeled stellar variability or atmospheric effects.

Moreover, in some cases, the spread in the data reflects physically meaningful varia-
tions rather than just measurement error—for instance, the intrinsic dispersion in a mass-
metallicity relation could indicate real diversity in galaxy evolution histories, or scatter in a
period-luminosity relationship might reveal genuine differences in stellar properties. Under-
standing and properly modeling this intrinsic scatter can provide valuable physical insights

beyond just accounting for measurement uncertainties.

From a maximum likelihood perspective, measurement uncertainties can be naturally
incorporated as additional parameters in our model. Formally, if we denote our model
parameters as w and measurement uncertainties as o, we seek to maximize p(t|X, w, o) with
respect to both w and o simultaneously. This approach acknowledges that both the model
parameters and noise characteristics are essential components in describing the observed

data distribution.

As shown in the figure above, proper estimation of measurement uncertainties is cru-
cial for maximizing the likelihood. When uncertainties are underestimated (panel a), many
data points fall outside the predicted uncertainty bands. Mathematically, this means each
point contributes a small likelihood term N (t,|y(x,, w), %) due to the rapid falloff of the
Gaussian distribution, resulting in a low overall likelihood. Conversely, when uncertainties
are overestimated (panel ¢), the Gaussian distributions become very broad, and while more
points fall within the expected range, the prefactor 1/ V2702 in the likelihood becomes very
small, again reducing the overall likelihood. The maximum likelihood estimate of o2 (panel

b) strikes an optimal balance between these competing effects.

We can treat the uncertainty as another free parameter to optimize in our maximum
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Figure 4.2: Demonstration of how different choices of uncertainty values affect the likelihood
in maximum likelihood estimation. Panel (a): With underestimated uncertainties (¢ = 0.1),
the narrow Gaussian distributions mean data points far from the model contribute very
small likelihood terms, resulting in a low total likelihood. Panel (b): When uncertainties
are correctly estimated (o = 0.3), we achieve the maximum likelihood—this represents the
optimal balance between the width of the Gaussian distributions and their heights. Panel
(c): With overestimated uncertainties (¢ = 0.6), while the Gaussian distributions are wide
enough to encompass most points, the height of each Gaussian (which scales as 1/0) becomes
smaller, resulting in smaller likelihood values overall.

likelihood framework. However, we need to be careful about how we model these uncer-
tainties. While it may be tempting to allow each data point to have its own independent
uncertainty (o;), this would introduce as many additional parameters as we have data points.
Such an approach would make our model parameters ill-constrained. To understand why,
recall that for a Gaussian likelihood, each data point contributes a term (¢, — y,)?/0> to
x2. If we allowed each o; to vary independently, we could always achieve x* = N (where
each point contributes exactly 1) by setting o; = |t; — y;| for any set of model parameters,
regardless of how well or poorly the model actually fits the data. This would prevent us
from meaningfully comparing different model fits and result in a model with no predictive

power, as the uncertainties would simply adjust to accommodate any model predictions.

Thus, to make the problem well-defined, we need to parameterize our noise model
with fewer parameters than data points. For instance, we might assume the measurement
uncertainty varies smoothly with our input features. As an illustrative case, let’s consider
perhaps the simplest scenario: homogeneous but unknown measurement uncertainty, where

all measurements share the same unknown uncertainty o.

Let’s recall our log-likelihood function, written in terms of the precision 8 = 1/0?
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(this parameterization will simplify our derivation):

N
In p(t|X, w, §) — Elnﬁ—ﬂln 27) —§Z W (%)), (4.33)

Previously, we treated o as a fixed, known quantity while optimizing for w. Now, we

recognize that o can be treated as another parameter of our model, just like w.

To find the optimal value of 3, we follow the same approach we used for w: we

differentiate the log-likelihood with respect to S and set it to zero:

0 Inp(t|X, w, 3) = N li(t —wlie(x,))* =0 (4.34)
El 25 24 )= '
Solving for 3 and converting back to o
1 , 18

This equation provides us with an intuitive estimate of the measurement variance—it’s
simply the average of the squared residuals between our observations and model predictions.
The logic is straightforward: if our model fits the data well, then any remaining discrepancies
between the model predictions and observations should reflect the underlying measurement
noise. By averaging these squared residuals, we get a direct estimate of the typical squared
deviation (variance) in our measurements. This is analogous to how we might estimate
the uncertainty in repeated measurements of the same quantity—we’d look at how much
the measurements scatter around their mean value. Here, instead of comparing to a mean,
we're comparing to our model predictions, but the principle is the same. If our residuals
are typically small, this suggests our measurements are quite precise (small 02), while larger

residuals indicate more substantial measurement uncertainties (large o).

However, there’s a subtle but important point we need to consider: the likelihood
function p(t|X,w, ) depends jointly on both w and 5. To find the true maximum like-

lihood solution, we need to maximize with respect to both parameters simultaneously. In
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mathematical terms, we seek:

(W, fuir,) = arg rg%xp(th, w, 3). (4.36)

)

While this might seem challenging, our problem has a special structure that makes
it tractable. We've already shown that for any fixed , we can analytically find wy,(5).
Similarly, for any fixed w, we can analytically find Sy (w). This suggests an iterative

approach:

4.0 —0.000
535 ~1.329
o}
~
— 30
Il ~2.658
Q. Tu
N—
5 25 >
o ~3.987 ©
c o
@ S
5 20 =
> —-5.316 2
(] =
215 a0
o
= —6.644 =
% 1.0
o Global maxi
>
£ ~7.973
0.5
-9.302

20 -15 -10 -05 00 05 10 L5 20
Linear Regression Weight (w)

Figure 4.3: Schematic illustration showing the globally convex log-likelihood surface in (w, 3)
space. The bowl-shaped contours demonstrate why optimization can be achieved in exactly
two steps: since the optimal w depends only on relative residual weights (independent of 3
scale), we can first optimize w for any initial 5, then directly find the optimal 5 using that
w. This two-step convergence is guaranteed by the convex geometry, regardless of starting
point.

1. Start with an initial guess for g
2. Find wyy () using our weighted least squares solution

3. Use this wyr (/) to find Sy (W) using our variance estimation formula
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4. Repeat steps 2-3 until convergence

Remarkably, in this specific case, the iteration always converges. To understand why,

let’s examine the structure of our log-likelihood function:

N
Inp(t| X, w, ) = Elnﬁ — Eln 27) — gz —wlp(x,))?. (4.37)
=1

This function has a special geometric structure that guarantees a unique global max-

2 is fixed. The exponential

imum. Consider first how the likelihood varies with w when o
term contains squared distances between predictions and observations, creating a convex
“bowl-shaped” surface in parameter space—move too far in any direction and the likelihood

drops exponentially.

Similarly, varying o2 while holding w fixed reveals another bowl-shape: very small

0? makes the Gaussian distributions too narrow, causing exponentially small likelihoods

2 makes the distributions

for points not exactly matching predictions, while very large o
too wide, with the 1/v/270? normalization term driving the likelihood toward zero. The

likelihood must peak at an intermediate value where these competing effects balance.

This convexity in all directions ensures a single global maximum. Moreover, because
the optimal wy, depends only on the relative weighting of squared residuals, which is in-
dependent of the scale of £, finding wy, for any initial £ gives us the correct w value. We
can then use this w to find the optimal 3, converging to the global maximum in exactly two

steps, as shown in the figure above.

Combining these insights, we can obtain the maximum likelihood solution through a

simple two-step process. First, we estimate wy, using the weighted least squares solution:

war = (&7 ®) 1@t (4.38)

Then, using this wy,, we can directly compute o3y as:

1 & )
M = - N ; WML¢ (xn))" (4.39)

This estimate of o2 represents the average squared deviation between our observa-
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tions and the model predictions. It captures the typical magnitude of measurement noise
in our data, assuming that any residual differences between the model and observations are
primarily due to measurement uncertainties rather than model inadequacies. This assump-
tion is reasonable when we believe our linear model appropriately captures the underlying

relationship in the data.

4.6 Limitations of Maximum Likelihood Approach

Throughout this chapter, we’'ve focused on maximum likelihood estimation, demon-
strating how it provides a principled framework for finding optimal model parameters and
even estimating measurement uncertainties. However, we have made two important simpli-

fications that highlight fundamental limitations of the MLE approach.

First, we assumed no prior knowledge, implicitly treating the data alone as sufficient
to determine our model parameters. In astronomy, we often have prior knowledge that
could inform our parameter estimates—for instance, we might know physical constraints on
possible parameter values or have results from previous studies that suggest likely ranges for

parameters.

But perhaps more critically, maximum likelihood estimation focuses solely on finding
the best-fit model, which contradicts a fundamental principle of scientific inquiry. In science,
we seek not just predictive models, but also a rigorous understanding of our models’ limita-
tions and uncertainties. We need to quantify both the uncertainty in our model parameters

and in the predictions we make using these models.

MLE provides only single “best” parameter values rather than complete uncertainty
distributions. When we compute wyr,, we obtain a single point estimate that represents our
best guess for the model parameters. However, this tells us nothing about how confident we
should be in these estimates. Are our parameters well-constrained by the data, or might there
be a wide range of equally plausible parameter values? Without uncertainty quantification,

we cannot answer these essential questions.

Consider our earlier M-o relation example. If we find 8 = 4.0 for the power-law
index, MLE alone doesn’t tell us whether this value is constrained to within +0.1 or might
reasonably range from 3.0 to 5.0. This uncertainty information is crucial for comparing our

results with theoretical predictions or with measurements from other studies.

The MLE approach fundamentally lacks a systematic way to assess parameter un-
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certainties. While we can compute residuals and goodness-of-fit statistics, these don’t di-
rectly translate into confidence intervals or uncertainty estimates for the model parameters
themselves. This limitation becomes especially problematic when we need to propagate un-
certainties through subsequent calculations or compare models with different numbers of

parameters.

A second major limitation is that MLE ignores valuable prior knowledge that often
exists in astronomical problems. For example, in stellar astrophysics, we might know that
stellar masses must be positive and typically fall within certain ranges based on stellar
evolution theory. In cosmology, physical constraints might limit parameter ranges based
on nucleosynthesis or structure formation requirements. The MLE framework provides no

natural way to incorporate such prior knowledge into our parameter estimation.

Additionally, MLE lacks built-in safeguards against overfitting. Without explicit
mechanisms for regularization, it can lead to models that fit the training data well but
generalize poorly to new observations. This is particularly problematic when the number of
parameters approaches the number of data points, or when our basis functions ¢(x) become
very flexible. While the analytical solutions we derived are exact, they don’t inherently
guard against overfitting—they simply find the parameters that best explain the observed

data, regardless of whether this leads to reasonable predictions for future observations.

These limitations highlight why the Bayesian approach becomes essential for rigorous
scientific inference. Rather than providing just point estimates like wy,, Bayesian infer-
ence gives us the complete posterior distribution p(w|t). This comprehensive probabilistic

description provides several key advantages for scientific analysis:

Through the posterior distribution, we can quantify uncertainties in our model param-
eters, enabling us to understand the precision and limitations of our results. The Bayesian
framework also allows us to make probabilistic predictions that naturally include uncer-
tainty estimates, giving us a more complete picture of what our models tell us about the
phenomena we study. Additionally, it provides a formal and systematic way to incorporate
prior knowledge into our analyses, allowing us to build upon previous results and theoretical

constraints.

Perhaps most importantly, the Bayesian approach enables us to distinguish between
aleatoric and epistemic uncertainties through the posterior predictive distribution, which we
will explore in detail in the next chapter. These capabilities make the Bayesian approach

particularly valuable for rigorous scientific inference in astronomy, where understanding un-
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certainties is often as important as the parameter estimates themselves.

4.7 Summary

In this chapter, we have developed linear regression from first principles, demon-
strating how this fundamental technique emerges naturally from the framework of Bayesian
inference and maximum likelihood estimation. Our journey began with the recognition
that many astronomical relationships, while nonlinear in their original form, become lin-
ear through appropriate transformations—particularly the logarithmic transformations that

reveal the power-law relationships ubiquitous in astronomy.

We established the mathematical formalism of linear regression, showing how the
general model y(x,w) = wl ¢(x) provides a flexible framework for modeling complex rela-
tionships through the choice of basis functions ¢(x). This formulation demonstrates that
“linear” regression refers to linearity in the parameters w, not necessarily in the input fea-

tures themselves.

Through maximum likelihood estimation, we derived the fundamental connection
between probabilistic inference and least squares optimization. By modeling observations as
t = y(x, w)+¢ with Gaussian noise € ~ N (0, %), we showed that maximizing the likelihood
is mathematically equivalent to minimizing weighted least squares. This connection reveals
that the ubiquitous chi-square statistic in astronomical model fitting is not an arbitrary

choice, but emerges naturally from rigorous probabilistic principles.

The analytical solution we derived, wyy, = (®7S~1®)~1®T'S~'¢t, provides several key
advantages for astronomical applications. First, it yields exact results without requiring
iterative optimization, even in the presence of heterogeneous measurement uncertainties.
Second, its computational cost scales favorably with dataset size, depending on the number of
features rather than the number of data points—a crucial property for modern astronomical
surveys with millions of objects. Third, it naturally accommodates the varying measurement

uncertainties that characterize real astronomical observations.

We extended the maximum likelihood framework to estimate measurement uncer-
tainties themselves, showing how both model parameters and noise characteristics can be
determined simultaneously through a simple two-step process. The resulting estimate o3, =
~ SN (tn — Whyé(x,))? provides a principled way to quantify the typical magnitude of

measurement noise, whether it represents instrumental uncertainties or intrinsic physical
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scatter.

However, our exploration also revealed fundamental limitations of the maximum like-
lihood approach. Most critically, MLE provides only point estimates rather than complete
uncertainty distributions, offering no systematic way to quantify our confidence in parame-
ter estimates. Additionally, MLE provides no framework for incorporating prior knowledge
about physically reasonable parameter values, and it offers no inherent protection against

overfitting.

These limitations motivate the need for a more complete Bayesian treatment of linear
regression. While maximum likelihood estimation asks “what parameter values best explain
the observed data?”, Bayesian inference addresses the more comprehensive question: “given
our data and prior knowledge, what is the complete probability distribution over all possible
parameter values?” This shift from point estimates to probability distributions provides the

foundation for rigorous uncertainty quantification and scientific inference.

In Chapter 5, we will extend the foundation built here to develop a fully Bayesian
treatment of linear regression. We will see how this approach addresses the limitations
identified in this chapter by providing complete posterior distributions over parameters,
natural incorporation of prior knowledge, and principled uncertainty quantification that
distinguishes between different sources of uncertainty. The mathematical framework we have
established—from basis functions to likelihood derivation to analytical solutions—will serve
as the foundation for this more sophisticated treatment, demonstrating how linear regression
serves as a bridge between simple statistical concepts and the rich world of Bayesian machine

learning.

4.8 Appendix: Model Evaluation and Cross-Validation

Throughout this chapter, we developed linear regression from maximum likelihood
principles, deriving analytical solutions for parameter estimation through our framework of
basis functions and design matrices. However, we concluded by identifying fundamental
limitations of the maximum likelihood approach: it provides only point estimates without

systematic uncertainty quantification, and it offers no inherent protection against overfitting.

While Chapter 5 will address the uncertainty quantification limitation through a full
Bayesian treatment, the model selection challenge—determining the appropriate number of

basis functions or model complexity—remains important for all approaches. This appendix
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introduces cross-validation techniques that provide essential tools for model evaluation and

selection, demonstrating these concepts through the linear regression framework we have

established.

At the heart of machine learning lies a fundamental question: what constitutes a good
model? To explore this question, let’s consider polynomial regression as a concrete example.
Recall from our discussion of basis functions that we can express any linear regression model

as:
M-1

y(x,w) = > w; - ¢(x) = wp(x) (4.40)

Jj=0

For polynomial regression, we simply choose polynomial basis functions: ¢g(z) = 1,

¢1(x) = x, ¢o(x) = 2%, and so on. This gives us:
y(x, W) = wo + w1 + wex® 4 ... 4wy M (4.41)

where the weights w are determined through our maximum likelihood solution wyg, =
(®T®)~'®”t. This is precisely the linear regression framework we derived, but with poly-

nomial feature engineering applied to transform our input space.

A natural question arises: how many polynomial terms should we include in our basis
functions ¢(x)? This is a direct application of the feature engineering concepts from this
chapter—we are choosing the dimensionality M of our feature space and thus the structure
of our design matrix ®. This question exemplifies the bias-variance tradeoff that underlies all
machine learning applications and connects directly to the overfitting concerns we identified

as limitations of the maximum likelihood approach.

We can evaluate our model performance using the mean squared error:

MSE = % ;(ti — y(x;, w))? (4.42)

This measures how well our predictions match actual observations—a direct application
of the squared-error loss that emerges naturally from our homoscedastic Gaussian noise

assumptions in the maximum likelihood framework.

Machine learning fundamentally balances modeling (incorporating prior knowledge

and assumptions) with learning (extracting patterns from data). As we increase the number
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of polynomial basis functions—effectively increasing the complexity of our feature space—we
observe three distinct regimes. First, underfitting occurs when our basis functions are too
limited to capture the underlying patterns in the data. A purely linear model applied to
clearly nonlinear astronomical relationships exemplifies this regime. Second, we find an
optimal balance where our model captures the true underlying relationship without being
overly influenced by measurement noise. Finally, overfitting emerges when our feature space
becomes so complex that our model begins fitting measurement noise rather than the under-
lying signal, memorizing peculiarities of our training data rather than learning generalizable

patterns.

Polynomial Order 1 Polynomial Order 2

----- True Function f(x)
—— Polynomial Fit

e  Training Data

o  Testing Data

10

Figure 4.4: Demonstration of polynomial fitting with increasing model complexity. Each
panel shows the true underlying function (blue dashed line), training data points (red), test
data points (green), and the fitted polynomial (pink) of different orders. As the polynomial
order increases from 1 to 15, we observe how the model’s flexibility changes. The linear fit
(order 1) is too rigid to capture the data’s pattern, while the high-order polynomial (order
15) follows the noise in the training data too closely. Intermediate orders provide a better
balance between fitting the data and capturing the true underlying pattern.

The key insight for distinguishing between these regimes comes from recognizing that
good models should generalize to new observations. This principle is fundamental to scientific
inference: our models should make accurate predictions about future data, not merely achieve

low residuals on existing measurements.
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Training and Test Sets The solution lies in splitting our dataset into distinct portions.
We use a training set to fit model parameters—applying our maximum likelihood solution
wur = (®7®)'®"t to determine the optimal weights for each choice of basis functions.
Simultaneously, we hold out a test set during training to evaluate generalization performance

on data that played no role in parameter estimation.

This approach reveals why the fundamental behavior differs between training and test
performance. For the training data, increasing the degrees of freedom (adding more polyno-
mial basis functions) will continuously improve our fit. This occurs because our maximum
likelihood solution can always find weights that better explain the training observations —
higher-dimensional feature spaces provide more flexibility to minimize training error. How-
ever, there’s a critical insight: at some point, even though we continue improving our fit on

the training data, we begin overfitting to the training set’s specific characteristics.

When overfitting occurs, the model starts to memorize noise and peculiarities specific
to the training data rather than learning the true underlying relationship. These noise pat-
terns are not fundamental properties of the physical system we’re studying—they’re artifacts
of our particular measurements. As a result, while the model might perform exceptionally

well on the training data, it performs poorly when presented with new, unseen data points.

This creates the characteristic learning curve behavior: training error decreases mono-
tonically as we add basis functions, but test error follows a U-shaped curve. For underfitting
(too few basis functions), both training and test errors are high because the model lacks
sufficient flexibility. In the optimal regime, both errors are minimized as the model captures
the true relationship. In the overfitting regime, training error continues to decrease while

test error increases, as the model fits training-specific noise that doesn’t generalize.

This phenomenon—where more complex models can fit training data better but gen-
eralize worse—represents a fundamental tension in machine learning. Interestingly, this
classical understanding has been challenged by recent discoveries in neural networks, where
the “double descent” phenomenon shows that very highly overparameterized models can
sometimes generalize better than expected, a topic we’ll explore in Chapter 15. However, for
the polynomial regression case and many classical machine learning methods, the U-shaped

test error curve remains the standard behavior.

When the model enters the overfitting regime with too many basis functions, it begins
fitting noise patterns specific to the training data. These noise patterns do not generalize to

new observations, leading to larger errors on the test set. By evaluating our model on held-
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Figure 4.5: Training and test error curves (on log scale) illustrating the three fundamental
regimes in model complexity. The underfitting regime (red shading) shows high error on
both training and test sets due to insufficient model flexibility. The good fit regime (green
shading) represents optimal model complexity where both errors are minimized. The over-
fitting regime (blue shading) is characterized by very low training error but increasing test
error as the model begins to fit noise in the training data. This behavior demonstrates the
crucial balance between model complexity and generalization performance.

out test data that never influenced parameter estimation, we obtain an unbiased estimate of

how our model will perform on future observations.

Three-Way Data Splitting For methodological rigor, we can implement a three-way
data split. The training set applies our maximum likelihood solution for each choice of basis
functions, fitting the weight vector w optimally. The validation set determines the optimal
dimensionality of our feature space—how many polynomial terms to include in ¢(x). Finally,
the test set provides final evaluation of our chosen model on completely unseen data. This
approach ensures that model selection decisions are based on the validation set while the

test set provides a truly unbiased assessment of generalization performance.

In practice, particularly in astronomy where data can be scarce, we often work with
just training and test sets. While this approach involves some methodological compro-
mise—our model selection still depends on test set performance—it represents a reasonable

balance between statistical rigor and practical constraints. There’s always tension between
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having enough training data for reliable parameter estimation and sufficient validation/test
data for trustworthy evaluation. A common split might allocate 60% for training, 20% for
validation, and 20% for testing, though these proportions should be adapted based on total

dataset size and specific problem characteristics.

Cross-Validation for Limited Data When datasets are severely limited, cross-validation
provides a powerful alternative that makes more efficient use of available data. In Leave-
One-Out Cross-Validation (LOOCV), we perform N separate applications of our maximum
likelihood solution, each time training on N — 1 observations and testing on the remaining
observation. We rotate through all observations so each serves as the test set exactly once,

then average the test errors to estimate model performance.

This approach maximizes data utilization since nearly all observations are used for
training in each iteration, and it provides N independent assessments of generalization per-
formance. However, LOOCYV requires training N separate models, which can be computa-
tionally expensive. Additionally, since each test set contains only one observation, individual
test results can be noisy. The high correlation between training sets—differing by only one

observation—may also lead to overly optimistic performance estimates.

K-fold cross-validation offers a practical compromise by dividing data into K folds,
training on K — 1 folds, and testing on the remaining fold. This reduces computational cost

while maintaining many advantages of LOOCV.

Cross-validation in astronomy often requires careful consideration of data structure.
For time-series observations, randomly splitting data can lead to information leakage where
future information influences past predictions. Time-aware splitting may be more appro-
priate. When observations are spatially clustered, random splitting might not reflect the
challenge of predicting for genuinely new sky regions. Selection effects and systematic un-

certainties require careful interpretation of cross-validation results.

Cross-validation provides a practical framework for model evaluation that comple-
ments both the maximum likelihood methods developed in this chapter and the Bayesian
approaches we’ll explore in Chapter 5. While our analytical solutions give principled pa-
rameter estimation, and Bayesian methods will provide rigorous uncertainty quantification,
cross-validation addresses the fundamental challenge of model selection—determining appro-
priate complexity levels for any statistical approach. This framework applies broadly across

machine learning methods—the fundamental principle of requiring good generalization per-
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formance remains central to all effective applications.

As we progress to Bayesian linear regression in Chapter 5, we will see how Bayesian
approaches provide powerful tools for uncertainty quantification through posterior distribu-
tions. However, the evaluation principles established here prepare us for model selection tech-
niques throughout this textbook, including information criteria for mixture models (Chapter
11) that provide principled alternatives to cross-validation for model comparison. Under-
standing these evaluation concepts now provides essential groundwork for all subsequent

machine learning applications in astronomical research.

Further Readings: The development of linear regression methods traces back to early
mathematical contributions from Gauss [1823], who provided exposition of least squares the-
ory and the Gauss-Markov theorem. For practical implementation in astronomical contexts,
Bevington and Robinson [1969] offers a widely-used reference for weighted least squares and
error analysis in the physical sciences. Linear regression has proven instrumental in reveal-
ing astronomical relationships through several scaling relations discovered over the decades:
Faber and Jackson [1976] documented how luminosity scales with the fourth power of veloc-
ity dispersion for elliptical galaxies, while Tully and Fisher [1977] identified the analogous
relation between luminosity and rotation velocity for spiral galaxies. Work on the M-o
relation by Ferrarese and Merritt [2000] and Gebhardt et al. [2000] demonstrated tight cor-
relations between supermassive black hole masses and host galaxy velocity dispersions with
small intrinsic scatter. Kennicutt [1998] characterized the star formation law relating gas
density to star formation rate. For readers interested in handling challenges specific to as-
tronomical data, Isobe et al. [1990] provided comparison of regression methods addressing
measurement errors, while Akritas and Bershady [1996] developed a bivariate estimator that
accounts for correlated errors, heteroscedastic uncertainties, and intrinsic scatter. Theoreti-
cal foundations for model selection through cross-validation were contributed by Stone [1974],
providing methods for assessing predictive performance that have become fundamental to

modern machine learning approaches in astronomy.
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Chapter 5

Bayesian Linear Regression

In the previous chapter, we explored linear regression through maximum likelihood
estimation, demonstrating how this approach provides a framework for fitting linear rela-
tionships to astronomical data. We showed that under Gaussian measurement uncertainties,
maximizing the likelihood naturally leads to minimizing weighted least squares — connecting
rigorous probabilistic principles to the familiar chi-square statistic that pervades astronom-
ical analysis. We discovered that linear regression yields analytical solutions regardless of
feature space dimensionality, making it computationally tractable even for high-dimensional

astronomical datasets.

In principle, we can obtain uncertainty estimates for these maximum likelihood pa-
rameters through bootstrapping, as we explored in Chapter 3. By resampling our data with
replacement, we can generate many synthetic datasets, refit our model to each one, and ex-
amine the distribution of resulting parameter estimates. This approach has solid theoretical
foundations and can work well in many situations, providing a frequentist framework for

understanding parameter uncertainties.

However, bootstrapping has practical limitations that become particularly apparent
in astronomical applications. It requires sufficient data for reliable resampling - a condition
not always met in astronomy where samples may be small or expensive to obtain. The
method can also struggle with complex measurement error structures, common in astro-
nomical observations where different measurements may have very different uncertainties.
Moreover, bootstrapping provides no natural framework for incorporating prior knowledge

from theory or previous observations.

129
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Figure 5.1: lustration of why we need to go beyond simple maximum likelihood estimation.
Both panels show the same underlying relationship (dashed blue line) fitted to observed
data (orange points), but with different measurement uncertainties (shown as yellow dis-
tributions). Panel (a) shows a case with small measurement errors, where bootstrapped
uncertainty estimates are reliable. Panel (b) shows the same fit applied to data with large
measurement errors, where bootstrapping may provide misleading uncertainty estimates due
to the limited sample size and complex error structure.

The Bayesian approach offers a fundamentally different perspective that addresses
these limitations. Rather than treating model parameters as fixed quantities whose sampling
distribution we must estimate through resampling, Bayesian inference treats them as random
variables with probability distributions. This shift enables us to ask not just “what are the
parameter values and their uncertainties?” but “what is the complete probability distribution

over all plausible parameter values given our data and prior knowledge?”

This probabilistic treatment provides several crucial advantages for astronomical re-
search. First, it enables full uncertainty quantification without requiring large sample sizes
or assumptions about the sampling process. Second, it provides a principled framework for
incorporating prior knowledge—whether from previous observations, theoretical constraints,
or physical intuition. Third, it naturally prevents overfitting through the connection between

priors and regularization, as we will discover.

In this chapter, we will develop a Bayesian framework for linear regression. We begin
by exploring conjugate priors, which provide analytical solutions and illuminate the math-
ematical structure of Bayesian inference. We will see how these concepts extend naturally
from simple examples to the full multivariate treatment needed for linear regression. The

framework will reveal how Bayesian thinking naturally gives rise to regularization, provides
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complete predictive distributions with proper uncertainty propagation, and offers a unified

foundation for understanding more sophisticated machine learning methods.

For astronomy, where proper uncertainty handling is critical for robust scientific con-
clusions, Bayesian linear regression offers particular advantages. Whether we’re studying
the M-o relation between black hole mass and stellar velocity dispersion, investigating the
Kennicutt-Schmidt law relating gas density to star formation rate, or analyzing any other lin-
ear relationship in astronomical data, the ability to quantify both parameter and prediction

uncertainties enables more reliable inference and better-informed observational strategies.

5.1 From Maximum Likelihood to Bayesian Inference

To understand why the Bayesian approach represents such a significant advance over
traditional frequentist methods, we must first examine what these approaches tell us—and

more importantly, what they struggle to tell us.

Consider a concrete astronomical example: fitting the M-o relation to measure the
relationship between black hole mass and stellar velocity dispersion. A frequentist analysis
might start with maximum likelihood estimation, then use bootstrapping to estimate un-
certainties. While this approach can work well with large, well-sampled datasets, it often
struggles with the realities of astronomical data: small sample sizes, heterogeneous measure-
ment errors, and strong prior knowledge from theory or previous observations that cannot

be naturally incorporated into the bootstrap framework.

The Bayesian perspective offers a different way to think about this problem. Rather
than treating model parameters as fixed quantities whose sampling distribution we must
estimate through resampling, Bayesian inference treats them as random variables with prob-

ability distributions. This shift asks fundamentally different questions:
e Maximum likelihood asks: “What parameter values best explain my observations?”

e Bayesian inference asks: “Given my observations and prior knowledge, what is the

probability distribution over all possible parameter values?”

This distinction is not merely philosophical—it has practical implications for how we

interpret and use our results.
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The mathematical framework that enables this transformation is Bayes’ theorem:

p(Dlw)p(w)

p(wip) = P2

(5.1)

This deceptively simple equation provides a complete recipe for learning from data.

Each component has a clear interpretation:

e p(D|w) is the likelihood—identical to what we used in maximum likelihood estimation.

It captures what our data tells us about the parameters.

e p(w) is the prior—our beliefs about the parameters before seeing the data. This allows

us to incorporate previous knowledge or physical constraints.

e p(D) is the evidence—a normalization constant that ensures the posterior is a valid

probability distribution.

e p(w|D) is the posterior—our updated beliefs after combining prior knowledge with

observed data.

The beauty of this framework lies in how it naturally handles the interplay between
different sources of information. When we have strong prior knowledge and weak data, the
posterior remains close to the prior. When we have weak priors and strong data, the posterior
is dominated by the likelihood. Most importantly, the framework automatically quantifies
our confidence: narrow posterior distributions indicate well-constrained parameters, while

broad distributions signal high uncertainty.

In contrast to maximum likelihood estimation, which provides a single point estimate
W, Bayesian inference yields a complete posterior distribution that captures the full range
of parameter values consistent with our observations and prior knowledge. This shift from
point estimates to probability distributions enables rigorous uncertainty quantification—a

capability essential for robust scientific inference.

To see why this matters, consider again our M-o relation example. Instead of reporting
a slope of 4.0, we might find that the posterior distribution suggests the slope is 4.0 4+
0.3 (at 68% confidence). This uncertainty information is crucial for comparing our results
with theoretical predictions, planning follow-up observations, or propagating uncertainties

through subsequent calculations.
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The Bayesian framework also provides natural protection against overfitting. As
we will see later in this chapter, the prior distribution acts as a regularizer, automatically
penalizing overly complex models unless they are strongly supported by the data. This
regularization emerges naturally from the probabilistic framework rather than being imposed

as an ad hoc constraint.

Perhaps most importantly for astronomical applications, the Bayesian approach en-
ables us to make probabilistic predictions that include proper uncertainty estimates. When
we use our fitted M-o relation to predict a black hole mass for a new galaxy, we want to
know not just our best estimate, but also how uncertain that prediction is. The Bayesian

framework provides exactly this capability through the posterior predictive distribution.

This transformation from point estimates to probability distributions represents more
than a technical improvement—it reflects a deeper understanding of how knowledge accumu-
lates in science. Scientific conclusions always carry some degree of uncertainty that should
be quantified and propagated through subsequent analyses. The Bayesian approach provides

the mathematical tools to do this rigorously and systematically.

5.2 Conjugate Priors

Having established the conceptual framework of Bayesian inference, we now face a
practical challenge: how do we actually compute posterior distributions? While Bayes’ the-
orem provides the recipe, the integration required to normalize the posterior and compute

expectations can be mathematically intractable for many combinations of priors and likeli-
hoods.

This is where the concept of conjugate priors becomes invaluable. A conjugate prior
is a prior distribution that, when combined with a particular likelihood, yields a posterior
distribution of the same mathematical family as the prior. This mathematical harmony

enables analytical solutions to otherwise complex inference problems.

Let’s recall the fundamental equation of Bayesian inference:

p(w[D) o< p(D|w)p(w). (5.2)

The conjugacy property means that if we choose our prior p(w) from the right family

of distributions, the posterior p(w|D) will belong to the same family, just with updated
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parameters. This mathematical structure allows us to transform the abstract concept of

“updating beliefs” into concrete parameter updates that can be computed analytically.

To build intuition for this concept, let’s explore conjugate priors through concrete
examples that frequently arise in astronomical data analysis. These examples will reveal the

underlying pattern that makes conjugate priors so powerful.

Poisson-Gamma Conjugacy Consider a fundamental task in observational astronomy:
counting stars in different regions of the sky to understand stellar density distributions.
Suppose we're conducting a survey where A\ represents the expected number of stars in a
given region—the true average we would observe if we could survey infinitely many similar

regions.

When we observe a single region, the probability of counting exactly n stars follows

a Poisson distribution:
Ale~?

plnly) = =5

(5.3)

This distribution naturally arises when counting rare, independent events—exactly
the situation we have with star counts in a given field of view. The Poisson parameter A
encodes both the rate of star formation history and the observational selection effects that

determine how many stars we can detect.

Of course, we don’t know the true value of A—that’s what we're trying to learn from
our observations. Before making any observations, we might have prior beliefs about A based
on previous surveys, theoretical models of stellar formation, or the known properties of the

region we're studying.

The Gamma distribution provides a natural way to express these prior beliefs:

p(A\) = FB(Z) AT lemh (5.4)

The parameters o and § have intuitive interpretations that connect directly to our
prior knowledge. The ratio /3 represents our prior expectation for the star count, while the
individual values of a and [ determine our confidence in this expectation. We can think of
a as the total number of stars we've “effectively observed” in previous similar surveys, and
[ as the number of regions surveyed. For instance, if previous observations suggest about 5

stars per region and we base this on surveys of 2 regions, we might use o = 10 and § = 2.
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The magic of conjugacy reveals itself when we update our beliefs with a new obser-

vation. Suppose we count n stars in a new region. Using Bayes’ theorem:

p(An) oc p(n|A)p(N) oc Ae™ - Xl P,

Combining the terms:

p()\‘n) x )\(nJrafl)ef(,BJrl))\‘

(5.5)

(5.6)

This is another Gamma distribution! The posterior has the form Gamma(a+n, 3+1),

where the parameters update according to simple rules:

e « increases by the number of stars observed (n)

e [ increases by 1 (reflecting that we’ve surveyed one additional region)
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Figure 5.2: Visualization of Poisson-Gamma conjugacy in star count analysis. Panel (a)
demonstrates how multiplying the Poisson likelihood (dotted blue line) with a Gamma prior
(dashed green line) yields a Gamma posterior (solid red line, with shading). The prior
Gamma(a = 10, § = 2) represents previous observations suggesting about 5 stars per
region, which is updated by a new observation of 8 stars. Panel (b) shows how different
prior parameters affect the posterior distribution, while keeping the same likelihood (8 stars
observed). When the prior has higher precision (a = 20, § = 4, darker lines), the posterior
stays closer to the prior mean. When the prior has lower precision (o« = 5, § = 1, lighter
lines), the posterior is more strongly influenced by the likelihood. This illustrates how the
relative strength of prior knowledge versus new data shapes our updated beliefs.

This result has beautiful intuitive appeal. If our prior was Gamma(10, 2) (suggesting
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about 5 stars per region based on 2 previous surveys), and we observe 8 stars in a new region,
our posterior becomes Gamma(18, 3). This suggests a slightly higher average of about 6 stars

per region (18/3 = 6), incorporating both our prior knowledge and the new evidence.

For multiple observations, the updating process extends naturally. If we observe
counts {ny, na, ..., ng} in k independent regions, the posterior becomes Gamma(a+>_ n;, S+
k). This mathematical structure exactly matches our intuitive understanding: our estimate
should be influenced by both the total number of stars observed and the number of regions

surveyed.

Bernoulli-Beta Conjugacy Consider another fundamental astronomical task: classifying
galaxies as either spiral or elliptical. This binary classification problem illustrates conjugacy

in a different but equally illuminating context.

For any individual galaxy, the classification follows a Bernoulli distribution. If

represents the probability that a randomly selected galaxy is spiral, then:
plalf) = 07(1 - 0)""", (5.7)
where z = 1 for spiral galaxies and x = 0 for elliptical galaxies.

Our prior beliefs about #—the underlying fraction of spiral galaxies in our survey

region—can be expressed using a Beta distribution:

Da+p8) .4 _
= "Lpol(1 —g)FL. 5.8
Tar@’ 7 o9

Like the Gamma parameters, a and [ have intuitive interpretations: if we’ve previ-
ously classified o+ 8 galaxies, with a being spiral and § elliptical, this would naturally lead

to our Beta prior.

When we observe n new galaxies, with > x; being spiral and (n—)_ x;) being elliptical,
the likelihood is:
p({z:}16) = 05 (1 — )T (5.9)

The posterior becomes:

p(O{z;}) oc 02=7i(1 — g)r=2 i . ga=l(1 — g)f~1 = glatw-1(q _ g)Bin=2=)=1 (5 1()
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Once again, we obtain a distribution from the same family: Beta(a + Y z;, 5 +n —

>~ x;). The updating rules are equally intuitive:
e « increases by the number of spiral galaxies observed
e [ increases by the number of elliptical galaxies observed

These examples reveal the fundamental pattern that makes conjugate priors so power-
ful: they allow us to update our beliefs analytically, with parameter updates that have clear
interpretations in terms of accumulated evidence. This mathematical elegance will prove

essential when we extend these concepts to the more complex setting of linear regression.

5.3 Gaussian-Gaussian Conjugacy in One Dimension

The examples we’ve explored—Poisson-Gamma and Bernoulli-Beta conjugacy—reveal
the power of conjugate priors for discrete problems. However, for linear regression, we need
to understand conjugacy for continuous parameters. This leads us naturally to Gaussian-

Gaussian conjugacy, which forms the mathematical foundation for Bayesian linear regression.

Let’s begin with the simplest possible case: estimating the mean of a Gaussian dis-
tribution when the variance is known. While this might seem like an artificial problem, it
contains all the essential elements we’ll need for the full linear regression treatment, and its

simplicity allows us to focus on the key mathematical insights.

Consider a single observation x drawn from a Gaussian distribution with unknown

mean /. and known variance o

pleli) = Nl o) = = exo (—%) (5.11)

This likelihood function tells us how probable it is to observe the value x for any pro-
posed mean p. The quadratic term in the exponent means that likelihood decreases rapidly
as we move away from p = x, with the rate of decrease determined by the measurement

uncertainty o?.

To complete our Bayesian model, we need to specify prior beliefs about pu. A natural
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choice is another Gaussian distribution:

(i) =N (plpo, 5) = 21 - exp (—M) (5.12)

2
T 27'0
where 1y represents our prior belief about th d 72 t i taint
0 Tep prior belief about the mean and 7; represents our prior uncertainty.

Why choose a Gaussian prior? Beyond mathematical convenience, this choice reflects
a reasonable default assumption: if we’re uncertain about a continuous parameter, the Gaus-
sian distribution assigns highest probability to values near our best guess py and smoothly
decreases for values further away. The spread 7§ controls how confident we are in our prior
belief.

The magic of Gaussian conjugacy reveals itself when we combine the prior and like-
lihood. Since both are Gaussian distributions, their product will also be Gaussian—this is
the essence of conjugacy. Let’s see this explicitly by multiplying the distributions (dropping

normalization constants):

p(ulz) o p(z|p)p(n) (5.13)
e (Y (= 10) 514
o exp (—% [(x ;2”)2 L _rgMO)QD . (5.15)

To show that this is indeed Gaussian in u, we need to collect terms and complete the

square. Expanding the terms in the exponent:

5.16
2 o? 78 2 o2 72 (5.16)

1[/1 1\ , T o
=3 {(; + 7'_02> =2 (; + T—g) ,u+const] . (5.17)

G —MO)T 1 [uz —2wptat - 2uou+u3}

This quadratic form in g confirms that the posterior is Gaussian. To identify the
parameters of this Gaussian, we can compare with the standard form AN (u|uy,,72), which

has the exponent:

1 20 [0
— 2 _ _ |2 n
32 (e — pin) 5 [7}21 2 + Tg} : (5.18)
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Comparing coefficients, we find:

[ B 5.19
2 o2 + i ( )
Hn x Ko

— = — 4 —. 5.20
T2 0 + i ( )

1 1\"'
2
==+ = 5.21
p=(mtz) (5.21)

r o Ho
[y = T2 (; + ﬁ) : (5.22)
0

These update equations reveal the beautiful structure of Gaussian conjugacy. The
posterior precision (inverse variance) 1/72 is the sum of the likelihood precision 1/0? and
prior precision 1/7Z. Our total confidence comes from combining our prior knowledge with

what we learn from the data.

The posterior mean u, is a weighted average of the observation x and prior mean
1o, with weights proportional to their respective precisions. More precise information has

greater influence on our final estimate—exactly what we would expect intuitively.

To build intuition, consider two extreme cases:

Uninformative prior (7¢ — oo0): When we're very uncertain about our prior belief, the

posterior becomes:

2 = o2, (5.23)

[y, — . (5.24)

The posterior is dominated by the data, with our final estimate essentially equal to the

observation and uncertainty equal to the measurement error.
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Figure 5.3: Visualization of Gaussian conjugacy. Panel (a) demonstrates how multiplying
a Gaussian prior (dashed green line) with a Gaussian likelihood (dotted blue line) yields
a Gaussian posterior (solid red line, with shading). Panel (b) shows how different prior
precisions affect the posterior distribution, while keeping the same likelihood. When the
prior has high precision (7¢ = 0.5, more concentrated), the posterior stays closer to the prior.
When the prior has low precision (77 = 4, more spread out), the posterior is dominated by the
likelihood. This illustrates how the relative precisions of the prior and likelihood determine
their influence on the posterior beliefs.

Very uncertain measurement (02 — o0): When our measurement is very noisy, the

posterior becomes:

Tn2 — 702, (5.25)

L, — [0 (5.26)

The measurement is so uncertain that we learn almost nothing from it, and the posterior

remains close to our prior beliefs.

This one-dimensional example captures the essential logic of Bayesian updating: we
combine information sources according to their relative precision, with more reliable infor-
mation having greater influence on our final conclusions. This same principle will govern the

more complex multivariate case needed for linear regression.

The extension to multiple observations follows naturally. If we observe z1, xs, ..., 2y,

each observation provides additional information, and the posterior precision grows with the
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amount of data. The posterior parameters become:

1 1 N

ol Rl (5.27)
%+% (5.28)

T EEE |

o

— 1 N .
where T = § > ,_; 7; is the sample mean.

This framework demonstrates how Bayesian inference systematically balances prior
knowledge against observed evidence, with the relative influence determined by their respec-
tive uncertainties. The mathematical elegance of this approach, combined with its intuitive

appeal, makes Gaussian conjugacy the natural foundation for Bayesian linear regression.

5.4 Multivariate Gaussian Conjugacy

Having established the pattern of Gaussian conjugacy in one dimension, we now face
the challenge of extending these insights to multiple dimensions—exactly what we need for
linear regression with multiple parameters. The transition from one-dimensional to multi-
variate Gaussian distributions might seem daunting, but the fundamental principles remain

beautifully consistent.

Just as a one-dimensional Gaussian is completely characterized by its mean g and
variance o2, a multivariate Gaussian distribution is fully determined by its mean vector g and
covariance matrix 3. The covariance matrix captures not only the individual uncertainties
of each parameter (along its diagonal) but also how different parameters covary—a crucial

consideration in linear regression where slope and intercept estimates are often correlated.

The multivariate Gaussian probability density function generalizes our familiar one-

dimensional form:

Nl 2) = s e (500 w75 - ) ) (5.20)

where d is the dimensionality of x and |X| denotes the determinant of 3. The quadratic
form (x — p)" X7 (x — p) generalizes the squared distance (z — p)?/o? from one dimension,

but now accounts for correlations between different dimensions.

Most importantly for our purposes, the magical property we discovered in one di-
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mension—that multiplying two Gaussians yields another Gaussian—extends seamlessly to
multiple dimensions. This preservation of the conjugacy property is what makes Bayesian

linear regression analytically tractable.

To demonstrate this crucial result, consider two multivariate Gaussian distributions:

pi(x) = N(x|py, 21), (5.30)
p2(x) = N (x|py, o). (5.31)

Following the same approach we used in one dimension, we focus on the exponential

terms when multiplying these distributions:

p1(x)pa(x) o< exp (—% [(X — ) BT (x ) (X )T (x - H2)]) : (5.32)

To show this is another Gaussian, we need to demonstrate that the combined exponent

has the standard quadratic form. Expanding both quadratic terms and collecting coefficients:

1 _ _ _ _
) [XTzl R D e N R

AxIB X — g By X - X B ey + pg By ] (5.33)

Since the covariance matrices are symmetric, the cross terms u! X7 'x and x”'3; ',

are equal when the result is a scalar. Collecting terms by powers of x:

1
~5 x"(Z7 4+ 2 )x —2(p =7+ piE51)x + const] . (5.34)

This has exactly the quadratic form of a multivariate Gaussian! Comparing with the
standard form, we can identify the parameters of the resulting Gaussian. If the result is

N (x|p,,, 2,), then by comparing the quadratic and linear terms:

DINEIED SHEED e (5.35)
X, =BT+ 25 (5.36)
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Solving for the parameters of the product distribution:

X,= & +5)T (5.37)
o = 0 (37 g + 25 ). (5.38)

These expressions beautifully generalize our one-dimensional results. The new pre-
cision matrix (inverse covariance) is the sum of the input precision matrices, and the new
mean is a precision-weighted average of the input means. The matrix algebra may appear
more complex, but the underlying pattern—combining information weighted by its preci-

sion—remains identical.

Product of Two Gaussians

+ Mean1
3t Mean 2
—+  Posterior Mean
2,
N
O,
-2 0 2
wi

Figure 5.4: Visualization of the product of two 2D Gaussian distributions. The blue and
orange dashed contours show the level sets of two original Gaussian distributions, represent-
ing our prior beliefs and data-driven information about linear regression parameters. Their
means are marked by corresponding colored ‘+’ symbols. The filled red contours show the
resulting posterior distribution obtained from their product. The red ‘4+’ marks the poste-
rior mean, which is a precision-weighted average of the input means. Note how the posterior
distribution is more concentrated than either input distribution, reflecting the combination
of information from both sources. The position and shape of the posterior captures how our
prior knowledge and observed data combine to yield updated beliefs.

This multivariate conjugacy property is not merely a mathematical curiosity—it pro-
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vides the theoretical foundation that makes Bayesian linear regression both analytically
tractable and conceptually elegant. When we apply this framework to linear regression,
our Gaussian prior on the regression parameters will combine with our Gaussian likelihood
to yield a Gaussian posterior, complete with analytical expressions for both the updated

parameter estimates and their uncertainties.

The preservation of mathematical structure across dimensions demonstrates the deep
consistency of Bayesian inference. Whether we're estimating a single parameter or dozens
of regression coefficients, the same principled approach—precision-weighted combination of
prior knowledge and observational evidence—governs our updated beliefs. This universal-
ity will prove invaluable as we tackle more complex astronomical modeling challenges in

subsequent chapters.

5.5 Bayesian Linear Regression: Mathematical For-

malism

Having established the mathematical foundations of multivariate Gaussian conjugacy,
we can now derive the complete Bayesian solution for linear regression. This represents
a fundamental shift from the point estimates we obtained through maximum likelihood
estimation to full probability distributions that capture our uncertainty about the model

parameters.

Our goal is to find the posterior distribution p(w|t, X, S)—the complete probability
distribution over possible parameter values given our observed data t, input features X, and
measurement uncertainties S. This distribution will tell us not just our best estimates of the
regression coefficients, but also how confident we should be in those estimates and how they

might correlate with each other.

The foundation of our analysis remains Bayes’ theorem:

p(w|t, X, S) x p(t|X, w, S)p(w). (5.39)

From Chapter 4, we established that under Gaussian measurement uncertainties, the
likelihood takes the form:
p(t|X, w,S) = N(t|®w,S), (5.40)

where ® is our design matrix containing the basis functions ¢(x) evaluated at each input
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(a) Maximum Likelihood

(b) Bayesian Linear Regression
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Figure 5.5: Comparison of maximum likelihood and Bayesian approaches to linear regression.
Panel (a) shows the maximum likelihood estimate (MLE), which provides a single best-fit
line through the data. The error bars on the data points indicate the assumed measurement
uncertainty (o). Panel (b) shows the Bayesian approach with the same data, where the
light blue lines represent different possible fits drawn from the posterior distribution over
regression parameters. Fach line represents a different plausible fit given our data and prior
assumptions. The solid blue line shows the posterior mean prediction, and the shaded region
represents the 95% credible interval. Both approaches identify the same underlying trend,
but the Bayesian approach naturally quantifies our uncertainty in the fit, with credible
intervals that widen away from the data points where we have less constraint on the model

parameters.

point. For example, in polynomial regression with degree 2, if we have input points x; and

9, then ® would be:
(5.41)

For our prior, we choose a multivariate Gaussian distribution—the natural conjugate

prior for our Gaussian likelihood:

p(w) = N (w|myg, Sp). (5.42)

Here, mg represents our prior beliefs about the most likely parameter values, while Sy encodes

our prior uncertainties and any believed correlations between parameters.

The choice of prior deserves careful consideration in astronomical applications. For
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the M-o relation between black hole mass and stellar velocity dispersion, we might set m
based on previous studies, perhaps expecting a slope near 4 and an intercept consistent with
theoretical predictions. The covariance matrix Sy would reflect both our uncertainty in these
estimates and any known correlations—for instance, if previous studies show that steeper

slopes tend to accompany larger intercepts.

To apply our multivariate conjugacy results, we need to express both the likelihood
and prior as Gaussians in the parameter vector w. While our prior is already in the correct
form, our likelihood is expressed as a Gaussian in the observations t. We need to rewrite it

as a Gaussian in w.

Starting with the likelihood and expanding the quadratic form:

p(tlw) = N(t|®Pw, S) x exp (—%(t —®dw)'S7H(t — <I>w)) . (5.43)

Expanding this quadratic form:

(t — ®dw)'S™Ht — ®dw) =t'S7't — 2t"S'dw + w PTS ' Pw. (5.44)

The first term is constant with respect to w and can be absorbed into the propor-

tionality. Focusing on the terms that depend on w:

p(t|w) o< exp (—%WT(CI)TS_1<I>)W + WT(q)TS_lt)> . (5.45)

Comparing this with the standard Gaussian form in w, we can identify this as:
where:

2t =9'S e, (5.47)
it = ¢TS7. (5.48)
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Solving for the likelihood parameters:

2 = (®7S'e) (5.49)
pn, = (®7S1@) @St (5.50)

Notice that p, is exactly the maximum likelihood estimate we derived in Chapter
4! This connection reveals that the “mean” of our likelihood function, when viewed as a
distribution over parameters, corresponds to the point estimate from maximum likelihood

estimation.

Now we can apply our multivariate conjugacy results. The posterior distribution is

the product of two Gaussians:

p(wt) oc N(w|py, X1)N (w|myg, Sg) = N (w|my, Sy), (5.51)
where, using our conjugacy formulas:

Sy =31 +8, =@7'S e 4 S, !, (5.52)

my = Sy(Z7 w, +Sgimg) = Sy (@St + Sy tmy). (5.53)

Therefore, our complete Bayesian linear regression solution is:

p(W|t,X,S) :N(WlmN,SN), (554)

where:
Sy = (S +®'s7'e) !, (5.55)
my = Sy(Sy'my + ®7S7't). (5.56)

These expressions generalize our one-dimensional intuitions. The posterior precision
Sy combines the prior precision S;* with the data precision ®”S~!®. The posterior mean
my represents a precision-weighted combination of our prior beliefs my and the maximum
likelihood estimate embedded in the data term ®7S~'t.

Several limiting cases help build intuition about this general solution. When we

have minimal prior knowledge, we can take Sy = n?I with n?> — oo and my = 0. In this
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uninformative prior limit:

Sy — (®7S™'®) ™, (5.57)
my — (®7S71®) ' @TS 7t (5.58)

The posterior mean reduces exactly to the maximum likelihood estimate, confirming
the consistency between Bayesian and frequentist approaches when prior knowledge is min-
imal. However, even with an uninformative prior, we still obtain the covariance matrix Sy,

providing crucial uncertainty quantification absent from maximum likelihood methods.

For the common case of uniform measurement uncertainties (S = ¢°I) and an isotropic

prior (Sg = I, my = 0), the expressions simplify to:

1 1 -
T
Sy = (EI +—5® @) : (5.59)
o? -1
my = <FI + cI>TcI>> o't (5.60)

Compared to the ordinary least squares solution wors = (®7®)~'®”t, our Bayesian
solution includes the regularization term ‘;—21. This ratio of measurement variance to prior

variance naturally controls the trade-off between fitting the data and respecting our prior

beliefs.

As the number of observations N grows, the data term ®7S~'® typically scales as
N, causing Sy to shrink roughly as 1/N. This mathematical behavior reflects the intuitive
expectation that parameter uncertainty should decrease as we collect more data. In the limit
N — 00, the posterior becomes increasingly concentrated around the true parameter values,

demonstrating how Bayesian inference naturally handles the accumulation of evidence.

This complete analytical solution represents one of the most elegant results in machine
learning. Unlike many sophisticated methods that require iterative numerical optimization,
Bayesian linear regression provides exact solutions that combine principled uncertainty quan-
tification with computational efficiency. For astronomical applications, where understanding
and propagating uncertainties is crucial for scientific inference, this framework offers both

theoretical rigor and practical utility.

Consider fitting a mass-luminosity relation for stars, where L o« M. When working
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in log space (log L = alog M + b), both the power-law index a and the normalization b
carry physical meaning - « tells us how luminosity scales with mass, while b sets the overall
luminosity scale. The posterior covariance matrix Sy reveals these parameters are typically
correlated: a slightly steeper slope can be compensated by a lower normalization to fit the
same data. Understanding these parameter degeneracies is crucial when using such relations

to make predictions or compare with theoretical models.

5.6 Prior as Regularization

The Bayesian framework reveals a connection between statistical inference and ma-
chine learning that illuminates why many seemingly ad hoc techniques in modern machine
learning actually have deep theoretical foundations. By examining our Bayesian linear re-
gression solution from a different perspective, we’ll discover how priors naturally give rise to

regularization—one of the most important concepts for preventing overfitting.

Consider two astronomical applications that highlight the range from simple to com-
plex linear regression problems. The M-¢ relation we’ve discussed involves fitting just two
parameters (slope and intercept) to relate galaxy properties. In contrast, determining stel-
lar parameters from spectra represents a high-dimensional regression problem: we might
use hundreds or thousands of spectral features (absorption line strengths, continuum mea-
surements) as basis functions to estimate quantities like temperature, surface gravity, and
chemical abundances. While both problems involve linear regression, the latter’s high dimen-
sionality makes it prone to overfitting - much like how a high-degree polynomial can perfectly
fit a few data points but perform poorly on new observations. This is where regularization
becomes crucial, helping us find simpler solutions that generalize better by preventing the

model from placing too much weight on any individual spectral feature.

The key insight emerges when we consider the relationship between maximizing the
posterior probability and minimizing a regularized loss function. Rather than working with
the full posterior distribution, let’s focus on finding the single most probable parameter

values—the Maximum A Posteriori (MAP) estimate:

Wiap = argmax p(wlt, X, 0?). (5.61)

Since the logarithm is a monotonic function, maximizing the log-posterior is equivalent
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to maximizing the posterior itself. Using Bayes’ theorem:
Inp(wlt, X, 0?) = In p(t|w, X, o) + In p(w) + const. (5.62)
For homogeneous noise (S = ¢2I) and a zero-mean isotropic prior (p(w) = N (w|0, n%I)),
let’s evaluate each term explicitly.

The likelihood term represents how well our model predictions match the observed
data:

Inp(tlw, X, 0?) = In N (t|®w, 0*I) (5.63)
1

= _ﬁ(t — ®w)'(t — ®dw) + const (5.64)
o
1

= —@Ht — ®w||® + const. (5.65)

This is precisely the negative sum of squared residuals that we minimized in maximum

likelihood estimation, scaled by the measurement variance.

The prior term captures our belief about parameter values:

Inp(w) = In N (w|0, 7°I) (5.66)
1

= _2_7]2WTW + const (5.67)
1

= —2—772||vv||2 + const. (5.68)

This zero-mean prior embodies Occam’s razor - the principle that among competing
hypotheses, we should prefer the one making the fewest assumptions. In the context of
linear regression, large coefficients suggest strong dependencies on particular features, while
coefficients near zero indicate weak or negligible relationships. When multiple models fit
the data equally well, the prior guides us toward solutions that avoid unnecessarily strong

feature dependencies unless compelled by evidence.
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Combining these terms and defining A\ = o2 /n?:

1 1
Inp(wlt, X, 0?) = —@Ht — ®dw|* - 2—7]2HW||2 + const (5.69)
1
=53 [t — @w|* + A[[w]*] + const. (5.70)

Maximizing this log-posterior is equivalent to minimizing the regularized loss function:

L(w) = ||t — ®w|* + \||w]*. (5.71)

This result reveals the connection between Bayesian inference and regularization. The
first term, ||t — ®w||?, measures how well our model predictions match the observations. The
second term, A||w||?, is the L2 regularization (also known as ridge regression or Tikhonov
regularization) that implements our Occam’s razor preference: it penalizes strong feature

dependencies unless they substantially improve the model’s fit to the data.

The regularization parameter A = 02/n? has a natural interpretation as the ratio
of measurement uncertainty to prior uncertainty. When A is large (noisy measurements
or confident prior), the regularization term dominates, forcing the solution toward simpler
models with smaller parameter values. When A is small (precise measurements or uncertain
prior), the data-fitting term dominates, allowing more complex fits that closely follow the

observations.

This Bayesian perspective provides crucial insights into regularization that extend far
beyond linear regression. Rather than treating A as an arbitrary hyperparameter to be tuned
through cross-validation, the Bayesian framework provides a principled interpretation. The
optimal regularization strength depends on the relative trustworthiness of our data versus

our prior beliefs, encoded in the ratio o2 /n?.

Different prior distributions naturally lead to different regularization schemes. For in-
stance, a Laplace prior p(w) o< exp(—«||w||1) would yield L1 regularization (the lasso), which
promotes sparse solutions by driving some coefficients exactly to zero. The corresponding

regularized loss function becomes:
L(w) = [t — @w|* + A w]|, (5.72)

where ||w||; = >, |w;| is the L1 norm. This connection reveals that the choice of regulariza-
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Figure 5.6: Effect of regularization strength (A = 0/n?) in Bayesian linear regression. Panel
(a) shows weak regularization (small A\, corresponding to precise measurements or uncer-
tain prior), where the model has more freedom to fit the data, resulting in wider prediction
bands that reflect greater parameter uncertainty, especially away from the data points. Panel
(b) shows strong regularization (large A, corresponding to noisy measurements or confident
prior), where the prior more strongly constrains the parameters toward smaller values, lead-
ing to narrower prediction bands and simpler, more conservative fits. The blue lines show
samples from the posterior distribution of possible fits, while the shaded region indicates the
95% credible interval for predictions. This demonstrates how the regularization parameter
A controls the trade-off between model flexibility and constraint—a key mechanism for pre-
venting overfitting.

tion reflects implicit assumptions about the expected structure of good solutions.

While the MAP estimate provides a regularized point solution, the full Bayesian
approach offers something more valuable: complete uncertainty quantification. The posterior
distribution p(w|t) captures not just the most likely parameter values but also our confidence

in those estimates and their correlations.

For astronomical applications, this distinction is crucial. Consider using the M-o
relation to estimate black hole masses for a sample of galaxies. The MAP estimate might
give us a best-fit slope and intercept, but the full posterior tells us how uncertain we should
be about these parameters and how they correlate. This uncertainty information is essential
when propagating errors through subsequent analyses or when comparing our results with

theoretical predictions.
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The regularization term naturally prevents overfitting by discouraging overly complex
models unless they are strongly supported by the data. This mechanism becomes particu-
larly important when the number of parameters approaches the number of data points, or
when using flexible basis functions that could otherwise lead to wild oscillations between

observations.

The beauty of this framework lies in how it unifies seemingly disparate concepts.
What appears as ad hoc regularization in machine learning emerges naturally from principled
Bayesian reasoning. The regularization parameter A is not an arbitrary tuning parameter
but reflects the fundamental balance between trusting our measurements versus trusting our

prior knowledge about reasonable parameter values.

This connection extends to virtually all modern machine learning techniques. Neural
network weight decay, sparsity constraints in image reconstruction, and smoothness penal-
ties in function approximation all find their theoretical foundation in appropriate choices
of prior distributions. The Bayesian perspective provides not just a unifying mathemati-
cal framework but also principled guidance for selecting regularization strategies based on

domain knowledge and the specific structure we expect in good solutions.

For practitioners, this insight offers a powerful tool for model selection and validation.
Rather than relying solely on cross-validation to choose regularization parameters, we can
use our understanding of measurement uncertainties and reasonable parameter ranges to
make informed choices about A\. This approach proves particularly valuable in astronomy,

where physical constraints often provide strong guidance about plausible model parameters.

5.7 Posterior Predictive Distribution

While determining the distribution of model parameters provides valuable insights
into our regression coefficients and their uncertainties, the ultimate goal in many applications
is making predictions for new observations. When an astronomer measures a galaxy’s velocity
dispersion and wants to estimate its black hole mass using the M-¢ relation, they need more
than just parameter estimates—they need a complete characterization of the uncertainty in

their prediction.

The Bayesian framework addresses this challenge through the posterior predictive dis-
tribution, which naturally incorporates both measurement noise and parameter uncertainty

into a single coherent prediction. Rather than making point predictions that ignore uncer-
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tainty, we obtain complete probability distributions that capture all sources of uncertainty

in our forecasts.

For a new input x,, the posterior predictive distribution is defined as:

p(y«|x., D) = /p(y*|x*,w)p(w|D)dw.

(5.73)

This integral has an elegant interpretation: for each possible set of parameters w

consistent with our data, we compute the predicted distribution of y, and then average over

all possibilities, weighted by how likely each parameter set is given our observations. This

process automatically accounts for our uncertainty about the true parameter values when

making predictions.
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Figure 5.7: Visualization of the posterior predictive distribution in Bayesian linear regression.
The red points show observed data with error bars indicating measurement uncertainties.
The light blue lines represent individual regression fits sampled from the posterior distribu-
tion p(w|D), illustrating the range of models consistent with our data and prior assumptions.
The shaded blue region shows the 95% credible interval for predictions. At three specific
input points z,, we visualize the complete predictive distribution p(y.|z., D) as probability
density curves. The mean of each predictive distribution corresponds to our best prediction,
while the width reflects our total uncertainty, which increases away from the data points
where we have less constraint on the model parameters.
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The mathematical structure of our problem—Gaussian likelihood, Gaussian posterior,
and linear model—enables analytical evaluation of this integral. Both components under the

integral are Gaussian distributions:
e The predictive likelihood p(y.|x., W) = N (y.|p(x.)Tw, ?)
e The posterior p(w|D) = N (w|my, Sy)

A fundamental property of Gaussian distributions is that when we marginalize (in-
tegrate out) some variables from a joint Gaussian distribution, the result is also Gaussian.
This means our posterior predictive distribution will be Gaussian, completely characterized

by its mean and variance.

To find these moments efficiently, we employ two powerful tools from probability
theory that we encountered in Chapter 3. Using the law of total expectation, Ely.| =
E,[E[y.|w]], we find that for any fixed parameter vector w, our model predicts v, = ¢(x.)Tw

(plus measurement noise with zero mean). Taking the expectation over the posterior distri-

bution:
Ely.] = Eo[E[y.|w]] (5.74)
=E,[¢(x.)" W] (5.75)
= ¢(x.) Ey[w] (5.76)
= ¢(x.) ' my (5.77)

This result aligns perfectly with intuition: our best prediction at any point x, uses

our best parameter estimates my with the appropriate basis functions ¢(x.).

Using the law of total variance, Var[y.] = E,[Var[y.|w]] + Var,[E[y.|w]], reveals two
fundamental sources of uncertainty in our predictions. The first term represents aleatoric
uncertainty—the inherent randomness in measurements. Even with perfect knowledge of
the model parameters, repeated observations would show scatter due to instrumental noise,

photon statistics, and other random effects:

E,[Var[y.|w]] = E,[0?] = o2 (5.78)

This contribution to uncertainty cannot be reduced by collecting more training data

of the same type, as it reflects fundamental limits of the measurement process.
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The second term captures epistemic uncertainty—our imperfect knowledge of the true

model parameters, which stems from having only finite, potentially noisy training data:

Var, [E[y.|w]] = Var,[¢(x.)" w] (5.79)
= ¢(x.)" Var, [w]e(x.) (5.80)
= ¢(x,.) ' Syo(x,). (5.81)

Unlike aleatoric uncertainty, this component decreases as we collect more training

data, since additional observations constrain our parameter estimates more tightly.

Combining these contributions, our complete posterior predictive distribution is:

(Y%, D) = N (gl p(x.) my, 0” + ¢(x.)" Snp(x.)). (5.82)

This expression unifies all sources of predictive uncertainty. The mean ¢(x,) my
provides our best estimate, while the variance o2 + @(x.)TSy@(x,) quantifies our total

uncertainty by combining both measurement noise and parameter uncertainty.

This decomposition explains several important phenomena observable in predictive
uncertainty. The parameter uncertainty term @(x.)?Sy@(x,) typically grows as we move
away from our training data. This reflects the intuitive expectation that extrapolation
beyond observed ranges should carry higher uncertainty than interpolation within the data
range. For the M-o relation, this means we should be more cautious about black hole mass

predictions for galaxies with velocity dispersions far from our training sample.

The quadratic form ¢(x,)TSy¢(x.) depends on both the specific features at the
prediction point and the parameter covariance structure. Regions of feature space that are
poorly constrained by our training data will exhibit higher predictive uncertainty, providing

natural guidance for where additional observations would be most valuable.

When using regression results in subsequent analyses, we can properly account for
all uncertainties by sampling from the predictive distribution rather than using point esti-
mates. This capability proves essential in astronomical pipelines where uncertainties must

be carefully tracked through multiple processing stages.

The posterior predictive distribution represents one of the most practical advantages

of Bayesian methods. It provides a complete, principled framework for making predictions
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that honestly reflects all sources of uncertainty. For scientific applications where under-
standing the reliability of predictions is as important as the predictions themselves, this
uncertainty quantification proves invaluable for drawing robust conclusions and planning

effective observational strategies.

5.8 Summary

In this chapter, we have developed a Bayesian framework for linear regression that
transforms the point estimates of maximum likelihood estimation into complete probability
distributions over model parameters and predictions. This transformation addresses funda-
mental limitations in scientific inference while revealing deep connections between Bayesian

thinking and modern machine learning techniques.

Our journey began by establishing why the Bayesian approach represents a funda-
mental advance over maximum likelihood estimation. While maximum likelihood provides
single “best-fit” parameter values, Bayesian inference treats parameters as random variables
with probability distributions. This shift enables us to ask not just “what are the best
parameter values?” but “what is the complete probability distribution over all plausible pa-
rameter values given our data and prior knowledge?” This uncertainty quantification proves
essential for robust scientific inference in astronomy, where understanding the reliability of

our results is often as important as the results themselves.

The mathematical foundation for this approach rests on conjugate priors, which pro-
vide analytical solutions to otherwise intractable Bayesian inference problems. Through con-
crete examples—Poisson-Gamma conjugacy in star count analysis, Bernoulli-Beta conjugacy
in galaxy classification, and Gaussian-Gaussian conjugacy for continuous parameters—we
demonstrated how conjugate priors enable tractable updating of beliefs as new data arrives.
The pattern that emerges—precision-weighted combination of prior knowledge and observa-
tional evidence—remains consistent across all these examples and forms the mathematical

backbone of Bayesian linear regression.

The extension to multivariate Gaussian conjugacy preserves these properties while
enabling analysis of high-dimensional parameter spaces typical in astronomical applications.
We showed that multiplying two multivariate Gaussians yields another Gaussian with pre-
cision matrices adding and means becoming precision-weighted averages—a beautiful gen-
eralization of one-dimensional intuitions that makes Bayesian linear regression analytically

tractable.
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The complete Bayesian linear regression solution:

p(w|t,X,S) = N(w|my, Sy), (5.83)

where:
Sy = (St +®Ts7'e) (5.84)
my = Sy(Sy'mgy + ®TS7't), (5.85)

provides a complete analytical characterization of parameter uncertainty. These expressions
naturally handle the balance between prior knowledge and observational evidence: when
measurements are precise or priors are uncertain, the data dominates; when measurements

are noisy or priors are confident, prior beliefs have greater influence.

An insight emerged from examining the connection between priors and regulariza-
tion. We demonstrated that Bayesian inference with a Gaussian prior naturally leads to the

regularized objective function:
L(w) = [|t — @w]* + A w]%, (5.86)

where A\ = 0?/n? represents the ratio of measurement variance to prior variance. This
connection reveals that what appears as ad hoc regularization in machine learning emerges
naturally from principled Bayesian reasoning. The regularization parameter is not arbitrary
but reflects the fundamental balance between trusting our measurements versus trusting our

prior knowledge about reasonable parameter values.

This insight extends far beyond linear regression, providing theoretical foundations for
neural network weight decay, sparsity constraints in image reconstruction, and smoothness
penalties in function approximation. The Bayesian perspective offers not just mathematical
unification but principled guidance for selecting regularization strategies based on domain

knowledge and expected solution structure.

The posterior predictive distribution provides the framework’s most practical advan-
tage:
P(ye|x., D) = N (y:]d(x.) " my, 0% + p(x.) Sn(x.)). (5.87)

The variance decomposition into aleatoric uncertainty (o2, irreducible measurement

noise) and epistemic uncertainty (@(x.)"Sy¢(x.), reducible parameter uncertainty) pro-
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vides crucial insights for scientific applications. This decomposition explains why prediction
bands widen away from observed data, guides where additional observations would be most

valuable, and enables proper uncertainty propagation through subsequent analyses.

For astronomical applications, these capabilities prove transformative. Whether study-
ing the M-o relation between black hole mass and stellar velocity dispersion, investigating
the Kennicutt-Schmidt law relating gas density to star formation rate, or analyzing any other

linear relationship in astronomical data, the Bayesian framework provides:

1. Principled uncertainty quantification that distinguishes between measurement

noise and model uncertainty

2. Natural incorporation of prior knowledge from previous studies, theoretical con-

straints, or physical intuition

3. Automatic regularization that prevents overfitting without requiring ad hoc pa-

rameter tuning

4. Complete predictive distributions that enable robust error propagation and sci-

entific inference

The elegance of this framework lies in its unification of seemingly disparate concepts
under a single probabilistic umbrella. Least squares fitting, regularization, cross-validation,
and uncertainty quantification all emerge as natural consequences of Bayesian reasoning
with appropriate priors. This theoretical coherence provides both mathematical beauty and

practical guidance for tackling complex inference problems.

Looking ahead, the principles developed in this chapter extend throughout machine
learning and statistical inference. The concepts of conjugate priors, regularization through
Bayesian thinking, and uncertainty propagation through predictive distributions will recur as
we explore more sophisticated methods. Chapter 6 will extend our framework to handle un-
certainties in both dependent and independent variables—a critical challenge in astronomical

measurements where input uncertainties are often substantial and cannot be ignored.

The Bayesian perspective fundamentally changes how we think about model fitting
and prediction. Rather than seeking the single “best” model, we characterize the range of
models consistent with our data and prior knowledge. This shift from point estimates to
probability distributions provides a more complete and honest representation of our knowl-

edge and its limitations—essential qualities for robust scientific inference in astronomy where
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conclusions must be drawn despite inevitable uncertainties in observations and models.

The mathematical tools we have developed—from conjugate priors to predictive distri-
butions—provide both theoretical insight and practical capability. They enable astronomers
to extract reliable scientific conclusions from noisy, incomplete data while maintaining rigor-
ous quantification of uncertainties. In an era of increasingly large and complex astronomical

datasets, these capabilities prove essential for transforming observations into understanding.

5.9 Appendix: Marginal Distribution of Multivariate

Gaussian

Earlier in this chapter, we asserted that the posterior predictive distribution is Gaus-
sian because integrating a product of Gaussians yields another Gaussian. This fundamental
property follows from a more general theorem about multivariate Gaussian distributions: any
marginal distribution obtained by integrating out some variables from a joint multivariate

Gaussian is itself Gaussian.

This result underpins many key calculations in Bayesian inference and deserves careful
justification. We will prove that for a joint multivariate Gaussian distribution over parti-
tioned variables, the marginal distribution of any subset maintains the Gaussian form with

analytically computable parameters.

Statement of the Result Consider a joint multivariate Gaussian distribution over par-

[’“] ~ N ( ) , (5.88)

where x; € R™, x5, € R", and the covariance matrix is partitioned accordingly.

titioned variables:
X1 X

221 222

231
Mo

)

We will prove that the marginal distribution of x; is:

X1 ~ N(Ml, 211). (589)

Proof The joint probability density function is:

( ) 1 1
X1,Xp) = exp| —=
P = o iz fae )

X1 —

X2 = Mo

X1 —

X2 = Mo

2—1

(5.90)
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To find the marginal distribution p(x;), we integrate over xs:

p(x1) = /np(Xsz) dxs. (5.91)

Let us define u = x; — p; and v = Xy — p, for simplicity. The precision matrix X~

can be partitioned as:

P
> = Q : (5.92)
R S
where the dimensions match the partitioning of 3.
The quadratic form in the exponent becomes:
T P Q
" " = w"Pu+ u’Qv + vIRu + vISv. (5.93)
v R S| |v

Since 37! is symmetric (as the inverse of a symmetric matrix), we have Q = R’ so:

u’Qv + v'Ru = 2v' Ru. (5.94)
The integral becomes:
(x1) ! e ( 1uTPu>/ e ( 1[ TSv +2 TRu})d (5.95)
X1) = xp | —= xp [ —=|[v' Sv +2v v. (5.
PR oy Jders) T\ 2 P T2

To evaluate the integral, we complete the square in v. Define b = Ru, so the quadratic

form in v is:

1 1 1
évTSv +blv = E(V +S7'b)"S(v +S7'b) — ébTS_lb. (5.96)

The integral over the completed square is a standard Gaussian integral:

/ exp <—%(v +S7'b)TS(v + s—lb)) dv = (2m)"/?[det(S)] /2. (5.97)
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Therefore:
_ (2m)"? 1 L L ra-1
P = ez et (®) et (_511 Furghs b) %)
det(S
_ (%imm d;t((;) - (—%uT[P - Qs—lR}u) . (5.99)

From the block matrix inversion formula (Schur complement), we know that:

>, =P-QS'R)". (5.100)

The determinant relationship for block matrices gives us:

det(S) 1 (5.101)
Vdet(Z)  /det(Zyq) '
Substituting these relationships:
(x1) ! e < L — )8 (x )> (5.102)
= X — = - - . .
p(x1 (2m)/2\Jdet (30) p 5 \X1 (231 11 (X1 — Hq

This is precisely the probability density function of N'(p,, ¥11), completing our proof.

This result has important implications for Bayesian calculations. When we integrate
over parameter uncertainty to obtain predictions, the resulting distribution maintains the
Gaussian form with analytically computable parameters. The marginal likelihood (evidence)
can be computed analytically by integrating over parameter priors, enabling principled model
comparison. Complex Bayesian models with multiple levels of uncertainty can often be

analyzed analytically by successive marginalization.

The preservation of Gaussian form under marginalization, combined with conjugacy
properties, makes many Bayesian calculations tractable that would otherwise require complex
numerical integration. This mathematical elegance underlies much of the analytical power of

Bayesian linear regression and extends to numerous other problems in statistical inference.

Further Readings: The development of Bayesian linear regression builds upon centuries

of advances in probability theory, with early contributions from Laplace [1820] who provided
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systematic development of Bayesian methods within a mathematical framework that remains
influential today. For readers interested in practical applications of Bayesian methods to re-
gression problems, Zellner [1971] offers treatment focused on econometric applications, while
Lindley [1965] provides mathematical foundations including conjugate priors. The concept
of conjugate priors, essential for analytical tractability in Bayesian regression, was developed
by Raiffa and Schlaifer [1961], with DeGroot [1970] providing treatment of their properties
and conditions for existence. The multivariate Gaussian theory underlying Bayesian lin-
ear regression is developed in Anderson [1958]. Connections between Bayesian inference
and regularization emerged through the work of Tikhonov [1963] on regularization meth-
ods and Hoerl and Kennard [1970] who developed ridge regression with discussion of its
Bayesian foundations. MacKay [1992] demonstrated how to set regularization parameters
using Bayesian evidence, connecting machine learning and Bayesian approaches within a uni-
fied framework. For readers interested in model selection and comparison, Kass and Raftery
[1995] provide a review of Bayes factors and marginal likelihood computation methods that

enable principled model comparison within the Bayesian framework.
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Chapter 6

Linear Regression with Input Uncer-

tainties

In the previous two chapters, we developed a framework for linear regression through
the lens of Bayesian inference. We demonstrated how this approach allows us to fit linear
relationships to data while properly accounting for uncertainties in our dependent variable
(y). Through maximum likelihood estimation and Bayesian analysis, we built a foundation
for parameter estimation and uncertainty quantification. The Bayesian treatment provided
us with a principled way to propagate these uncertainties into our parameter estimates and

predictive distributions.

In many real-world machine learning applications, focusing solely on y uncertainty is
often justified. The uncertainty in the independent variables (x) is frequently negligible or
challenging to quantify meaningfully. Consider image classification tasks: the input images
in real-life applications typically have very high signal-to-noise ratios (SNR) — defined as
the ratio between the measured signal and its uncertainty — often exceeding 100 or even

1000. In such cases, the input uncertainty plays a minimal role in our inference.

However, astronomical applications present a different challenge: both our indepen-
dent (x) and dependent (y) variables often carry substantial uncertainties. Consider astro-
nomical images and spectra, where SNR values frequently hover around 10, and sometimes
even approach unity. This means the uncertainty in our input measurements can be as large
as 10% or even 100% of the signal itself. This challenge extends beyond raw observational

data to derived quantities. In the M-o relation we've discussed extensively, both the black

165
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hole mass estimates and stellar velocity dispersion measurements carry significant uncertain-

ties, often around 10% of their values relative to the full dynamic range of observations.

As we will demonstrate in this chapter, ignoring input uncertainties — as we have
done so far — leads to a systematic effect known as attenuation bias. This phenomenon
appears frequently in machine learning applications, extending well beyond linear regression.
However, linear regression provides a useful framework for understanding this bias, as it offers

both analytical tractability and clear geometric interpretation.

(a) Y-axis Uncertainties Only (b) X and Y Uncertainties
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Figure 6.1: Illustration of how measurement uncertainties affect regression. Both panels
show the same underlying relationship (dashed blue line) with true positions (hollow circles)
and their observed values (solid orange points) connected by gray arrows. Panel (a) shows
the case with uncertainties only in the dependent variable (y), where the vertical scatter of
observed points around their true positions does not systematically bias our inference. Panel
(b) shows what happens when both variables have uncertainties: observed points now scatter
in both directions from their true positions, artificially inflating the apparent range of our
independent variable (x). This horizontal scatter systematically weakens any relationship
we try to measure, leading to attenuation bias. The error bars in both panels represent
the measurement uncertainties (o, in panel a, o, and o, in panel b), illustrating how the
observed points deviate from their true positions due to measurement noise.

Attenuation bias causes our parameter estimates to be systematically biased toward
zero when we ignore input uncertainties. This occurs because treating uncertain z-values as
exact effectively introduces additional noise into our predictor variables, artificially weaken-
ing (or “attenuating”) the relationships we’re trying to measure. The magnitude of this bias

scales with the ratio of input uncertainty to the true variation in our independent variables.

To understand how input uncertainties affect our inference, we’ll proceed in several

steps. First, we’ll build intuition through concrete astronomical examples, showing how
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measurement uncertainties in x change the nature of our inference problem. Then, we’ll
develop a mathematical framework that quantifies this effect precisely. This will bridge
statistical rigor with practical astronomical challenges, demonstrating why even small input

uncertainties matter for high-precision astronomical measurements.

A key insight we’ll explore is the hierarchical perspective: treating the true values
of our independent variables as hidden (or latent) variables to be inferred alongside the
model parameters. This approach allows us to simultaneously estimate both the underlying
relationship and the true positions of our data points, despite the measurement uncertainties
that obscure them. This hierarchical approach not only solves the problem at hand but

connects to broader themes in modern astronomical data analysis.

Finally, we’ll introduce Deming regression as a solution that extends beyond ordinary
least squares. This technique properly accounts for uncertainties in both variables, allowing
us to recover the true relationships that would otherwise be systematically underestimated.
While our focus will be on linear regression, the insights about handling input uncertainties

apply broadly across statistical inference in astronomy.

6.1 Attenuation Bias

Let’s begin by understanding why input uncertainties matter through a concrete
example: the M-o relation between black hole mass and stellar velocity dispersion. This
relationship not only illustrates the challenges of input uncertainties but will serve as our

running example throughout this chapter.

Suppose there exists a linear relationship between the logarithm of black hole mass
and the logarithm of velocity dispersion. If we could measure velocity dispersion perfectly
but had uncertainties in our black hole mass measurements, our data points would scatter
vertically around the true relationship. As we demonstrated in previous chapters, when we
properly account for these y-axis uncertainties through maximum likelihood or Bayesian

methods, we can recover the true relationship without bias.

But what happens when we also have uncertainties in our velocity dispersion measure-
ments? Each data point now scatters both horizontally and vertically from its true position.
This horizontal scatter has a crucial impact — when we have x-axis uncertainties, the dy-
namic range of our independent variable is artificially inflated. The horizontal scatter makes

our distribution of points wider in the x-direction without a corresponding increase in the
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y-direction. Consider the extreme case: as measurement uncertainties in x approach infinity,
every x-measurement becomes pure noise, completely uncorrelated with its true value. In
this limit, any relationship in our data would be completely obscured, and our fitted line

would become horizontal — effectively finding no relationship at all.

(a) Small X Uncertainty (b) Large X Uncertainty
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Figure 6.2: Demonstration of how measurement uncertainties affect the apparent dynamic
range of our data. Both panels show the same underlying relationship (solid black line)
and true data points (hollow green circles) scattered by measurement uncertainties to their
observed positions (solid orange circles). The green and orange shaded regions show the true
and observed dynamic ranges respectively. Panel (a) shows the case where measurement
uncertainty is small compared to the intrinsic spread in x-values (0,/0ange = 0.1), resulting
in a modest increase in the observed range. Panel (b) demonstrates the case where measure-
ment uncertainty equals the intrinsic spread (¢,/0ange = 1.0), causing an inflation of the
observed dynamic range. This artificial expansion of the x-range without a corresponding
increase in the y-range directly leads to attenuation bias in our parameter estimates, as the
observed distribution appears more stretched horizontally than it truly is.

Why doesn’t vertical scatter (y-axis uncertainty) cause the same problem? The key
lies in the asymmetric roles of x and y in regression. When fitting a line, we’re essentially
asking, “Given an x value, what y value do we expect?” Uncertainty in y simply adds noise
to this prediction, which averages out with enough data. But uncertainty in x changes the
very question we're asking — we’re now attempting to predict y based on a noisy version of

x, which systematically weakens any relationship we find.

This weakening of relationships due to input uncertainties is known as attenuation
bias or regression dilution. The effect is to systematically underestimate the strength of

relationships (i.e., slopes in linear regression). Importantly, this bias doesn’t diminish with



Statistical Machine Learning for Astronomy — Y.-S. Ting 169

more data — even with infinite sample size, the bias persists as long as there are measurement

uncertainties in our independent variables.

To illustrate this effect mathematically, consider a simple linear relationship with a

slope of 3, where both variables have measurement uncertainties:

Xobs = Xtrue T 5:p (61)

Yobs = Ytrue + 5y = /thrue + 5y (62)

As we’ll show in the next section, the standard linear regression estimator will recover

a slope that is attenuated by a factor A:

E[3] = 8- X (6.3)

where A < 1. This means our estimated slope systematically underestimates the true slope.
This bias isn’t a quirk of specific datasets — it’s a direct mathematical consequence of input
uncertainties that affects all regression analyses where independent variables have measure-

ment error.

6.2 Mathematical Framework

Our M-o thought experiment revealed that input uncertainties can systematically
weaken the relationships we observe. To make this precise, let’s develop a mathematical
framework that captures both the true relationship we’re trying to measure and how mea-

surement uncertainties affect our observations.

For clarity, we’ll start with the simplest possible case: univariate linear regression
where both variables have homogeneous measurement uncertainties. While this might seem
restrictive, it will allow us to derive analytical results that provide insight into the nature
of attenuation bias. Later, we can extend these insights to more complex scenarios with

multiple variables and heterogeneous uncertainties.

Let’s start with the true underlying relationship we’re trying to measure:

Yirue = thrue s (64)

where ( represents the true slope. For our M-o example, X would be the logarithm of the
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true velocity dispersion, and y,w. would be the logarithm of the true black hole mass.

In real observations, we never measure these true values directly. Instead, our mea-

surements contain uncertainties:

Xobs = Xtrue T 5x (65)

Yobs = Ytrue + 5y = thrue + 6y (66)

To analyze this mathematically, we need to make some assumptions about these

uncertainties.

1. The uncertainties are unbiased:

(6.7)
(6.8)

This means our measurements don’t systematically over- or under-estimate the true
values. In astronomy, most measurement procedures are designed specifically to ensure
this property - we carefully calibrate our instruments and correct for known systematic

effects.

2. The uncertainties have homogeneous variances:

g

Var(d,)
Var(d,)

2 (6.9)
H (6.10)

For simplicity, we’ll assume all measurements have the same uncertainty (homogeneous

noise).
3. The uncertainties are independent of the true values and of each other:
e ), doesn’t depend on Xiue O Virue
e ), doesn’t depend on X¢rye OF Yirue
e 0, and ¢, don’t depend on each other

This is often approximately true in astronomy. For instance, photon noise in different

measurements is typically independent, and instrumental effects usually don’t depend
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strongly on the signal being measured.

These assumptions capture the essential features of many astronomical measurements
and allow us to derive analytical results that provide insight into how measurement uncer-

tainties affect our inference.

One additional simplification that will prove useful is to work with centered variables
- that is, variables that have been shifted to have zero mean. We can redefine our observed

variables by subtracting their means:

Xobs < Xobs — E[Xobs] (611>

Yobs < Yobs — E[yobs] (612)

Working with centered variables not only simplifies our mathematics but also helps
us focus on what we're really interested in: how changes in x relate to changes in y. This
will become particularly useful when we examine how measurement uncertainties affect our

parameter estimates.

6.3 Maximum Likelihood with Input Uncertainties

Having established our framework, let’s connect it to our previous work on maximum
likelihood estimation. In Chapter 4, we showed that for homogeneous noise, the maximum

likelihood estimator takes the matrix form:

WML = (q)Tq))_l(I)TYObs (613)

Our current case - simple linear regression with one input variable - is just a special
case of this general formula. Since we're working with centered variables, we only need to
estimate the slope parameter (the bias term becomes zero). The design matrix ® becomes

simply a vector of our observed x values:

T
P = Tobs,1 Tobs,2 *°° xobs,N] (614)
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Let’s work through the matrix multiplication step by step:

Lobs,1
N
Tobs,2
TaH Obs, _ E 2
P P = |:'T0bs,1 Lobs,2 xobs,N:| . - xobs,i (615)
. =1
_xobs,N
Yobs,1
N
T Yobs,2
P Yobs = |:x0bs,1 Lobs,2 " xobs,N:| . = E Lobs,iYobs,i (616)
. =1
_yobs,N

Therefore, our matrix equation reduces to the scalar form for the slope estimate:

N
B _ Zizl Tobs,iYobs,i (617)

N2
Zizl ‘robs,i
Our maximum likelihood solution can be written in terms of statistical quantities that

capture the essential relationship between our measurements:

B _ COV(Xobsa yobs)
Var(Xops)

(6.18)

This form provides insight into what a slope actually means. The numerator (covari-
ance) measures how much y changes as x varies across its range - in other words, the total
change in y that corresponds to the full spread of x values. When we divide this by the
denominator (variance), which represents the total spread of x values, we get the change in

y per unit change in x - exactly what we mean by slope!

However, note that while this interpretation is accurate when Var(X,s) represents the
true variance in x, it becomes problematic when x.,s contains measurement uncertainties.
In this case, the variance in the denominator becomes inflated by the uncertainty, making it

larger than it should be and consequently diluting (attenuating) our slope estimate.

To understand exactly how these uncertainties quantitatively affect our parameter

estimates, let’s analyze each component separately. We’ll start with the numerator - the
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covariance between our observed quantities. Using our expressions for centered variables:

Cov(Xobs, Yobs) = Cov(Xtrue + 0z, BXtrue + Oy) (6.19)
= [ Cov(Xtrue + 025 Xrue) + COV(Xirue + 04, 0y) (6.20)
= B[CoV(Xtrues Xtrue) + COV(0z, Xtrue)| + [COV(Xtrue, dy) + Cov(dy, dy)] (6.21)
= f[Var(Xirue) + 0] + [0+ 0] (6.22)
= [ Var(Xrue) (6.23)

The expansion in the third line reveals four distinct contributions to the covariance:
o Cov(Xtrue, Xtrue): The intrinsic spread in true values (this is Var(Xrue))
e Cov(dy,Xyue): The relationship between measurement errors and true values

o Cov(Xgue, 0y): How y-errors relate to true x values

Cov (0, 0,): The relationship between x and y measurement errors

Our independence assumptions tell us that the last three terms are zero - measurement

errors don’t depend on true values or on each other. Therefore:

COV(X0b57 yobs) = 5 Var(xtrue) = ﬂUrQange (624)

Here, o2 represents the intrinsic variance of the true velocity dispersions in our M-o

range

example - the actual spread of galaxy properties in our dataset.

For the denominator, we’re looking at the variance of our observed x values:

Var(Xops) = Var(Xerue + 0z) (6.25)
= Var(X¢ue) + Var(d;) (6.26)
= Ofonge + 02 (6.27)

The second line follows directly from our assumption that X, and J, are independent -

when we add independent random variables, their variances add.

To understand whether our estimator is systematically biased, we need to examine

its expected value - what value it will converge to on average. Combining our results for the
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numerator and denominator:

2
E[f] = f—pmee__ — g ! (6.28)
O-Eange + Ua% 1 + (OI/ Urange)2

This is our key result. Our estimate B is related to the true slope § through an

attenuation factor:

1

A= 6.29
R (6.29)

(a) Small X Uncertainty (b) Large X Uncertainty
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Figure 6.3: Demonstration of attenuation bias in parameter estimation. Both panels show
the same underlying relationship (solid black line) with observed data points (orange cir-
cles) and their fitted relationships (dashed green lines). Panel (a) shows the case of small
measurement uncertainty (o,/orange = 0.1), where the fitted slope is only slightly attenuated
(A = 0.99). Panel (b) shows the case of large measurement uncertainty (o,/0ange = 1.0),
where the attenuation becomes severe (A ~ 0.50). The attenuation factor A, shown in the
legend of each panel, quantifies how much the observed slope underestimates the true slope.
This demonstrates that when measurement uncertainties become comparable to the intrinsic
spread in our independent variable, our ability to recover the true relationship is compro-
mised.

This attenuation factor reveals how measurement uncertainties in the input variable
affect our inference. Note that o, here refers specifically to uncertainty in our input measure-
ments - this explains why in Chapters 4 and 5, where we assumed x was measured perfectly,
we were able to recover the true slope. More generally, A is always less than one unless we
have perfect measurements (o, = 0). When our measurements are perfect, A = 1 and we
recover the true slope exactly. But as our measurement uncertainty increases, A decreases,

systematically weakening our estimated relationship.
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In the extreme case where measurement uncertainties become infinitely large (o, —
o0), A approaches zero, completely obscuring any relationship in our data. This makes
intuitive sense because when our measurements are dominated by noise, the observed values
become essentially random numbers that bear no relationship to the true underlying values,

making it impossible to detect any real correlation in the data.

The mathematical form of A shows that what matters is not the absolute size of our
measurement errors, but rather how large they are compared to the true spread in our data
- the ratio 0,/0ange- This makes intuitive sense: when our measurement uncertainty o,
becomes comparable to the true range oyange, we're effectively doubling the apparent spread

in our x values without any corresponding increase in y.

In our M-o example, if the true velocity dispersions span 100 km/s (0yange) and our
measurement uncertainty is also 100 km/s (o,), then our observed distribution of velocity
dispersions appears twice as wide as it truly is. This artificial widening of the x-distribution
without a corresponding widening in y naturally leads to a shallower slope - we're literally

“diluting” the relationship by spreading out our x values.

Most importantly, since A depends only on this ratio of measurement uncertainty to
true spread, and not on sample size, this bias persists no matter how much data we collect.
Even with infinite data, if our measurements have uncertainty, we will systematically under-
estimate the true relationship. This is different from random errors that can be averaged out
with more data - measurement uncertainties in x create a systematic bias that more data

cannot resolve.

The independence of A from y-uncertainties reveals an asymmetry in regression. In our
M-o example, uncertainties in black hole mass measurements (y) can be properly accounted
for through weighted fitting, as we saw in Chapters 4 and 5. However, uncertainties in
velocity dispersion measurements () inevitably bias our slope estimates when using standard

regression techniques.

6.4 Practical Implications of Attenuation Bias

Having derived the mathematical form of attenuation bias, let’s examine its practical
implications for astronomical measurements. Our attenuation factor A = 1/(14(0,/0vange)?)
provides a precise way to quantify how measurement uncertainties affect our parameter

estimates. The key question becomes: what values of 0, /0,ange do We typically encounter in
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Figure 6.4: Demonstration of how measurement uncertainties affect parameter estimation
through attenuation bias. The main plot shows how the attenuation factor A depends on the
ratio of measurement uncertainty to intrinsic spread (0,/0ange). The solid black line shows
the theoretical prediction A = 1/(1 4 (04/0range)?). Three inset panels demonstrate the ef-
fect for different uncertainty ratios: small (0, /0ange = 0.1), moderate (0/0range = 0.5), and
large (04/0vange = 1.0). In each inset, the solid black line shows the true relationship, orange
points show observed data (with both x and y uncertainties), and the dashed green line
shows the attenuated relationship recovered from the data. This illustrates how measure-
ment uncertainties comparable to or larger than the intrinsic spread lead to systematically
shallower slopes in our parameter estimates.

astronomy, and how much bias do they introduce?

Returning to our M-o example, suppose we have velocity dispersion measurements
with 10% uncertainty relative to the full range of velocities in our sample. This corresponds
t0 04 /0range = 0.1, yielding A = 0.99 - a 1% bias in our slope estimate. While this might
seem small, this 1% bias can be quite important for many astronomical applications. Modern
astronomy often operates in a regime where our individual measurements have uncertainties

around 10%, but we aim to leverage large statistical samples to achieve percent-level precision
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in our final inference.

Consider cosmological studies: while photometric redshift measurements for individ-
ual galaxies might have 10% uncertainties, we aim to constrain cosmological parameters like
the Hubble constant or dark energy equation of state to percent-level precision. Similarly,
in stellar population studies, while individual stellar age measurements might be uncertain
at the gigayear level, we hope to determine the star formation history of galaxies with much
higher precision through statistical analysis of large samples. Even a 1% systematic bias can

impact these precision measurements, potentially affecting our model inference.

This challenge appears consistently across many astronomical measurements:

Stellar Ages Except for the select few stars with precise asteroseismic measurements,
typical age uncertainties are around 1 Gyr - approximately 10% of the Hubble time. This
places our measurements in the regime where attenuation bias becomes significant when

studying age-dependent relationships.

Chemical Abundances Even the most careful spectroscopic analyses achieve precisions
of 0.05-0.1 dex, which represents about 10% of the full metallicity range we observe in our
Galaxy. For studies examining how various properties depend on metallicity, this level of

uncertainty can systematically dilute the true relationships.

Black Hole Masses Measurements of supermassive black hole masses typically carry un-
certainties of 0.3-0.5 dex, even when studying relationships that span 3-5 orders of magnitude
in mass. The resulting attenuation can significantly impact our understanding of black hole

scaling relations.

Stellar and Gas Masses Measurements of stellar mass and gas mass typically carry
uncertainties of 0.1-0.2 dex. When these quantities are used as independent variables in
scaling relations (e.g., studying how star formation efficiency depends on gas mass), the

resulting attenuation bias can lead to systematic underestimation of the true relationships.

This tension between individual measurement precision and desired statistical infer-
ence precision makes attenuation bias a challenge in modern astronomy. It’s not just a
technical issue - it’s a systematic effect that must be understood and accounted for as we

push toward ever more precise measurements of physical parameters.

The particularly problematic aspect of attenuation bias is that it cannot be elimi-
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nated simply by collecting more data. Unlike random errors that average out with larger
samples, this bias is a direct consequence of measurement uncertainties in our independent
variables. Even with infinite data, if our velocity dispersion measurements have 10% uncer-
tainty relative to the range, we’ll still underestimate the slope of the M-o relation by 1%.
This highlights the need for methods that can properly account for uncertainties in both

variables, which we’ll explore in the remainder of this chapter.

6.5 Latent Variable Formalism

Our analysis of attenuation bias has revealed a challenge in astronomical measure-
ments: when we ignore uncertainties in our independent variable, we systematically under-
estimate the strength of relationships in our data. This raises an important question: can

we modify our inference framework to properly account for uncertainties in both variables?

The answer lies in extending our maximum likelihood approach from Chapters 4 and
5. Previously, we treated our x-measurements as fixed, known quantities and only modeled
the probability of observing y-values. Now we need to take a step back and consider the
joint probability of observing both x and y, given their true underlying values and our model

parameters.

This shift in perspective - from modeling just y to modeling both x and y - is subtle
but important. Instead of asking “what is the probability of observing this y-value given our
x-measurement?”, we now ask “what is the probability of observing both this x-value and
this y-value given our model?” While this makes our mathematics slightly more complex,
it allows us to properly account for the reality of astronomical measurements where both

variables carry significant uncertainties.

To address uncertainties in both variables, we need to carefully think about how our
measurements relate to the true underlying values. First, recall our model: there exists a

true linear relationship between the black hole mass and velocity dispersion of galaxies:

Yirue = thrue (630)

However, we never observe these true values directly. Instead, our measurements
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contain errors:

Xobs = Xtrue T 5z (631)

Yobs = Ytrue T 5y (632)

= thrue + 5y (633)

These measurement errors follow normal distributions:
6z ~ N(0,02) 6.34)
5, ~N(0,07) (6.35)

Now comes a crucial insight: while X,ps and yops are related (that’s the whole point

of our analysis!), their measurement errors d, and J, are independent. Think about our

M-o example: the instrumental noise that affects our velocity dispersion measurement has

nothing to do with the uncertainties in our black hole mass estimation.

This independence of measurement errors has an important consequence: if we know

the true velocity dispersion X,e, then:
1. Any deviation of Xgps from X, is purely due to ¢,
2. Any deviation of yps from BxXie is purely due to 9,
3. Since d, and ¢, are independent, these deviations don’t affect each other

Therefore, when we condition on Xe:

2

® X,hs follows a normal distribution centered at xi,,e With variance o

® y.us follows a normal distribution centered at SXi... with variance 05
e These distributions are independent

This allows us to write the joint probability as a product:

p(xobs> Yobs | Xtrues 6) = N(Xobs | Xtrues Ui)N<YObs | thrum 0-3)

(6.36)

The first term represents how our measured velocity dispersion scatters around its
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true value due to instrumental noise, while the second term represents how our measured
black hole mass scatters around its predicted value due to measurement uncertainties. While
both x and y are linked through the M-o relation, their measurement errors arise from
independent sources, allowing us to multiply their probabilities when we condition on the

true value.

However, there’s a catch in our likelihood formulation: we've conditioned everything
on Xue, but we don’t actually know these true values! If we did, we’d be back to the simpler
case from Chapters 4 and 5 where we only had to deal with y-uncertainties. This might seem
like a problem, but the Bayesian framework treats all unknowns - whether they’re model

parameters or hidden true values - as random variables to be inferred.

In this context, we need to estimate not just our model parameter 3, but also the set

of true values {X¢yei} for each observation. Our full likelihood becomes:

N

ﬁ(ﬂa {Xtrue,i}) = HN<Xobs,i | Xtrue,ia Ug%)N(yobs,i ’ thrue,’h U;) (637)

=1

This formulation has an intuitive interpretation: we’re simultaneously trying to:
1. Estimate the true velocity dispersion of each galaxy (Xtrue.:)
2. Find the slope of the M-o relation (/3) that best explains these true values

At first glance, this might seem like a challenging task - we’ve added N new param-
eters (one X for each galaxy) to our inference problem! In many statistical problems,
adding parameters like this would make the problem intractable, leading to overfitting or
computational challenges. However, linear regression has a special property: the linear rela-

tionship between variables provides enough structure to make this inference possible.

This approach of treating unknown true values as parameters to be inferred is an ex-
ample of hierarchical modeling. The structure of our inference follows a hierarchical pattern,
where at the top level we have our model parameter 3, followed by the true values X, for
each observation at the next level, and finally our actual measurements (Xgps, Yobs) at the

bottom level.

The importance of this hierarchical approach continues to grow in modern astronomy

and machine learning. Consider stellar population studies, where astronomers must simul-
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taneously infer both individual stellar parameters and the relationships that govern entire
populations. Similarly, in cosmological analyses, researchers frequently tackle the challenge

of estimating individual galaxy properties while also understanding large-scale structure pa-

rameters.
(a) Observed Data with (b) Estimated True Positions
3 Measurement Uncertainties 3 Given 8
,,,,,, True relation Estimated (x_true, y_obs)
ol Observed ] ol e  Estimated (x true, y true) ,
S N B True relation Pst
1 1 Observed = B;‘
v
> 0 > 0 N ‘,,;afg '
-1 —1 cﬁé‘.
/g'ﬂ
) =27
A S — 0 i S, E— 0 i 2
X X

Figure 6.5: Demonstration of how we estimate true positions in a hierarchical model. Both
panels show the same underlying relationship (dashed blue line) and observed data points
with measurement uncertainties (error bars). Panel (a) shows the raw observed data, where
both x and y measurements carry uncertainties. Panel (b) visualizes our inference process:
for each observation, we estimate both its true x-position (blue points) and corresponding
model-predicted y-value. Gray arrows show the two-step correction: first a horizontal shift
from the observed x to its estimated true value, then a vertical shift to the model prediction.
The magnitude of these corrections depends on the measurement uncertainties (o, and o)
and the model parameter (). The estimated true positions (blue points) lie exactly on the
model line because they represent our complete model prediction (Xirue, SXgrue), While the
intermediate points (green) show the state after x-correction but before y-correction. This
hierarchical estimation process, updating both x;,, values and 3, forms the basis of Deming
regression.

6.6 Deming Regression

Now that we have set up the full likelihood, let’s solve for both x.. and 3. Our

likelihood across all observations is:

N

E(ﬂu {Xtrue,i}) - HN<Xobs,i | Xtrue,ia O-i)N(YObs,i | ﬂXtrue,zﬁ 0-5) (638)

=1
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Expanding the normal distributions:

1 Xo si_xruei2 1 Yo si_ﬂxruei2
L(B, {Xirei}) = H exp (_( bs, 202t i) ) exp (_( bs, . true,i)
. T Yy
(6.39)

Taking the logarithm of the likelihood and dropping constant terms, we obtain the
negative log-likelihood:

N

E({Xtrue,i}; B) _ Z |:(Xobs,i - Xtrue,i)2 + (yobs,i - thrue,i)2:| (640)

2 2
— 207 20,

The structure of this expression reveals something important: while 5 appears in every
term as a global parameter, each X, only appears in the ¢th term. This separable structure
suggests a logical optimization approach: we can optimize each Xy, independently while

holding [ fixed, then use those optimized values to update [ itself.

For a single observation i:

(Xobs,i - thrue,i)2 (yobs,i - ﬁxtrue,i)2
2 + 2
207 20,

E(Xtrue,i7 6) = (641)

To find the optimal X6, we take the derivative with respect to Xie; and set it to

Z€ro:
aE i rue,s S,0 rue,i
_ (Xobs, Xtrue, ) . B(YOb , ﬁxt e, ) —0 (642)
axtrue,i O-g 0-23
Rearranging terms:
Xtrue,i 2Xruei Xobs,i obs,?
ey Py _ Kors | B (6.43)
o ogy lop= o,
1 52 Xobs,i BYObs i
Xtrue,i (_2 + _2) — 27 + ) : (644)
(o O'y (O O'y
Multiplying both sides by o707

Xtrue,i(o-f/ + B2O-a2:) = stobs,i + /Bo-zyobs,i (645)
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Using A = 0, /02 and dividing both sides by 2 (A + 5%):

>\X0bs,i + BYObs,i
Xtrue,i — X+ 52 (646)

This expression provides insight into how we estimate the true x-positions. The
estimate is a weighted average between the observed x-value (X,pns;) and what we would
predict from the y-measurement (yons://5). The weights depend on the relative uncertainties

(A). Two limiting cases are particularly illuminating:

e When A > 1 (i.e., when x-measurements are much more precise than y-measurements
relative to the slope), we have Xiyue; & Xobs; - We trust our x-measurements almost

completely.

e When A <« 1 (i.e., when y-measurements are more precise), we have Xye,i = Yobs,i/ -

we rely more heavily on inferring x-positions from our y-measurements and the model.

This formula quantifies precisely how we should balance our direct measurements
against our model predictions when estimating the true underlying values. In essence, we're
using the linear relationship between x and y to constrain our estimates of the true values

in both dimensions simultaneously.

Understanding how this estimation works requires careful attention to the weighting.

The formula can be rewritten as:

Yobs,i
Xtrue,i = WaXobs,i T Wy c:@s . (647)
where w, = # and w, = %262 are weights that sum to 1.

These weights are determined by the relative uncertainties in our measurements, prop-
erly scaled by the relationship between x and y. If our x-measurements are very precise
(small o, large A), the weight w, approaches 1, and we rely more on direct x-measurements.
Conversely, if our y-measurements are very precise (small o,, small A), the weight w, ap-

proaches 1, and we rely more on inferring x from y using our model.

This optimal weighting is what allows Deming regression to correct for attenuation
bias. By appropriately balancing our direct measurements against the constraints imposed

by our model, we can recover estimates of both the true parameter values and the true
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underlying data points.

6.7 Analytical Solution

To complete our optimization, we now need to find 8 given our estimates of Xye -

Let’s revisit our negative log-likelihood:

Xobs K — Xtrue z) (YObs,i - thrue,i)2
({Xtrue % Z |: 20_2 + 20_2 (648)
Yy

Taking the derivative with respect to  and setting it to zero:

or Al Xtrue z(y obs,i ﬁxtrue z)
_— - ! . : — O 6'49
E 2 ( )

=1

Substituting our expression for Xgyye ;:

N
1 )\Xobs,i + 5yobs,i
B ( A+ B ) (o — Fotes) =0 (6.50)

Multiplying through by (X + %) (since it’s always positive):

N
Z()\Xobs,i + ﬁyobs,i)(YObs,i - 6Xobs,i) =0 (651)

=1

Expanding this expression:

N
Z[)\Xobs,iYObs,i - /\Bxgbs,i + Bygbs,i - 62X0bs,iYObs,i] =0 (652)

=1

From Chapter 3, we know that for any dataset, we can compute summary statistics

that capture the essential relationships between variables. These summary statistics are
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defined by:

N

Sac;r - Z(Xobs,i - E‘[Xobs])2 (653)
=1
N

Syy = Z(YObs,i - Ej[yobs])2 (654)
=1
N

SIZ/ = Z(Xobs,i - E[Xobs])(YObs,i - E[YObs]) (655)

s
Il
—

These statistics are closely related to, but not identical to, the variance and covariance.
Specifically, they differ by a factor of V:

1
Var(Xops) = NSM (6.56)
1
Var(yops) = NSyy (6.57)
1
COV<Xob57YObs> = Nswy (658>

For centered variables, where E[Xqhs] = E[yons] = 0, these expressions simplify to:

N

Ser = > X (6.59)
=1
N

Syy = Zyzbw (6.60)
=1
N

S:L"y = Zxobs,iYObs,i (661>
=1

Using these summary statistics, we can rewrite our equation in a more compact form:

ASzy — ABSus + BSyy — B%Sey =0 (6.62)

Rearranging into standard quadratic form:

ﬁQSLUy - B(Syy - /\Sxav) - /\S;vy =0 (663)
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This is a standard quadratic equation of the form ax? + bx + ¢ = 0, with solution
=btvbi—dac ”21312_4‘“. In our case, a = Syy, b = —(Syy — AS;z), and ¢ = —AS,,. The solution to

this quadratic equation gives us the Deming regression estimator:

xr =

Syy — ASup & \/ (Syy — ASua)? + 4AS2,

b= 25, (6.64)

We take only the positive branch of this quadratic solution for two important reasons.
First, only the positive branch yields the correct limiting behavior when o, — 0, where we
recover the maximum likelihood estimator for the case with no x uncertainties (as we will
show below). Second, the positive branch ensures that B has the same sign as S,,, which
is physically necessary - a positive correlation between x and y (S, > 0) should yield a

positive slope, while a negative correlation (S, < 0) should yield a negative slope.

An interesting aspect of our derivation is that we obtain a direct solution rather than
requiring an iterative procedure, despite dealing with both unknown true values Xy, and

an unknown slope f.
The key to understanding this lies in how the problem naturally decomposes:

1. For any fixed f, the negative log-likelihood is quadratic (and thus convex) in each
Xtrue,i; allowing us to find their optimal values analytically:
Xobs,i/o—g + 5YObs,i/0—§

rued = 6.65
Herae, 1/02 + /02 (6.65)

2. When we substitute these optimal X,,e; values back into the derivative of the negative
log-likelihood with respect to 3, we obtain a quadratic equation that yields our Deming

regression estimator.

As in Chapter 4, while the overall problem is not globally convex in all variables
simultaneously, it has a special bi-convex structure: it is convex when we fix either 3 or the
set of X¢pue,i Values. This bi-convexity, combined with our ability to find closed-form solutions
for each part, enables us to reach the global optimum in a single step rather than through

iteration.

We can verify that Deming regression converges to ordinary least squares when o, — 0

(or equivalently when A = 07 /02 — 00). Let’s examine what happens to our formula in this
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(a) Regression Comparison (b) Slope Estimates vs. oy
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Figure 6.6: Demonstration of how Deming regression corrects for attenuation bias compared
to ordinary least squares (OLS, also known as the maximum likelihood solution when there
is no z-uncertainty). Panel (a) shows simulated data (orange points with error bars) from
a true linear relationship y = 3z (solid black line) with measurement uncertainties o, = 1.0
and o, = 0.5. The OLS fit (green dashed line) systematically underestimates the true
slope due to attenuation bias, while Deming regression (blue dashed line) better recovers the
true relationship by properly accounting for measurement uncertainties in both variables.
Panel (b) demonstrates how these estimators behave as the relative measurement uncertainty
(0./0y) varies: OLS estimates become increasingly attenuated as z-uncertainty grows, while
Deming regression maintains better accuracy by appropriately weighting the uncertainties.
When z-uncertainty is small compared to y-uncertainty (o, < o,), both methods converge
to the true slope as standard regression assumptions become valid.

limit.
First, we note that:

Sy — ASuw = A (% - Sm) (6.66)

The square root term can be rewritten as:

2
V/(Suy = ASp)? + 4082, = \/ A2 (% - sm) +4)S2, (6.67)
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Factoring out A from under the square root:

2482
\/ (Syy — ASza)? +4ASZ, = A\/ (% - Sm) +— (6.68)

This allows us to express B as:

Sy — Ao + \/ (Syy — ASua)? +4AS2,

8= 25, (6.69)
Syy Syy 2 43326?/
b= 25, (6.70)

For large A, we can expand the square root using:
Vifer 1+§ (6.71)

where € is a small term. In our case, we can rewrite the term under the square root as:

S\ 452 25 52 482
(Sm - %) 2=, (1 + <— ASZ +zer + AS;/)) (6.72)

2

Yy
2G2
A2S52,

As A — o0, the terms fgyy and

approach zero. Therefore,

€ = _QS?JZ/ + Sjy 4553/ ~ 4532031

AS,, | A252 T ASZ T AS2

(6.73)

which becomes small as A becomes large. This gives us:

2482 252
\/<SM - %) + Y xS, - Sy + — (6.74)

Y A A ASe

Substituting back:

o Al (s 2] -
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The S,, terms and Sy, /A terms cancel, leaving:

2537,
B _ A </\Szz> _ S:vy _ C0V<X0b57yobs) (6 76)
25y Sye Var(Xobs) ’

Thus, we’ve shown that in the limit where A — co (equivalently, when o, — 0), the

i i Szy _ Cov(Xobs,Yobs)
Deming regression slope converges to S = Var(xo)

when measurement errors in x become negligible, the Deming regression naturally reduces

. This confirms our expectation that

to the maximum likelihood estimator we derived earlier for the case with uncertainty only

iny.

6.8 Extension to Heteroscedastic Uncertainties

So far, we've assumed that measurement uncertainties are homogeneous - that is, o,
and o, are constant across all observations. While this simplification helped us build intuition
and derive analytical results, real astronomical measurements often have uncertainties that
vary from point to point. For instance, in our M-o example, velocity dispersion measurements
might be more precise for brighter galaxies, while black hole mass uncertainties could vary

based on the specific measurement technique used.

Extending our framework to handle heteroscedastic uncertainties (where o, ; and o, ;
vary with i) follows naturally from our previous derivation. Just as before, we start with the

likelihood function, but now each data point has its own uncertainties:

N

;C(B, {Xtrue,i}) - HN(Xobs,i | Xtrue,i; 0-3:,1‘) N(Yobs,z‘ | thrue,z'a O-;i) (677)

i=1

Taking the logarithm and dropping constant terms gives us the negative log-likelihood:

N
(Xobs i — Xgrue i)2 (yobs i ﬁxtrue i)2
E({Xtrue,i}, 8) = { : L SO : (6.78)
12:1: 207, 205,

Following our earlier approach of maximizing this likelihood, we first solve for each
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Xirue,; Dy taking the derivative with respect to xye,; and setting it to zero:

aE (Xobs,i - Xtrue,i) B(yobs,i - thrue,i>
- - _ - _ —0 (6.79)
axtrue,i Uz,i nyi
Rearranging:
Xtrue,i ﬁQXtrue,i o Xobs,i BYObs,i
2 2 - 2 + 9 (680)
Uz,i Uy,i U:E,z' Uy,z'
1 2 Xobs.i y
Xtrue,i (T + %) — 028,1 + By; S,% (681)
T, Uy,i Ul:,i Uy,i

Solving for Xgye

2 2
O-y,ixobs,i + 60'9571'}’0bs,i
Xtrue,i — (682)
) 0-2 + 620-2
Yt x,%

This expression is analogous to our homoscedastic result, but now the weighting
depends on the individual uncertainties o,; and o,;. We can interpret this as a weighted
average between the direct measurement Xops; (weighted by ‘7@2/,2‘) and the model-inferred
value yobsi /0 (weighted by O’iyi). This weighting scheme ensures that when a measurement
has a large uncertainty in one dimension, the solution relies more heavily on information

from the other dimension.

When we substitute these optimal Xi,,e; values back into our likelihood and differen-

tiate with respect to 3, we get:

8E al Xtrue,i <YObs,i - thrue,i)
5= ZI: o =0 (6.83)

Substituting our expression for Xiyye,;:

N 2 2
Z 1 (U%ixobs,i + ﬁo_a;,iyobs,i
=1

2 2 2 -2
Oy.i 0yi + 0205,

) (yobs,i - onbs,i) =0 (684)
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This can be simplified to:

N 2 2
0y i Xobs,i + 60-35 iYobs,i
F(g)=) - O (Vabsi — FXopsi) = 0 (6.85)

2 2 +2
Uy,i + 6 Oz,i

Unlike our homoscedastic case where we found a neat quadratic equation for 3, this
equation (which we define as our objective function F'(()) is more complex and generally
doesn’t have a simple closed-form solution. This is because each term in the sum has a
different weighting factor that depends on both § and the individual uncertainties. However,

we can solve this numerically through several approaches:

Grid Search The simplest approach is a grid search, where we evaluate F'(3) for a range
of 3 values and find where it crosses zero. While computationally inefficient, this method is

robust and easy to implement.

Newton’s Method For faster convergence, Newton’s method uses the derivative of F(f)

to iteratively approach the solution:

F(Bn)

Bn+1 = 571 - F,(ﬁn)

(6.86)

This converges quadratically near the solution but requires computing the derivative of our

complex objective function.

Root-Finding Algorithms Standard numerical libraries provide robust root-finding al-
gorithms like Brent’s method, which combines bisection, secant, and inverse quadratic inter-

polation. These methods offer good convergence properties without requiring derivatives.

The heteroscedastic solution maintains all the key insights we developed in the ho-
moscedastic case while adding important nuances. It still corrects for attenuation bias, but
now the correction is specific to each data point based on its uncertainties. Data points with
smaller uncertainties naturally carry more weight in determining (3, which is exactly what
we want in our parameter inference. When all o, ; approach zero, we recover ordinary least
squares, just as we showed analytically for the homoscedastic case. Throughout, the solution
represents a careful balance between the direct measurements and the constraints imposed

by our linear model.

This extension to heteroscedastic uncertainties is particularly important in astron-
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(a) Regression with Heterogeneous Errors (b) Grid Search for Deming Regression
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Figure 6.7: Demonstration of heteroscedastic Deming regression and its numerical solu-
tion. Panel (a) shows simulated data (orange points) with heterogeneous measurement
uncertainties (gray error bars) drawn from uniform distributions: o, ~ U(0.5,1.5) and
g, ~ U(0.3,0.7). The true relationship y = 3z (solid black line) is compared with ordinary
least squares (green dashed line) and heteroscedastic Deming regression (blue dashed line).
Panel (b) illustrates the numerical solution method: the objective function F'(3) (solid blue
line) and its absolute value |F'(5)| (dashed red line) are plotted against candidate slope val-
ues. The Deming regression slope is found where F(f) crosses zero, or equivalently where
|F(5)| reaches its minimum.

omy, where measurement uncertainties often vary by orders of magnitude within a single
dataset. For example, in the M-o relation, nearby galaxies typically have much more precise
measurements than distant ones. The same pattern appears in many other astronomical
contexts: brighter objects generally have more precise measurements than fainter ones, and
different measurement techniques often have systematically different uncertainties. By prop-
erly accounting for these varying uncertainties, we can make optimal use of all our data while

ensuring that more precise measurements appropriately dominate our parameter inference.

6.9 Summary

In this chapter, we have focused on a critical challenge in astronomical inference:
accounting for uncertainties in both dependent and independent variables. We identified
attenuation bias (or regression dilution) as a systematic effect that leads to underestimation

of relationship strengths when input uncertainties are ignored.
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This bias becomes significant even in linear regression when input uncertainties reach
just 10% of the data’s range - a common scenario in astronomical measurements. Unlike
random errors that average out with more data, attenuation bias persists regardless of sample
size. The attenuation factor A = 1/(14 (04/0range)?) provides a precise quantification of how

measurement uncertainties dilute our parameter estimates.

We demonstrated that this issue affects all regression analyses in astronomy, from
stellar age-metallicity relations to black hole scaling relations, stellar population studies, and
cosmological parameter estimation. The tension between individual measurement precision
(often around 10%) and desired statistical inference precision (at the percent level) makes

proper treatment of input uncertainties essential for robust astronomical inference.

To address this challenge, we developed a hierarchical framework where the true
values of our independent variables are treated as latent variables to be inferred alongside
model parameters. This approach led us to Deming regression, which extends ordinary least

squares by properly accounting for uncertainties in both variables.
The key insights from our analysis include:

1. The optimal estimate of the true position Xy is a weighted average between the direct
measurement and the value inferred from the model, with weights determined by the
relative uncertainties. This represents a principled approach to combining information

from multiple sources based on their reliability.

2. The slope estimator has a closed-form solution in the homoscedastic case, providing a
direct correction for attenuation bias. This analytical solution makes Deming regression

computationally tractable even for large datasets.

3. The method generalizes naturally to heteroscedastic uncertainties, though numerical
methods are required for the optimal slope. This extension is crucial for astronomical

applications where measurement uncertainties often vary by orders of magnitude.

4. When uncertainties in x approach zero, Deming regression converges to ordinary least
squares, maintaining consistency with our earlier work. This ensures that we can apply

these methods across the full spectrum of measurement uncertainty scenarios.

The hierarchical perspective introduced in this chapter extends beyond linear regres-
sion with input uncertainties. This approach - where we simultaneously infer both model

parameters and latent variables - is becoming increasingly important across astronomy and
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machine learning. Moreover, the hierarchical perspective will return in more advanced top-
ics like mixture models and Bayesian networks, highlighting the broad applicability of the

principles we’ve explored here.

In the next chapter, we will shift our focus from regression (modeling continuous
outputs) to classification (modeling discrete outputs). While classification presents new
challenges, it builds on the same statistical foundations we’ve established here. The con-
cepts of likelihood maximization, uncertainty quantification, and hierarchical modeling all
transfer directly to the classification domain. The proper treatment of input uncertainties
continues to be essential, especially in astronomical applications where measurement errors

are substantial.

Further Readings: The development of methods for handling measurement errors in both
variables has evolved through several historical contributions, beginning with early work by
Adcock [1878] who developed methods that would later be called orthogonal regression, and
Pearson [1901] who developed geometric frameworks for finding lines of closest fit when both
variables contain errors. Deming [1943] contributed a practical solution known as Deming
regression, providing a weighted least squares approach that accounts for known error vari-
ance ratios. The computational foundations were later advanced by Golub and Van Loan
[1980] who analyzed the total least squares problem using singular value decomposition, with
Van Huffel and Vandewalle [1991] providing treatment of computational aspects and numeri-
cal stability considerations. For readers interested in theoretical foundations of measurement
error models, Fuller [1987] covers estimation, identifiability, and asymptotic properties, while
Carroll et al. [2006] extends these methods to nonlinear models and modern applications
including semiparametric regression and survival analysis. The field has benefited from as-
tronomical applications that contributed to methodological development: Isobe et al. [1990]
provided comparison of various regression methods for astronomical data with measurement
errors, while Kelly [2007] developed Bayesian approaches that handle heteroscedastic errors,
intrinsic scatter, and selection effects. Connections to structural equation modeling were
explored by Bentler and Weeks [1980], demonstrating how latent variable methods provide a
unified framework for complex error structures. For practical guidance on implementation,
Carroll and Ruppert [1996] examined the use and misuse of orthogonal regression, highlight-
ing concerns about inappropriate applications when error variance ratios are unknown or

variable.



Chapter 7

Classification and Logistic Regression

In the previous chapters, we explored linear regression, where we built a linear model
to make inferences on continuous variable labels. We saw how linear regression emerged
naturally from probabilistic principles, allowing us to predict quantities like stellar masses,
luminosities, or temperatures from observable features. Now we turn to another major

category of supervised learning: classification.

Classification differs from regression in a key way. Rather than predicting continuous
values, we aim to categorize objects into discrete classes. When observing a celestial object,
we might want to determine whether it’s a star or a galaxy, classify a galaxy as spiral or
elliptical, or identify a variable star as a Cepheid or RR Lyrae. In each case, we assign

discrete class labels rather than continuous values.

This discrete nature creates a mathematical challenge. In linear regression, our model
could predict any real-valued output. But classification requires our m