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Chapter 1

Preface and Overview

Machine learning has become increasingly prevalent in astronomical research, driven

by the unprecedented scale and complexity of modern observational data. From the Sloan

Digital Sky Survey to upcoming facilities like the Vera Rubin Observatory and Nancy Grace

Roman Space Telescope, astronomers now routinely work with datasets containing billions

of objects and petabytes of information. This data revolution has made automated analysis

not just useful but essential for extracting scientific insights.

However, discussions about machine learning in astronomy are often complicated

by the fact that “machine learning” has become nearly synonymous with neural networks

and deep learning due to their recent popularity. This association obscures the fact that

machine learning represents a much broader umbrella of techniques with a long history

in statistical analysis. The conflation of machine learning with deep learning has made

productive discussions about these methods more difficult than they need to be.

Machine learning’s growing popularity in astronomy has become a polarizing issue

within the research community. This polarization stems largely from misconceptions about

what machine learning represents and how it connects to the statistical foundations that

astronomers have long relied upon. Too often, machine learning techniques are presented as

“black boxes” that somehow circumvent the need for rigorous statistical thinking. This per-

ception has created an unfortunate divide between researchers who embrace these methods

and those who view them with suspicion.

The root of this problem lies not in the techniques themselves but in how they are

typically presented in research applications. Most existing resources fall into categories

11
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that do not serve the astronomical community well. Classical statistical textbooks provide

mathematical rigor but often stop short of modern methods like neural networks. Machine

learning textbooks focus on engineering applications and algorithmic implementation while

glossing over the statistical foundations that make these methods scientifically valid. There

is also a notable lack of astronomy-focused textbooks in this context—when astronomical

applications are presented, they are often very practical and application-focused rather than

building theoretical understanding.

This gap is particularly problematic in astronomy, where the need for interpretability

and uncertainty quantification exceeds that of most other fields. Computer scientists often

view statistics and machine learning quite differently than physical scientists do. Unlike

commercial applications where predictive power often justifies the means, astronomical re-

search demands understanding not just what our models predict but why they make those

predictions and how confident we should be in the results. When we use these techniques

to challenge existing physical models or claim new discoveries, we must be clear about what

constitutes statistical evidence of discovery.

The consequence of this pedagogical gap has been a fragmented approach to ma-

chine learning in astronomy. Researchers often learn specific techniques for particular prob-

lems—clustering for galaxy classification, regression for stellar parameter estimation, or neu-

ral networks for image analysis—without understanding the underlying statistical principles

that connect these methods. This piecemeal approach not only limits the effective applica-

tion of these techniques but also perpetuates the perception that machine learning is merely

a collection of tools without theoretical depth like physics provides.

This textbook aims to bridge that gap by demonstrating that machine learning tech-

niques are natural extensions of the statistical methods astronomers have always used.

Rather than presenting these methods as revolutionary departures from traditional ap-

proaches, we show how they emerge from the same probability theory and Bayesian inference

principles that underlie all scientific data analysis. By building this foundation systemati-

cally and providing a helicopter view of the field, we hope to demystify these techniques and

enable their more thoughtful and effective application in astronomical research.

What is Machine Learning At its core, machine learning shares the same goal as tra-

ditional scientific modeling: developing a coherent worldview from observed data. Just as

Newton developed the law of gravity to predict planetary positions without explicit lookup

tables, machine learning attempts to learn general rules that can be applied to new situ-
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ations. This perspective reveals that there is no such thing as “pure learning” or “pure

modeling”—all approaches fall somewhere on a spectrum between these extremes.

Every machine learning method incorporates what we call inductive bias—the set

of assumptions that guide learning when data alone is insufficient to determine a unique

solution. When we perform linear regression, we assume relationships follow hyperplanes.

When we choose kernel functions for Gaussian Processes, we encode beliefs about function

smoothness. When we design convolutional neural network architectures, we assume trans-

lation invariance in images. These biases are not limitations but necessities: without them,

learning from finite data would be impossible.

The key insight is that stronger assumptions allow more efficient learning from limited

data but potentially at the cost of flexibility. This trade-off between modeling (incorporating

assumptions) and learning (extracting patterns from data) appears throughout scientific en-

deavor. Even when developing physical theories, we make implicit assumptions about math-

ematical forms, symmetries, and which phenomena are relevant. Machine learning makes

these assumptions explicit through algorithmic choices, offering a principled framework for

balancing prior knowledge with empirical evidence.

Understanding this perspective helps clarify why machine learning is not fundamen-

tally different from traditional astronomical analysis. The choice between a parametric stellar

evolution model and a neural network for predicting stellar properties represents different

points on the modeling-learning spectrum, not a choice between science and black-box al-

gorithms. Both approaches combine theoretical understanding with data-driven discovery;

they simply allocate this combination differently.

What This Book Is—And What It Is Not This textbook is about statistical machine

learning for astronomy, with particular emphasis on building the theoretical foundations nec-

essary to understand and properly apply these methods. While we do include a substantial

chapter on neural networks and deep learning, this book is not primarily a deep learning

textbook. Instead, we view deep learning as the natural culmination of a progression that

begins with basic probability theory and extends through increasingly sophisticated statis-

tical techniques. Understanding the limitations, pros and cons of classical methods helps

illuminate why deep learning has become so prevalent in astronomy.

Our approach is deliberately “classical-centric” in the sense that we prioritize under-

standing the statistical principles that make machine learning methods work. This emphasis
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serves several important purposes. First, classical techniques often provide analytical solu-

tions and well-understood uncertainty quantification that remain valuable for many astro-

nomical applications. Second, understanding these foundations illuminates why and when

more complex methods like neural networks become necessary. Finally, many supposedly

“modern” techniques turn out to be natural extensions of classical ideas—a connection that

becomes clear only when both are understood within the same statistical framework.

We do not attempt to provide comprehensive coverage of every machine learning

technique or to serve as a handbook of implementations. Instead, we focus on developing

conceptual understanding and mathematical intuition that will enable readers to approach

new techniques with confidence. Our goal is not to train practitioners who can apply specific

algorithms but to develop researchers who can think critically about which methods are

appropriate for which problems and why. Although we do provide practical tutorials released

on GitHub (https://github.com/tingyuansen/statml), the emphasis here remains on

understanding rather than implementation.

This perspective shapes our treatment throughout the book. When we discuss linear

regression, for example, we emphasize not just how to fit lines to data but how this connects

to maximum likelihood estimation, Bayesian inference, and the treatment of uncertainties.

When we introduce Gaussian Processes, we show how they represent both a natural extension

of linear methods and a precursor to neural networks. This integrated approach reveals the

connections between apparently disparate techniques.

The astronomical focus of this textbook also distinguishes it from general machine

learning resources. Astronomical data presents unique challenges—irregular sampling, het-

eroscedastic uncertainties, physical constraints, and the need for rigorous error propaga-

tion—that are rarely addressed in textbooks focused on other domains. Throughout our

development, we use astronomical examples not as mere illustrations but as central motivat-

ing problems that drive the need for specific techniques.

It is important to emphasize that this textbook does not claim to present new theo-

retical results or novel algorithmic developments. The mathematical foundations, statistical

principles, and machine learning techniques discussed here are well-established in the litera-

ture. Rather, our contribution lies in synthesizing this existing knowledge within a coherent

framework specifically designed for astronomical applications. While the individual com-

ponents of our treatment can be found scattered across various specialized texts, research

papers, and technical resources, they do not appear to be available elsewhere in the com-

https://github.com/tingyuansen/statml
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pact, unified form that the astronomical community requires. Our role is thus one of curation

and pedagogical organization rather than original research—collecting, connecting, and pre-

senting established results in a way that builds systematic understanding for astronomical

researchers.

To support readers in exploring these topics beyond our treatment, we include Further

Reading sections at the end of each chapter that highlight seminal works and key references in

the relevant areas. These sections focus particularly on the foundational papers and influen-

tial texts that have shaped the development of each field. However, given the extraordinary

depth and breadth of modern statistical machine learning—spanning statistics, computer

science, applied mathematics, and domain-specific applications across numerous scientific

disciplines—these reading lists necessarily represent only a tiny selection from a much larger

body of literature. Our choices reflect works that we believe provide either historical con-

text for understanding how these methods developed or particularly clear presentations of

key concepts, rather than any attempt at comprehensive coverage. We hope these curated

selections serve as effective entry points for readers who wish to delve deeper into specific

areas, while acknowledging that they represent starting points rather than complete surveys

of these rich fields.

The Structure and Philosophy of This Textbook This textbook follows a designed

progression that builds statistical understanding systematically while maintaining clear con-

nections to astronomical applications. The structure reflects our belief that machine learning

is best understood as an extension of statistical inference rather than as a separate discipline.

We begin with foundations in probability theory and, more importantly, Bayesian

inference (Chapters 2-3). The philosophy behind Bayesian inference as a framework for

uncertainty quantification permeates the entire textbook. This investment in theoretical

groundwork pays dividends throughout the textbook, as it enables us to show how appar-

ently different methods emerge from the same underlying principles. We then develop these

foundations through the lens of summary statistics, showing how finite data constrains our

ability to characterize probability distributions and motivating the need for more sophisti-

cated approaches.

The progression through supervised learning (Chapters 4-9) follows a logical sequence

that reveals how complexity emerges naturally from limitations of simpler methods. Super-

vised learning involves mapping inputs to known outputs, learning relationships between

variables when we have examples of both. We start with linear regression, showing how
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it emerges from maximum likelihood principles and how the Bayesian treatment provides

uncertainty quantification. The extension to Bayesian linear regression demonstrates how

prior knowledge can be incorporated formally while revealing the connection between regu-

larization and Bayesian priors.

The treatment of input uncertainties in Chapter 6 addresses a challenge that is par-

ticularly important in astronomy, where measurement errors in both dependent and inde-

pendent variables are common. This leads naturally to the iterative optimization methods

needed for logistic regression (Chapters 7-8), which in turn motivates the more sophisticated

Bayesian treatment of classification problems in Chapter 9.

Our coverage of unsupervised learning (Chapters 10-11) follows a similar philosophy,

showing how Principal Component Analysis emerges from constrained optimization and

how clustering methods like K-means and Gaussian Mixture Models provide complementary

approaches to discovering structure in data. Unsupervised learning seeks to find patterns

in data without known target outputs, discovering hidden structure rather than learning

input-output relationships. The connection between these methods and their assumptions

about data structure becomes clear through this systematic development.

The transition to computational methods (Chapters 12-13) acknowledges that as mod-

els become more complex, analytical solutions become unavailable and sampling methods

become necessary. Our treatment of Monte Carlo methods and Markov Chain Monte Carlo

provides the computational backbone needed for complex probabilistic models while main-

taining connections to the Bayesian framework established earlier.

Gaussian Processes (Chapter 14) represent the culmination of our classical approach,

combining linear algebra, kernel methods, and Bayesian inference in a framework that pro-

vides both flexibility and analytical tractability. The dual perspective on Gaussian Pro-

cesses—as kernelized linear models and as distributions over functions—illustrates how the

same mathematical framework can be understood from multiple viewpoints.

Finally, neural networks (Chapter 15) appear not as a departure from previous meth-

ods but as a natural extension that trades some of the mathematical tractability and uncer-

tainty quantification of classical methods for greater computational scalability and flexibility.

By this point in the textbook, readers have the background to understand both what neural

networks can accomplish and what limitations they inherit from their departure from fully

Bayesian approaches.
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A Theory-Focused Approach Our pedagogical philosophy emphasizes understanding

over application, complementing many existing textbooks. Though we believe that deep

understanding ultimately leads to more effective application, we prioritize understanding

why these algorithms work, when they are appropriate, and how they connect to broader

statistical principles rather than focusing on how to implement specific algorithms.

This approach manifests in several ways throughout the textbook. We consistently

derive methods from first principles rather than presenting them as given algorithms. When

we introduce maximum likelihood estimation, for example, we show how it emerges from

probability theory and how it connects to the method of least squares that readers may

know from physics. When we develop the expectation-maximization algorithm, we show

how it provides a general framework for dealing with hidden variables that applies to both

K-means clustering and Gaussian Mixture Models.

We are unrelenting in our mathematical approach—from discussing the ergodic the-

orem for MCMC to proving the Bayesian Information Criterion. This might seem excessive,

but we believe this mathematical rigor is critical for the motivation of this book. Without

understanding the theoretical foundations, it becomes impossible to evaluate when meth-

ods are appropriate, how they might fail, or how they connect to the broader framework of

statistical inference.

We also emphasize the connections between apparently different techniques. The

relationship between ridge regression and Bayesian linear regression with Gaussian priors,

for instance, illustrates how regularization techniques can be understood as encoded prior

knowledge. The connection between Principal Component Analysis and autoencoders shows

how neural networks can extend classical dimension reduction techniques. These connections

help readers develop intuition about when different approaches might be appropriate.

Mathematical rigor is balanced with intuitive explanation. While we provide com-

plete derivations for key results, we also use analogies, geometric interpretations, and physical

intuitions to help readers understand what the mathematics means. The goal is not mathe-

matical sophistication for its own sake but rather the development of quantitative reasoning

skills that enable confident application of these methods to new problems.

Throughout the textbook, we use a musical analogy to frame our approach. Classical

machine learning methods are like classical music—they may require more initial investment

to appreciate, but this foundation enhances understanding and appreciation of more complex

forms. Neural networks and deep learning, by contrast, are like contemporary popular music
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or K-pop—immediately accessible and often quite powerful, but best appreciated with some

understanding of the underlying compositional principles.

This analogy extends to our treatment of the methods themselves. Just as understand-

ing Bach’s compositional techniques illuminates later musical developments, understanding

the statistical foundations of classical machine learning enhances the appreciation and ef-

fective application of neural networks. Rather than viewing classical and modern methods

as competing paradigms, we present them as part of a continuous development of statistical

techniques for dealing with increasingly complex data and problems.

Addressing Common Misconceptions One of the goals of this textbook is to address

misconceptions that have created unnecessary controversy around machine learning in as-

tronomy. Chief among these is the characterization of machine learning methods, particularly

neural networks, as “black boxes” that somehow avoid the need for statistical understanding.

This characterization is ironic because many machine learning techniques are actually

more transparent about their assumptions than traditional approaches. When we engineer

features for linear regression, for example, we make implicit assumptions about which trans-

formations of our data are likely to be useful. When we choose a kernel function for Gaussian

Process regression, we encode assumptions about the smoothness and structure of the under-

lying function. Neural networks, by learning these transformations directly from data, often

make their representational choices more explicit and interpretable than hand-engineered

approaches.

The perception of neural networks as somehow unscientific also reflects a misunder-

standing of how scientific progress often works. Throughout history, engineering develop-

ments have often preceded theoretical understanding. Steam engines were built and improved

for decades before the development of thermodynamics provided a theoretical framework for

understanding their operation. Similarly, the empirical success of neural networks has moti-

vated the development of new mathematical frameworks—like neural tangent kernel theory

and the study of double descent phenomena—that are advancing our theoretical understand-

ing of these methods.

Another common concern is that machine learning techniques require abandoning the

uncertainty quantification that is central to scientific inference. While it is true that neural

networks present challenges for full Bayesian treatment, this textbook shows multiple ap-

proaches to uncertainty quantification, from the Monte Carlo dropout methods that provide
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practical approximations to the rigorous Bayesian treatments available for simpler models.

The goal is not to achieve perfect uncertainty quantification in all cases but to understand

the trade-offs involved in different approaches.

Perhaps most importantly, we address the concern that using machine learning meth-

ods means abandoning physical understanding. Throughout this textbook, we emphasize

how physical knowledge can and should inform the choice and application of statistical tech-

niques. The selection of appropriate kernel functions for Gaussian Processes, the design

of network architectures that encode relevant symmetries, and the interpretation of latent

representations in unsupervised learning all benefit from physical insight. Machine learning

is most powerful when it augments rather than replaces scientific understanding.

What You Will Learn By the end of this textbook, you will have developed a systematic

understanding of statistical machine learning that enables confident application of these

methods to astronomical research problems. This understanding operates at several levels.

At the conceptual level, you will understand how machine learning techniques emerge

from probability theory and Bayesian inference. This foundation will enable you to evaluate

new methods critically and to understand their assumptions, limitations, and appropriate do-

mains of application. You will also understand the connections between apparently different

techniques and how they represent different solutions to common statistical challenges.

At the mathematical level, you will be comfortable with the derivations and anal-

ysis of key algorithms. This includes understanding how maximum likelihood estimation

leads to specific loss functions, how regularization emerges from Bayesian priors, and how

optimization algorithms like expectation-maximization provide practical solutions to com-

plex inference problems. While mathematical sophistication is not the goal, mathematical

understanding provides the foundation for confident application and troubleshooting.

At the practical level, especially with accompanying tutorials, you will understand

how to match statistical techniques to astronomical problems. This includes knowing when

linear models are sufficient and when more complex approaches are needed, how to incorpo-

rate physical knowledge into statistical models, and how to evaluate and compare different

approaches to the same problem. You will also understand the computational trade-offs in-

volved in different methods and how to balance statistical rigor against practical constraints.

Perhaps most importantly, you will develop the ability to think statistically about

astronomical problems. This means understanding how uncertainty propagates through
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analysis pipelines, how to distinguish between different sources of uncertainty, and how to

design observational strategies that provide maximum statistical power for addressing specific

questions.

The ultimate goal is not mastery of any particular technique but rather the devel-

opment of statistical reasoning skills that will serve you throughout your research career.

As new methods are developed and new data challenges emerge, the foundations developed

in this textbook will enable you to evaluate, understand, and apply these developments

effectively.

Looking Forward This textbook represents a snapshot of statistical machine learning as

applied to astronomy in the mid-2020s. In a fast-moving field, new theoretical insights and

practical techniques appear regularly. However, the foundations developed here—probability

theory, Bayesian inference, and the connections between classical and modern statistical

methods—provide a stable base for understanding these developments.

As you progress through this textbook, you will likely find that your perspective

on both classical and modern statistical methods evolves. Techniques that initially seem

complicated often reveal simplicity when understood within the proper framework. Methods

that appear unrelated often turn out to share deep mathematical connections. This evolution

of understanding is not just a byproduct of the learning process but its primary goal.

The future of astronomical research will undoubtedly involve increasingly sophisti-

cated statistical techniques applied to increasingly complex datasets. Success in this en-

vironment will require not just familiarity with specific algorithms but the kind of deep

statistical understanding that enables rapid adaptation to new challenges and opportunities.

This textbook aims to provide that foundation, ensuring that you can contribute effectively

to astronomical research regardless of how the technical landscape continues to evolve.

The journey from basic probability theory to advanced neural networks may seem

daunting at the outset. However, by building understanding systematically and maintaining

clear connections to the underlying statistical principles, we hope to make this journey not

just manageable but enlightening. The goal is not just to understand how these methods

work but to appreciate why they work and when they provide the right tools for advancing

astronomical knowledge.



Chapter 2

Bayesian Inference

The core of scientific data analysis lies in measuring, quantifying, and reasoning about

uncertainty. Throughout this textbook, we will develop machine learning methods that are

firmly grounded in Bayesian principles—approaches that provide a principled framework

for understanding astronomical phenomena under uncertainty. Before we can apply these

methods, however, we must establish the probability theory that underlies the Bayesian

approach.

A central insight from Thomas Bayes—one that revolutionized statistical thinking—was

that both observations and model parameters should be treated as random variables. This

perspective, which we’ll explore in depth, forms the mathematical basis for all subsequent

chapters. While treating observational data as random variables seems intuitive (our mea-

surements always have uncertainty), extending this treatment to model parameters might

initially seem counterintuitive. After all, physical constants like the gravitational constant

or the mass of a galaxy should have definite values. Yet our knowledge of these values is in-

herently uncertain, and Bayesian inference provides a mathematically consistent framework

for updating this knowledge as we gather more observations.

This Bayesian perspective is particularly valuable in astronomy, where many phenom-

ena cannot be repeated under controlled conditions. Unlike laboratory experiments where

we can run multiple trials, astronomers often study unique events. By treating model pa-

rameters as random variables, Bayesian inference allows us to make principled statements

about uncertainty even when we have limited data.

In this chapter, we build the mathematical foundation necessary for Bayesian infer-

21
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ence and machine learning. We’ll start by distinguishing between deterministic and random

variables—a distinction that clarifies why treating model parameters as random variables

makes sense. We’ll then explore probability distributions commonly encountered in astron-

omy, establish rules for manipulating probabilities, and contrast frequentist and Bayesian

approaches. Through concrete examples, we’ll demonstrate how Bayesian inference works in

practice, even with minimal data.

This foundation in probability theory will illuminate why methods from linear regres-

sion to neural networks can all be understood as extensions of Bayesian principles. Each

technique, in its own way, implements the core Bayesian idea of updating our beliefs about

model parameters based on observed data. Understanding this connection provides not just

practical tools for data analysis but also a deeper appreciation for how machine learning

methods relate to the principles of scientific inference.

2.1 Deterministic vs. Random Variables

To understand why scientific inference requires a probabilistic approach, we must first

distinguish between two different types of quantities: deterministic and random variables.

This distinction forms the conceptual foundation for all statistical methods we’ll explore

throughout this textbook.

Deterministic Variables are quantities that, given the same conditions, always

yield the same value. For example, the orbital period of a planet around a star of known

mass at a known distance follows deterministic physical laws. When we say “given the same

conditions,” we mean that all the relevant physical parameters that could affect the outcome

are specified and fixed. Consider Kepler’s Third Law for a planet orbiting a star:

P 2 =
4π2

GM
a3 (2.1)

where:

• P is the orbital period

• G is the gravitational constant

• M is the mass of the central star (assuming M ≫ mplanet)

• a is the semi-major axis of the orbit
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The variables P , M , and a are deterministic variables. If we specify M and a, the

period P is completely determined—there is no ambiguity or uncertainty in its value. Every

time we apply the same values for M and a, we obtain exactly the same period P . This

deterministic nature characterizes most quantities from our basic physics and mathematics

courses, where solving an equation like:

x2 + 2x− 3 = 0 (2.2)

The solutions x = 1 or x = −3 are deterministic—they are the exact values that

satisfy the equation, and they do not change no matter how many times we solve it.

Random Variables, in contrast, are quantities whose values are subject to uncer-

tainty or variation. Even when all known conditions are specified, we can only predict

probabilities of different outcomes, not the exact outcome itself. In real astronomical ob-

servations, even though the true orbital period of a planet is a deterministic quantity, our

measurement of it becomes a random variable. When we measure that orbital period P ,

we make multiple observations of the star’s radial velocity or the planet’s transit, and each

measurement has some uncertainty due to instrumental noise and atmospheric effects. Our

final estimate of P comes with an uncertainty, often expressed as P ± σP .

This uncertainty does not arise because the true period is random—it is not! Rather,

the randomness comes from our imperfect measurement process. The key distinction from

deterministic variables is that even when all known conditions are specified, we can only

predict probabilities of different outcomes, not the exact outcome itself.

Random variables come in two main forms:

Inherently Random: Some quantities in nature appear to be fundamentally probabilistic,

such as quantum phenomena. Examples include:

• The exact time of decay of a radioactive atom

• The spin measurement of an electron in a superposition state

Incomplete Knowledge or Measurement Uncertainty: Many astronomical quantities

appear random not because they are inherently probabilistic, but due to practical limita-

tions. Consider again the orbital period example: while Kepler’s Third Law tells us the exact

period for given values of mass and semi-major axis, our measurements of these quantities
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come with uncertainties. The star’s mass estimate may have error bars from spectroscopic

analysis, and the semi-major axis measurement may be affected by observational limitations.

Even though the true orbital period is a fixed, deterministic value, our incomplete knowledge

of the input parameters, combined with measurement uncertainties in our period observa-

tions themselves, means we can only make probabilistic statements about its value. This

transformation of deterministic quantities into random variables due to measurement and

parameter uncertainties is a common feature in astronomical analysis.

360 370 380 390
Orbital Period (days)

0.00

0.02

0.04

0.06

0.08

0.10

P
ro

ba
bi

lit
y

D
en

si
ty

Measurement Distribution

True Period (Deterministic)

Individual Measurements

Figure 2.1: Illustration of deterministic versus random variables. The dashed vertical line
represents a true (deterministic) value of some quantity. The blue curve shows the probabil-
ity distribution of measured values when accounting for uncertainties. Individual red dots
represent specific measurements, which scatter around the true value due to various sources
of uncertainty. This demonstrates how a fundamentally deterministic quantity becomes a
random variable when we consider measurement or other uncertainties.

This distinction becomes particularly important when we consider how to analyze

physical systems. We often know the physical laws governing these systems (like Kepler’s

Third Law), but our measurements of the relevant parameters come with uncertainties. This

creates an asymmetry in scientific inference: while we can easily predict what observations

should result from a given set of parameters (the forward problem), determining the param-
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eters from observations (the inverse problem) requires carefully accounting for all sources of

uncertainty.

For instance, the mass of a galaxy’s central black hole has a definite value in reality.

However, our estimate of this mass—based on stellar velocity measurements, gas dynamics,

or other observational techniques—comes with uncertainty. We represent this uncertainty

through a probability distribution that reflects our current state of knowledge. As we gather

more data, this distribution will narrow, becoming more concentrated around the true value,

but some uncertainty will always remain.

This perspective of representing our knowledge about physical quantities through

probability distributions enables a consistent mathematical framework for scientific inference.

It allows us to start with prior knowledge, incorporate new observations, and systematically

update our understanding—a process that lies at the heart of all scientific progress.

2.2 Probability Distributions

Having established that many quantities in astronomy can be treated as random

variables, we now need a mathematical framework to quantify the uncertainty associated

with them. This leads us to probability distributions—mathematical objects that describe

how probabilities are distributed across all possible values of a random variable.

When we consider a parameter like the mass of a black hole as a random variable,

we’re not suggesting the mass itself fluctuates randomly. Rather, the probability distribution

represents our state of knowledge about that mass—where the peak indicates our best esti-

mate and the width reflects our uncertainty. Similarly, for observational data, the probability

distribution captures both the expected value and the uncertainty in our measurements.

Mathematically, for any event A associated with our random variable X, we denote

its probability as P (A), which must satisfy three fundamental axioms:

1. Non-negativity: P (A) ≥ 0 for any event A

2. Normalization: P (Ω) = 1, where Ω is the sample space (all possible outcomes)

3. Additivity: For mutually exclusive events A and B, P (A ∪B) = P (A) + P (B)

While probability gives us a single number for a specific event, a probability dis-

tribution describes how probabilities are distributed across all possible values of a random
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variable. This concept is central to statistical inference, as it provides a complete description

of uncertainty rather than just single-point estimates.

In astronomy, we encounter both discrete and continuous random variables, which

are treated differently in probability theory:

Discrete Case: Some astronomical quantities can only take specific, countable values.

For instance, when counting the number of photons that hit our detector in a given time

interval, or when classifying galaxies into distinct morphological types (e.g., spiral, elliptical,

irregular). For a discrete random variable X, we define a probability mass function (PMF)

p(x) where:

• p(x) = P (X = x) is the probability of X taking the specific value x

•
∑

x p(x) = 1 (normalization)

Continuous Case: Most astronomical measurements are continuous. For these random

variables, we define a probability density function (PDF) p(x) where:

• P (a ≤ X ≤ b) =
∫ b

a
p(x)dx is the probability of X falling in the interval [a, b]

•
∫∞
−∞ p(x)dx = 1 (normalization)

Since a random variable X does not take a fixed value, but rather follows a certain

probability distribution, we write this mathematically as:

X ∼ P (x) (2.3)

This notation expresses concisely that the random variable’s behavior is governed by that

specific probability distribution.

An important but subtle point about continuous distributions is that the probability

of measuring any exact value is actually zero! This might seem counterintuitive, but consider

measuring an orbital period: if we could measure with infinite precision, what is the probabil-

ity of getting exactly 365.256363... days? Since there are infinitely many possible values, the

probability of getting any specific one is zero. This is why we can only discuss the probability

of measurements falling within intervals (like between 365.2 and 365.3 days) by integrating

the PDF. The value of p(x) itself tells us the relative likelihood or density of measurements

near x, but we need to integrate over some interval to obtain actual probabilities.
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This property of continuous distributions has an important implication for statistical

inference with continuous parameters. When we say a probability distribution peaks at a

certain parameter value, we’re identifying the most likely small range of parameter values,

not a specific exact value with non-zero probability. The shape of the distribution around

this peak tells us about the uncertainty in our parameter estimates—a narrow peak indicates

high confidence, while a broad distribution suggests greater uncertainty.

As we develop statistical methods in subsequent chapters, these probability distribu-

tions will provide the mathematical language for expressing uncertainty in both our data and

our model parameters. Whether we’re performing linear regression, classification, or dimen-

sionality reduction, probability distributions will be our tool for characterizing uncertainty.

2.3 Common Distributions in Astronomy

Several probability distributions appear frequently in astronomical applications. While

these distributions can be derived mathematically through the principle of maximum entropy

(i.e., finding the least presumptive distribution given certain constraints), we can also un-

derstand their origins through physical intuition, which provides deeper insight into when

and why they arise in astronomical contexts.

Gaussian Distribution The Gaussian or normal distribution naturally emerges when we

only know (or constrain) the mean and variance of a quantity. Physically, it appears when

many small, independent effects add together—what we call the Central Limit Theorem.

Consider measuring a star’s brightness, where the measurement process involves countless

sources of uncertainty.

For a single random variable X, we write:

X ∼ N (µ, σ2) (2.4)

to denote that it follows a Gaussian distribution with probability density:

p(x|µ, σ) = 1

σ
√
2π

exp

(
−(x− µ)2

2σ2

)
(2.5)

Here, p(x|µ, σ) is the probability density at value x given parameters µ and σ, where:

• x is the random variable (e.g., the measured brightness)
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• µ is the mean or expected value

• σ is the standard deviation, measuring the spread of the distribution

• The factor 1
σ
√
2π

ensures the total probability integrates to 1

To understand why Gaussian distributions are so ubiquitous in astronomical mea-

surements, consider the detailed process of measuring stellar brightness. Each photon’s path

through the atmosphere is randomly disturbed by countless small air pockets of varying

density and temperature, each contributing a tiny deflection. The telescope’s optical system

introduces minute aberrations from surface imperfections and thermal variations. The de-

tector adds electronic noise from millions of independent electron movements in the CCD.

The analog-to-digital conversion process introduces quantization noise. Each of these effects

is small and independent, but they all add up. According to the Central Limit Theorem,

when many small, independent effects combine additively, the result approaches a Gaussian

distribution—regardless of the individual distributions of each effect.

This is why the Gaussian distribution is ubiquitous in nature—it represents the most

likely way random effects combine when nothing else is constraining them, making it the

natural choice when we know only the mean and variance of a system.

For multivariate data (i.e., many different random variables), we write:

X ∼ N (µ,Σ) (2.6)

to denote a multivariate Gaussian distribution with probability density:

p(x|µ,Σ) =
1

(2π)n/2|Σ|1/2 exp
(
−1

2
(x− µ)TΣ−1(x− µ)

)
(2.7)

Here:

• x is an n-dimensional vector of random variables

• µ is the mean vector

• Σ is the n× n covariance matrix

• |Σ| is the determinant of the covariance matrix
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Figure 2.2: Visualization of a standard normal (Gaussian) distribution with mean µ = 0
and standard deviation σ = 1. The dashed vertical line indicates the mean (µ), which
corresponds to the peak of the distribution. The green arrow shows one standard deviation
(σ) from the mean, a key measure of the distribution’s spread. The Gaussian distribution is
symmetric around its mean, with approximately 68% of the probability mass falling within
one standard deviation of the mean. This distribution naturally emerges when many small,
independent effects combine additively, making it ubiquitous in astronomical measurements
due to the Central Limit Theorem.

• Σ−1 is the inverse of the covariance matrix

The covariance matrix Σ captures not just the variance of each variable (diagonal

elements), but also how pairs of variables are correlated (off-diagonal elements). This be-

comes particularly important when analyzing multivariate astronomical data, such as the

correlation between different spectral lines or between physical properties like mass, age,

and metallicity in stellar populations.

Poisson Distribution The Poisson distribution emerges when we are counting indepen-

dent events occurring at a constant average rate, with our only constraint being knowledge

of the mean rate. This distribution is central to photon detection and many other counting
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processes in astronomy:

P (X = k|λ) = λke−λ

k!
(2.8)

To understand how the Poisson distribution arises from physical principles, consider

the process of detecting photons from a distant star. Imagine dividing our observation time

into infinitesimally small intervals. In each tiny interval, we can expect at most one photon

to arrive—the probability of two or more photons arriving in the same infinitesimal interval

is negligible. The key physical principles at play involve independence, uniformity, and ran-

domness. The arrival of photons in different time intervals are independent events—whether

a photon arrives in one interval has no effect on whether another photon arrives in a different

interval. The probability of detecting a photon in any given interval is simply proportional

to how long we observe. If we double the observation time (or double the size of our time

interval), we double our chances of seeing a photon. Finally, the precise arrival times are

truly random. No two photons will arrive at exactly the same instant, and there are no

preferred arrival times.

These simple physical assumptions inevitably lead to the Poisson distribution—it

is the most natural way to describe random, independent counting events. This is why

photon counts, cosmic ray hits, and galaxy counts in small volumes all tend to follow Poisson

statistics.

An important property of the Poisson distribution is its relationship to the Gaussian

distribution. When the mean rate parameter λ becomes large, the Poisson distribution

increasingly resembles a Gaussian distribution with mean µ = λ and variance σ2 = λ. This

convergence is a specific case of the Central Limit Theorem and has practical implications

in astronomy: while photon counting fundamentally follows Poisson statistics, we can often

approximate these counts with Gaussian distributions when dealing with bright sources

where the count rates are high.

Power Law Distribution Power laws appear when a process has no characteristic scale—that

is, when the physics works the same way regardless of size. Consider the mass distribution

of stars (the Initial Mass Function):

p(x) ∝ x−α (2.9)

When we have physical limits that constrain the range of x between a minimum value
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Figure 2.3: Visualization of a Poisson distribution with mean rate parameter λ = 5. The
discrete probability mass function is shown as blue bars, with the mean value indicated by
the dashed vertical line. A key property of the Poisson distribution is that its standard
deviation equals

√
λ (shown by the orange arrow), making the distribution relatively more

spread out for smaller values of λ and more concentrated for larger values. This distribution
naturally describes counting processes in astronomy, such as photon arrivals, cosmic ray hits,
or galaxy counts in small volumes, where events occur independently at a constant average
rate.

xmin and maximum value xmax, the normalized form of the power law becomes:

p(x) =
1− α

x1−α
max − x1−α

min

x−α (2.10)

where the prefactor ensures that integrating p(x) from xmin to xmax equals 1.

Why do power laws emerge in star formation? Imagine the process of molecular

cloud fragmentation forming stars. As a massive molecular cloud collapses under its own

gravity, it becomes unstable and fragments into smaller clouds. Each of these resulting

clouds can further break down into even smaller clouds through the same physical processes.

The fascinating aspect is that the physics governing this fragmentation process remains

remarkably similar regardless of the size scale we are examining.
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Figure 2.4: Illustration of how the Poisson distribution (blue bars) approaches a Gaussian
distribution (red line) as the mean rate parameter λ increases. For small λ (e.g., λ = 1),
the distribution is highly discrete and skewed. As λ increases (λ = 5, 10), the distribution
becomes more symmetric and the discrete nature is less pronounced. By λ = 50, the Poisson
distribution is nearly indistinguishable from a Gaussian distribution with the same mean and
variance (σ2 = λ). This convergence, a consequence of the Central Limit Theorem, explains
why photon counting statistics can often be approximated by Gaussian distributions when
count rates are high.

Whether we are looking at a massive cloud complex spanning hundreds of parsecs or a

small proto-stellar core of 0.01 parsecs, the same physical processes drive the fragmentation:

gravitational collapse competes with turbulent pressure, magnetic fields provide additional

support, and thermal pressure from heating and cooling processes influences the dynamics.

The cloud does not “know” whether it is breaking into 1-parsec or 0.1-parsec sized pieces—the

process looks essentially the same at all scales, within the physical limits imposed by the

interstellar medium.
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Figure 2.5: Visualization of a power law distribution using the Salpeter Initial Mass Func-
tion (IMF) as an example. The Initial Mass Function (IMF) describes the distribution of
stellar masses at birth—essentially how many stars of each mass are formed in a given pop-
ulation. The distribution follows ξ(M) ∝ M−α with α = 2.35 (Salpeter’s value), plotted on
logarithmic scales. The vertical dashed lines indicate the physical limits of stellar masses
(Mmin and Mmax). This power law behavior emerges from the scale-invariant nature of the
star formation process, where the same physical mechanisms operate across many orders
of magnitude in mass. The negative slope indicates that lower-mass stars are much more
numerous than high-mass stars, with the frequency decreasing by a factor of ∼102.35 = 222
for every factor of 10 increase in mass. The distribution is normalized over the finite mass
range, though it appears as a simple straight line in log-log space.

Power laws appear across a wide range of astronomical contexts beyond stellar mass

distributions. Galaxy luminosity functions, the distribution of cosmic structures, and even

the energy distributions of particles in astrophysical plasmas all frequently follow power laws.

This prevalence highlights the scale-invariant nature of many astronomical processes, where

similar physical mechanisms operate across many orders of magnitude.
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2.4 Joint and Conditional Probability

Real astronomical problems inherently involve multiple variables simultaneously. Even

in the simplest scenario where we have just one parameter and one observable, we’re already

dealing with a pair of interrelated random variables that must be analyzed jointly. This

multidimensional nature requires us to understand how different random variables relate to

each other.

In practice, the dimensionality of astronomical problems tends to be much higher.

Consider characterizing a stellar spectrum. We need multiple parameters to describe the

physical properties of the star—its effective temperature, surface gravity, metallicity, rota-

tional velocity, and potentially magnetic field strength. Meanwhile, our observational data

consists of flux measurements spanning thousands of wavelength points across the spectrum,

each with its own uncertainty. This creates a complex web of relationships between many

variables that we must carefully untangle through statistical analysis.

This multidimensional nature leads us to need different ways of manipulating these

variables. Sometimes we want to know what observations we expect given certain model

parameters (forward modeling). Other times, we want to infer model parameters from

our observations (inverse problem). To handle these scenarios mathematically, we need

to understand joint and conditional probabilities.

Joint Probability For two random variables x and y, their joint probability distribu-

tion p(x, y) describes the probability of both variables taking specific values simultaneously.

To understand this concept concretely, we examine how it manifests in both discrete and

continuous cases in astronomy.

For discrete variables, joint probability has a straightforward interpretation. Con-

sider classifying galaxies by both morphology (spiral/elliptical) and size (large/small). Here,

p(spiral, large) simply represents the probability of finding a galaxy that is both spiral and

large—a direct measure of the frequency of this specific combination in our galaxy popula-

tion.

The concept extends naturally to continuous variables, though with an important

distinction. Take the example of stars characterized by their temperature and luminosity.

The joint probability distribution p(T, L) maps out the probability density for finding stars

across the temperature-luminosity space, giving rise to the familiar Hertzsprung-Russell
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diagram. Here we see that not all combinations are equally likely—stars tend to cluster

along the main sequence, reflecting the underlying physics of stellar evolution.

However, with continuous variables, the probability of any exact value pair is zero—just

as it is for single continuous variables. To obtain meaningful probabilities, we must integrate

over finite regions. For instance, the probability of finding a star with temperature between

T1 and T2 and luminosity between L1 and L2 is given by:

P (T1 ≤ T ≤ T2, L1 ≤ L ≤ L2) =

∫ L2

L1

∫ T2

T1

p(T, L) dT dL (2.11)

Conditional Probability Unlike joint distribution, which describes the probability of

both events occurring simultaneously, conditional probability addresses a different question:

given that we know one event has occurred, what is the probability of another event? We

write this conditional probability as p(x|y), which reads as “the probability of x given y.”

To make this concrete, consider our stellar example. The joint distribution p(T, L)

describes the overall distribution of stars in temperature-luminosity space. But suppose we

observe a star and measure its temperature precisely. The conditional probability p(L|T )
would then tell us the distribution of possible luminosities for stars at that specific tempera-

ture. This “slice” through the joint distribution at a fixed temperature usually gives a much

narrower range of likely luminosities than if we had no temperature information at all.

This concept of conditional probability is particularly important in statistical infer-

ence. The relationship between forward and inverse problems can be understood through

two types of conditional probabilities:

• The forward problem: If we know the model parameters, what observations do we

expect? This corresponds to calculating p(data|model).

• The inverse problem: Given our observations, what can we infer about the underlying

model parameters? This corresponds to calculating p(model|data).

Understanding these two conditional probabilities—and how they relate to each other—is

crucial for scientific inference. Our theories naturally predict observables from physical pa-

rameters (the forward direction), but we typically observe phenomena and want to infer their

physical properties (the inverse direction). In the next section, we’ll explore the mathemat-

ical rules that connect these different types of probabilities, ultimately leading to a formal
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Figure 2.6: Illustration of joint and conditional probability distributions using stellar temper-
ature and luminosity. The left panel shows the joint distribution p(T, L) describing the proba-
bility density of finding stars with different combinations of temperature and luminosity. The
red plane indicates a slice through the joint distribution at a fixed temperature T = 6000K.
The right panel shows the corresponding conditional distribution p(L|T = 6000K), represent-
ing the probability distribution of stellar luminosities for stars with temperature T = 6000K.

relationship between forward and inverse problems.

2.5 Probability Rules and Independence

Having introduced joint and conditional distributions, we now explore the mathemat-

ical relationships that govern how these probabilities relate to each other. These rules form

the foundation for statistical inference and will allow us to derive one of the most important

results in probability theory: Bayes’ theorem.

The Sum Rule Often we want to extract information about a single variable from a joint

distribution that involves multiple variables. Returning to our stellar example: suppose we

have the joint distribution p(T, L) of stellar temperature and luminosity, but we are only

interested in the distribution of luminosities, regardless of temperature. How do we obtain

this?

This brings us to the concept of marginal distributions and the sum rule. A marginal

distribution is what we get when we consider one variable while accounting for all possible
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values of the other variables. The sum rule tells us how to compute this mathematically:

For discrete variables, if we want the probability of X taking a specific value x, we

sum over all possible values of Y :

p(x) =
∑

y

p(x, y) (2.12)

For continuous variables, like in our stellar example, we integrate over all possible

values of the other variable:

p(L) =

∫
p(T, L) dT (2.13)

Here, p(L) represents the probability of finding a star with luminosity L, taking

into account all possible temperatures. We can visualize this as “collapsing” our 2D joint

distribution along the temperature axis.

This marginalization process has important implications for analyzing multivariate

data. For instance, when studying galaxies, we might have joint distributions of multiple

properties—mass, star formation rate, metallicity, etc. The sum rule allows us to extract the

distribution of any individual property by integrating over all the others. This capability is

crucial when we want to compare our results with previous studies that may have focused

on different subsets of properties.

The Product Rule Having understood how to obtain marginal distributions from joint

distributions through the sum rule, we now turn to another relationship: the product rule.

This rule tells us how joint probabilities relate to conditional probabilities:

p(x, y) = p(x|y)p(y) = p(y|x)p(x) (2.14)

To understand this intuitively, consider our stellar example. The joint probability

p(T, L) of finding a star with both temperature T and luminosity L can be broken down in

two equivalent ways:

1. We can first consider the probability p(T ) of finding a star with temperature T ,

and then multiply by the probability p(L|T ) of finding luminosity L given that temperature:

p(T, L) = p(L|T )p(T ) (2.15)
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Figure 2.7: Visualization of marginalization for a bivariate Gaussian distribution. The cen-
tral panel shows contours of a joint probability distribution p(x, y) with positive correlation
(ρ = 0.7). The top and right panels show the marginal distributions p(x) and p(y) re-
spectively, obtained by integrating the joint distribution over the other variable. The green
arrows indicate the marginalization process: integrating over y (vertical arrow) gives the
marginal distribution of x (top panel), while integrating over x (horizontal arrow) gives the
marginal distribution of y (right panel). This illustrates how marginalization reduces a mul-
tivariate distribution to its component distributions by accounting for all possible values of
the marginalized variables.

2. Alternatively, we can first consider the probability p(L) of finding a star with

luminosity L, and then multiply by the probability p(T |L) of finding temperature T given

that luminosity:

p(T, L) = p(T |L)p(L) (2.16)

The equality of these two expressions (p(L|T )p(T ) = p(T |L)p(L)) is far more profound
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than it might first appear. Consider what it tells us: while stellar evolution naturally gives

us the probability of observing certain luminosities given a star’s temperature (p(L|T )), we
might actually want to infer temperature from an observed luminosity (p(T |L)). The product
rule tells us these viewpoints are intimately connected—we can convert between them if we

know the overall distributions of temperature and luminosity in the stellar population.

However, we note that the conditional probabilities p(L|T ) and p(T |L) are generally

not equal by themselves—knowing the probability of luminosity given temperature does not

directly tell us the probability of temperature given luminosity. For example, a star with

temperature 6000K might have an 80% chance of having luminosity between 0.5 and 2 solar

luminosities, but observing a star with 1 solar luminosity might only give a 30% chance of

it having temperature between 5800–6200K.

This asymmetry lies at the heart of scientific inference. Our theories naturally pre-

dict observables from physical parameters (forward direction), but we typically observe phe-

nomena and want to infer their physical properties (inverse direction). The product rule,

together with the sum rule, provides the mathematical foundation for rigorously connecting

these complementary perspectives.

2.5.1 Independence

Having learned about the product rule, before discussing its connection with statistical

inference in astronomy, we examine a final useful concept that we will encounter many times

in this course. In many cases, when we have many different variables, it is advantageous

to know if we can handle them separately without changing the conclusion of the inference.

This leads to the concept of independence.

Two random variables X and Y are said to be independent if knowing the value

of one variable provides no information about the other. Mathematically, this means that

observing Y does not change our probability assessment of X:

P (X|Y ) = P (X) for all values of Y (2.17)

This definition captures our intuitive notion of independence—if knowing Y tells us

nothing new about X, then the probability of X should remain unchanged regardless of what

value of Y we observe.

From this definition and the product rule, we can derive another key property of
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independent variables. Recall that the product rule gives us:

P (X, Y ) = P (X|Y )P (Y ) (2.18)

If X and Y are independent, then P (X|Y ) = P (X), so:

P (X, Y ) = P (X)P (Y ) (2.19)

This means that for independent variables, the joint probability factorizes into a

product of individual probabilities. While this factorization property is often used as the

definition of independence, we see here that it follows naturally from our more intuitive

definition involving conditional probabilities.

For continuous random variables, these equations still hold but with probability den-

sities rather than probabilities. The interpretation remains the same—independence means

knowing one variable tells us nothing about the other:

p(x|y) = p(x) leads to p(x, y) = p(x)p(y) (2.20)

Consider a concrete astronomical example: the detection of photons from two widely

separated stars. The arrival time of a photon from one star is independent of photon arrivals

from the other star—knowing we just detected a photon from the first star tells us nothing

about when we might detect one from the second star. Similarly, when counting stars in non-

overlapping regions of the sky that are sufficiently far apart, the number of stars in one region

is independent of the count in another region—this is why we can analyze different patches

of the sky separately when studying stellar populations. In contrast, the temperature and

luminosity of a star are not independent—knowing a star’s temperature gives us significant

information about its likely luminosity.

Independence has important practical implications for statistical analysis. When

random variables are independent, we can analyze them separately, which often simplifies

our calculations significantly. For example, if we have multiple independent measurements

of the same quantity, the joint probability of all measurements is simply the product of

the individual probabilities. This property is particularly valuable when dealing with large

datasets, as it allows us to break complex problems into simpler, more manageable pieces.

However, we must be careful not to assume independence without justification—many
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Figure 2.8: Visualization of dependent versus independent variables. Left panels show a case
where the variables x and y are independent — note how the conditional distributions p(y|x)
remain identical regardless of the value of x. This means knowing x provides no information
about y. Right panels show dependent variables where p(y|x) changes with different values
of x, demonstrating that knowledge of x informs our expectations about y. Top panels show
the conditional distributions for two different values of x (solid blue line: x = 1, dashed red
line: x = −1). Bottom panels show the corresponding joint distributions with vertical lines
indicating where the conditional slices were taken.

astronomical properties are correlated in subtle but important ways. For example, in galaxy

surveys, the properties of neighboring galaxies are often correlated due to their shared en-
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vironment and formation history. Understanding when we can and cannot assume indepen-

dence is crucial for proper statistical analysis in astronomy.

These rules—the sum rule, product rule, and concept of independence—will become

essential tools as we develop statistical inference methods for astronomical data analysis. In

the next section, we’ll see how these rules lead directly to one of the most powerful tools in

statistics: Bayes’ theorem.

2.6 Frequentist and Bayesian Approaches

With our probability foundation established, we can now examine two different philo-

sophical approaches to statistical inference: frequentist and Bayesian. Understanding this

distinction is crucial because astronomy’s unique challenges often necessitate a Bayesian per-

spective, and this choice affects how we approach machine learning problems in astronomical

contexts.

The Frequentist Approach At its core, the frequentist approach, as the name suggests,

defines probability through the concept of repeated experiments (hence frequency). Consider

a simple example: determining if a die is fair. A frequentist would roll the die many times

and plot the relative frequency of each outcome. As the number of rolls increases, these

frequencies should converge to 1/6 for each face if the die is fair. This convergence, known

as the law of large numbers, forms the foundation of frequentist probability—given enough

trials, the sample average approaches the true population parameter.

This approach is not just mathematically rigorous; it is also intuitive. In many scien-

tific contexts outside astronomical research, particularly in laboratory physics, we can indeed

repeat experiments many times under controlled conditions. Each trial is independent, and

our statistical uncertainties decrease predictably with the square root of the number of mea-

surements—a direct consequence of the Central Limit Theorem.

One of the clearest demonstrations of the frequentist framework is the confidence

interval. A 95% confidence interval means that if we could repeat our experiment many times,

about 95% of similarly constructed intervals would contain the true parameter value. Notice

how this interpretation relies on the concept of hypothetical repeated experiments—we are

making a statement about the procedure’s long-run behavior, not about our degree of belief

in the parameter value itself.
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However, astronomy often presents unique challenges that strain this frequentist

framework. The main issue is that in many contexts, we simply cannot repeat the ex-

periment. For example, when we try to constrain cosmological parameters like the densities

of dark matter and dark energy, we have only one observable universe. Many astronomical

questions involve unique objects or events—the mass of the Milky Way’s supermassive black

hole, the cause of a particular supernova, or the formation history of our Solar System. In

these cases, the concept of “what would happen if we ran this experiment many times”

becomes philosophical rather than practical.

These challenges do not mean frequentist methods are never useful in astronomy—they

remain valuable tools, particularly when analyzing large surveys where we do have many

similar objects, or when characterizing random measurement uncertainties. However, they

do explain why astronomers often need additional tools beyond the frequentist framework,

particularly when dealing with unique systems or complex systematic uncertainties. This

limitation of frequentist statistics in astronomical contexts leads us naturally to consider

alternative approaches—the Bayesian approach.

The Bayesian Approach

Core Idea Bayesian inference asks a different question: given our current knowledge and

observations, what can we reasonably infer about the underlying physical system and how

should we update these inferences when new data becomes available? Unlike the fre-

quentist approach where there is an inherent asymmetry between observations and the

true model—where we aim to approach such truth with larger samples of repeated experi-

ments—the key insight from Thomas Bayes was to treat both the observations and model

parameters on equal footing. Both are random variables playing similar roles; they are

simply two sides of the same coin.

This treatment of model parameters as uncertain might seem unsettling at first. After

all, in physics and astronomy, we believe there are true underlying physical laws governing

the universe—the true equation of state of dark energy, the true mass of the Milky Way’s

supermassive black hole, or the true mechanism driving galaxy evolution. The Bayesian view

does not deny the existence of these truths. Rather, it acknowledges that our knowledge

of them is inherently uncertain because our observations and theoretical understanding are

always incomplete. When we are limited by finite samples (as with our one observable

universe) or systematic uncertainties, we can never be absolutely certain about our models.
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Our “belief” in our theories should therefore be treated as a random variable it-

self. This probability distribution representing our state of knowledge will become more

sharply peaked as more evidence accumulates, but some uncertainty will always remain.

This captures how science progresses: through continuous refinement and updating of our

understanding rather than achieving absolute certainty.

In a way, this perspective forms the foundation of modern scientific inquiry itself.

Science is not just a collection of facts; it is a process of constantly updating our beliefs

and acknowledging the limitations and uncertainties in our models. This is precisely how

we make progress—by quantifying our uncertainty and understanding how it changes as we

gather new evidence.

Mathematical Formalism The mathematical framework behind Bayes’ theorem is re-

markably simple, emerging naturally from the probability rules we established earlier. At

its core, Bayes’ theorem emerges naturally from the product rule we established earlier. For

two random variables x and y, recall that the product rule gives us two equivalent ways to

write their joint probability:

p(x,y) = p(x|y)p(y) = p(y|x)p(x) (2.21)

This symmetry in the product rule leads directly to Bayes’ theorem. Since both

expressions equal the joint probability, we can write:

p(x|y)p(y) = p(y|x)p(x) (2.22)

And therefore:

p(x|y) = p(y|x)p(x)
p(y)

(2.23)

The beauty of this result lies in its generality—since both x and y are treated as

random variables, neither plays a privileged role. This symmetry allows us to reverse the

direction of conditioning, a capability that proves invaluable in data analysis. To see why, we

apply this to astronomical research by denoting our observational data as D and our model

parameters as θ. Despite the simple formula, both can be remarkably complex—D might

contain millions of data points from a large survey, while θ might encompass hundreds of
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parameters describing intricate physical processes. Bayes’ theorem then becomes:

p(θ|D) = p(D|θ)p(θ)
p(D) (2.24)

While this equation might appear to be just algebraic manipulation, its implications

run deep. Each term has a specific interpretation in scientific inference:

1. p(θ|D) is the posterior distribution: This represents our updated knowledge about

the model parameters after seeing the data. It tells us which combinations of param-

eters are most likely to explain our observations. The posterior distribution does not

just give us the best-fit parameters—it provides a complete picture of our uncertainty

about them.

2. p(D|θ) is the likelihood function: This quantifies how well our model explains the

observed data. For any specific choice of model parameters, how likely are we to

observe the actual data we measured? The likelihood function is our mathematical

bridge between model predictions and reality.

3. p(θ) is our prior distribution: This encodes what we know about the model parame-

ters before considering the data. This might include knowledge that certain parameter

values are physically unreasonable, or that we expect parameters to fall within certain

ranges based on previous studies. The prior allows us to formally incorporate existing

scientific knowledge.

4. p(D) is the evidence: This represents the total probability of observing our data

under all possible parameter values. While crucial for model comparison, it acts as a

normalization constant when we are focused on parameter estimation.

While we will return to discuss the evidence term p(D) when exploring information

criteria and model selection, since this term does not depend on θ, it acts as a constant in

parameter estimation. Therefore, throughout this course and in many practical applications,

we often work with the proportional form:

p(θ|D) ∝ p(D|θ)p(θ) (2.25)

To understand how this framework guides scientific inference, imagine we propose

a particular set of model parameters θ. We can ask: how likely are we to observe our
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actual data D if these were the true parameter values? Models that maximize p(D|θ) (high
likelihood) become more probable in our posterior distribution p(θ|D). This mirrors how we

evaluate scientific theories more broadly—like understanding that Earth is round because

this model better explains observations of ships disappearing hull-first over the horizon or

the circular shadow during lunar eclipses.

The Bayesian approach offers several advantages for astronomical inference:

• It provides a complete characterization of parameter uncertainties through the poste-

rior distribution, not just point estimates.

• It naturally incorporates prior knowledge from previous studies or physical constraints.

• It applies consistently regardless of sample size—we can make inferences from a single

observation or millions of data points using the same framework.

• It offers a natural way to compare different models through the evidence term p(D).

• It allows for hierarchical modeling, where parameters themselves might depend on

higher-level parameters.

These advantages make Bayesian inference particularly well-suited to the challenges

of astronomical data analysis, where we often have limited observations of unique phenomena

and need to incorporate theoretical constraints with empirical evidence.

2.7 Bayesian Inference in Practice

One of the powerful implications of treating model parameters as random variables is

that Bayesian inference can handle scenarios with limited data—even a single observation.

This capability is particularly valuable in astronomy where, as we discussed earlier, many

phenomena cannot be repeatedly observed under controlled conditions. We explore this

through two concrete examples that will bridge our understanding between the theoretical

framework and practical applications.

2.7.1 Inference with One Data Point

The Die Example Consider four competing models for a die’s behavior, which we call

Fair, Bad, Worse, and Worst. Each model makes specific predictions about the probability

of each outcome:
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Outcome Fair Bad Worse Worst
6 1/6 1/8 1/12 1/20
5 1/6 1/8 1/12 1/20
4 1/6 1/6 1/8 1/10
3 1/6 1/6 1/6 1/8
2 1/6 5/24 1/4 1/5
1 1/6 5/24 1/3 1/2

Table 2.1: Probability distributions for different die models. Each column represents a
different hypothesis about the die’s behavior, with Fair representing an unbiased die and
successive models showing increasing bias toward lower numbers.

Under the Fair model, each outcome has equal probability (p(D = i|θ = Fair) = 1
6
for

all i). The Bad model shows slight bias toward lower numbers, while the Worse and Worst

models show progressively stronger bias. Note that for each model θ, the probabilities p(D|θ)
must sum to one—this is reflected in how each column in our table sums to unity, ensuring

proper normalization of the probability distribution.

Now, imagine we roll the die exactly once and observe a 6. A frequentist approach

would struggle with a single data point. However, Bayesian inference provides a natural

framework for updating our beliefs. If we begin with equal prior probabilities for each model

(p(θ = Fair) = p(θ = Bad) = p(θ = Worse) = p(θ = Worst) = 1
4
), Bayes’ theorem gives us:

p(θ|{6}) ∝ p({6}|θ)p(θ) (2.26)

Since we have equal priors p(θ) = constant, our posterior belief p(θ|D = {6}) is

proportional to the likelihood p(D = {6}|θ). This likelihood can be read directly from

the first row of our table, as it represents the probability of rolling a 6 under each model.

The evidence term p(D) in Bayes’ theorem, while not affecting our relative beliefs about

different models, serves as a proper normalization constant. In other words, while each

column (representing p(D|θ) for fixed θ) must sum to one, this constraint does not apply to

rows. Therefore, to obtain proper posterior probabilities, we must normalize our likelihoods

by dividing by their sum across all models.

For our single roll of 6, the likelihoods are:

• Fair: 1/6 = 0.167

• Bad: 1/8 = 0.125



48 Statistical Machine Learning for Astronomy — Y.-S. Ting

• Worse: 1/12 = 0.083

• Worst: 1/20 = 0.050

The sum of these likelihoods is 0.425, so our posterior probabilities are:

• p(Fair|{6}) = 0.167/0.425 = 0.393

• p(Bad|{6}) = 0.125/0.425 = 0.294

• p(Worse|{6}) = 0.083/0.425 = 0.195

• p(Worst|{6}) = 0.050/0.425 = 0.118

Notice how our beliefs have shifted: we started with equal probability (0.25) for each

model, but after observing a single 6, we now favor the Fair model (0.393) and consider

the Worst model least likely (0.118). This makes intuitive sense—observing a 6 is most

consistent with the Fair model and least consistent with the Worst model, which heavily

favors lower numbers.

If we now observe two more outcomes, say 1 and 4, our likelihood becomes p({6, 1, 4}|θ).
Since die rolls are independent events (by the definition of independence we discussed earlier),

this joint likelihood naturally factorizes:

p({6, 1, 4}|θ) = p({6}|θ)p({1}|θ)p({4}|θ) (2.27)

Calculating this product for each model:

• Fair: 1
6
× 1

6
× 1

6
= 1

216
≈ 0.0046

• Bad: 1
8
× 5

24
× 1

6
≈ 0.0043

• Worse: 1
12
× 1

3
× 1

8
≈ 0.0035

• Worst: 1
20
× 1

2
× 1

10
= 1

400
= 0.0025

Normalizing these values, our updated posterior probabilities become:

• p(Fair|{6, 1, 4}) ≈ 0.31

• p(Bad|{6, 1, 4}) ≈ 0.29
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• p(Worse|{6, 1, 4}) ≈ 0.23

• p(Worst|{6, 1, 4}) ≈ 0.17

The results are now more balanced between the models. While the Fair model still

has the highest probability, the difference between models has decreased. This makes sense

because we observed a mixture of high (6) and low (1) values, which is somewhat consistent

with all the models.

This example illustrates a key strength of Bayesian inference: as long as we can specify

the probability of observations under different models (the likelihood), we can update our

beliefs even with minimal data. The approach handles any amount of data naturally—from

a single observation to thousands of data points—through the same consistent framework.

Fitting a Gaussian with One Data Point The same principle of performing inference

with limited data extends to continuous parameters in astronomy. Consider measuring

some astronomical quantity that we believe follows a Gaussian distribution with known

standard deviation σ but unknown mean µ. In the frequentist approach, we would take

many measurements and use their average as our best estimate. But what if we only have

one or two measurements? This is where Bayesian inference becomes particularly valuable.

In this scenario, our model parameter is the unknown mean µ. For simplicity, we’ll

fix σ = 1, giving us a standardized Gaussian. Suppose we make a single measurement x = 6.

Just as with our die example, we can apply Bayes’ theorem:

p(µ|D = {6}) ∝ p(D = {6}|µ)p(µ) (2.28)

But instead of having a “look-up” table as we did with the die, the likelihood function

p(D = {6}|µ) in this case is:

p(x = 6|µ) = 1√
2πσ2

exp

(
−(6− µ)2

2σ2

)
(2.29)

That is, if we were to “propose” a value for µ, the probability of observing the value

6 would be the evaluation of the Gaussian PDF with this µ at x = 6, following directly from

the definition of probability density functions.

In the first figure, we see how different proposed values of µ lead to different prob-
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Figure 2.9: Top panel: Likelihood functions p(x|µ) for different proposed values of µ. When
µ = 2 (red curve), the probability of measuring x = 6 is very low. When µ = 5 (green
curve), this probability is much higher. Bottom panel: The likelihood p({6}|µ) as a function
of µ, showing how likely each proposed mean value is given our single observation. This
likelihood is proportional to our posterior distribution (assuming an uninformative prior).
The maximum occurs at µ = 6, which makes intuitive sense—with a single measurement and
no informative prior, our best estimate for the mean would be exactly what we measured.

abilities of observing our measurement x = 6. When µ = 2, the probability of measuring

x = 6 is very low, as shown by the small value of the red curve at x = 6. When µ = 5, the

probability is much higher, as shown by the larger value of the green curve at x = 6.

The bottom panel shows the likelihood for each proposed value of µ, given our single

observation. This is proportional to our posterior distribution (before considering the prior

or assuming an uninformative prior). The maximum likelihood estimate occurs at µ = 6,
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which makes intuitive sense—with a single measurement and no informative prior, our best

estimate for the mean would be exactly what we measured.

We purposely fixed σ here because, given a single data point, the maximum likelihood

estimate for σ would tend toward zero—essentially trying to create an infinitely narrow

Gaussian centered at 6 (unless we assume a reasonable prior that prevents this degenerate

solution).

The scenario becomes more interesting with multiple measurements. Suppose we

make a second measurement x = 4. Because our measurements are independent (assuming

uncorrelated measurement errors), we can multiply the individual likelihoods:

p(x1, x2|µ) = p(x1|µ)p(x2|µ) (2.30)

The second figure shows the individual likelihood functions for different values of

µ, with vertical lines marking our two observations. The bottom panel shows the joint

likelihood—the probability of observing both measurements for each proposed value of µ.

Notice how the maximum likelihood estimate has shifted to µ = 5, the average of our

two measurements. This illustrates a key principle: as we gather more data, our posterior

distribution must account for all available information while becoming more concentrated,

reflecting our increasing certainty about the parameter we are trying to estimate.

If we were to add a third measurement, say x = 5, our likelihood would become:

p(x1, x2, x3|µ) = p(x1|µ)p(x2|µ)p(x3|µ) (2.31)

The maximum likelihood estimate would now be µ = 5, the average of our three

measurements (4, 5, and 6). More importantly, the likelihood curve would become narrower,

indicating increased confidence in our estimate. This narrowing reflects the principle that

uncertainty decreases as we collect more data—a property that emerges naturally from the

Bayesian framework.

Implications for Scientific Inference The examples above illustrate several implications

of the Bayesian approach for scientific reasoning. First and foremost, by treating model pa-

rameters as random variables, Bayesian inference allows us to handle any amount of data

(evidence), regardless of whether we can repeat the experiment—a capability that is partic-

ularly valuable in astronomy. While the examples we’ve explored are deliberately simple,
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Figure 2.10: Top panel: Individual likelihood functions for different values of µ, with vertical
lines marking our two observations at x = 4 and x = 6. Bottom panel: The joint likelihood—
showing how the probability of observing both measurements varies with µ. The maximum
likelihood estimate occurs at µ = 5, the average of our two measurements.

the same principles apply to complex models with many parameters, where the posterior

distribution becomes a high-dimensional probability distribution over parameter space.

In the die example, we saw how Bayesian inference allows us to rationally update our

beliefs about different models as we gather more evidence. Even with a single data point,

we could quantify the relative plausibility of each model. With the Gaussian example, we

saw how our uncertainty about the mean parameter decreases as we gather more measure-

ments—a natural consequence of the likelihood function becoming more concentrated.
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A key advantage of the Bayesian approach is its ability to incorporate prior knowl-

edge. While we used uninformative priors in our examples, we could have specified more

informative priors based on previous studies or theoretical constraints. For instance, if previ-

ous surveys suggested that our Gaussian mean should be close to 3, we might use a prior like

p(µ) = N (µ|3, 1). This would pull our posterior toward 3, especially when we have limited

data. As we gather more data, the likelihood would typically dominate the prior, reducing

its influence on our final conclusions.

The requirement to specify priors—while sometimes viewed as a limitation—can ac-

tually be seen as a strength. The interplay between prior knowledge p(θ) and new evidence

p(D|θ) is particularly relevant for extraordinary claims in science. As Carl Sagan famously

noted, “extraordinary claims require extraordinary evidence.” In Bayesian terms, this means

that overcoming a strong skeptical prior (like our prior against the existence of faster-than-

light travel) requires correspondingly strong evidence in the likelihood term p(D|θ). This

formalism thus captures both the open-mindedness and skepticism essential to scientific in-

quiry.

The examples we have explored—both the die and the Gaussian—represent deliber-

ately simple cases to illustrate the core principles of Bayesian inference. Throughout this

textbook, we will see how this mathematical framework provides the foundation for more

sophisticated machine learning methods in astronomical data analysis. However, the logic

of updating our beliefs about model parameters based on observed data remains analogous

to what we have seen here. Despite their simplicity, these examples deserve careful consid-

eration as they embody the core principles that will guide our exploration of more complex

methods.

2.8 Summary

This chapter has established the probability theory framework that underlies the

Bayesian approach to inference—a foundation that will support all machine learning tech-

niques we explore throughout this textbook.

We began by distinguishing between deterministic and random variables, emphasizing

the key Bayesian insight that treating model parameters as random variables provides a

principled way to handle uncertainty in scientific inference. While model parameters like a

galaxy’s mass or a star’s temperature may have true, definite values in reality, our knowledge

of these values is inherently uncertain. The probability distributions we assign to parameters
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represent our state of knowledge, not any inherent randomness in the parameters themselves.

We examined three probability distributions that appear frequently in astronomical

applications. The Gaussian distribution emerges when only mean and variance are known,

naturally arising from the Central Limit Theorem when many small, independent effects

combine. The Poisson distribution describes counting processes with independent events oc-

curring at constant average rates, crucial for modeling photon detection and galaxy counts.

Power law distributions appear in scale-invariant processes, exemplified by the stellar Initial

Mass Function where the same physical mechanisms operate across many orders of magni-

tude.

The concepts of joint and conditional probability provide the mathematical foun-

dation for connecting observations with physical models in Bayesian inference. The sum

rule enables us to obtain marginal distributions by integrating over unwanted variables—a

process essential for analyzing high-dimensional posterior distributions. The product rule

reveals the relationship between joint and conditional probabilities and leads directly to

Bayes’ theorem. The concept of independence, where knowledge of one variable provides no

information about another, helps simplify calculations when applicable but must be applied

carefully in astronomical contexts where many properties are subtly correlated.

We contrasted frequentist and Bayesian approaches to probability and inference. The

frequentist approach defines probability through repeated experiments and relies on the law

of large numbers, providing powerful tools when experiments can be replicated under con-

trolled conditions. However, astronomy presents unique challenges where many phenomena

cannot be repeated—we have only one observable universe for cosmological studies, and

many astronomical objects and events are inherently unique.

The Bayesian approach addresses these limitations by treating both observations and

model parameters as random variables. Bayes’ theorem, emerging naturally from the product

rule, provides a framework for updating our beliefs about model parameters as new evidence

becomes available. The posterior distribution represents our updated knowledge, computed

from the likelihood (how well our model explains the data) and our prior beliefs. This

approach quantifies how extraordinary claims require extraordinary evidence through the

interplay between priors and likelihood.

Through concrete examples—from discrete die models to continuous Gaussian param-

eter estimation—we demonstrated that Bayesian inference can handle any amount of data,

even single observations. The posterior distribution provides a complete characterization of
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our uncertainty, becoming more concentrated as we gather more evidence. While the re-

quirement to specify priors might seem like a limitation, it actually makes our assumptions

explicit and provides a principled way to incorporate existing scientific knowledge.

The probabilistic framework we have developed serves as the foundation for all ma-

chine learning methods we will explore in subsequent chapters. In Chapter 3, we will build on

these concepts by exploring summary statistics as practical tools for characterizing probabil-

ity distributions. These summary statistics will prove crucial for understanding how uncer-

tainty propagates through calculations—a key consideration for Bayesian machine learning

applications.

As we progress through later chapters on linear regression, classification, cluster-

ing, and more advanced techniques, we will see how each method implements the central

Bayesian principle of updating our beliefs about model parameters based on observed data.

The treatment of parameters as random variables—established in this chapter—will remain

the unifying thread throughout our exploration of machine learning for astronomical data

analysis.

Further Readings: The development of Bayesian inference has evolved through centuries

of mathematical and philosophical contributions, with foundational early work including

Bayes’ posthumous essay Bayes [1763] on inverse probability. For readers interested in the-

oretical foundations, Jaynes [2003] presents an influential perspective on probability theory

as an extension of logic, exploring connections between Bayesian methods and scientific rea-

soning. Box and Tiao [1973] offered systematic treatment of applied Bayesian methods,

while Gelman et al. [2013] serves as a modern reference connecting theory with practice

through examples and computational techniques. The field has seen particular development

in astronomical applications: Loredo [1992] helped establish Bayesian methods in modern

astronomy through practical demonstrations including supernova analysis, while Gregory

[2005] focuses on astronomical applications, comparing frequentist and Bayesian approaches

with field-specific examples. For accessible introductions to the subject, Sivia and Skilling

[2006] provide a tutorial approach with physical science examples. Trotta [2008] reviews

the adoption of Bayesian methods in cosmology, synthesizing theoretical and practical de-

velopments across the field. More recent contributions include Eadie et al. on practical

implementation aspects in astronomy, and Thrane and Talbot [2019] on Bayesian meth-

ods in gravitational-wave astronomy, covering parameter estimation, model selection, and

hierarchical models.
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Chapter 3

Statistical Foundations and Summary

Statistics

In our previous chapter, we explored the concepts of random variables and probabil-

ity distributions, establishing a mathematical framework for handling uncertainty in data

analysis. We examined how treating both our observations and model parameters as ran-

dom variables naturally leads to Bayesian inference—an approach that has become central

to modern research.

However, we left a critical question unanswered: how do we extract meaningful in-

formation from probability distributions in practice? The machine learning methods we’ll

explore in subsequent chapters—from linear regression to Bayesian inference—all depend on

our ability to characterize and manipulate probability distributions using finite datasets.

This foundation requires us to address a challenge that directly impacts every ma-

chine learning algorithm: how do we reliably extract distributional information from finite,

noisy data? Our observations are always limited and uncertain, which means our models

and inferences must also carry uncertainty. We never observe the probability distributions

we want to characterize—only finite samples drawn from them. When studying any astro-

nomical population, we don’t see the theoretical distribution directly, but rather a limited

collection of measurements with their own uncertainties.

This sampling limitation becomes particularly acute when we consider the specific

demands of machine learning methods. For example, linear regression, which we’ll explore in

Chapter 4, requires us to estimate means, variances, and covariances from data to determine

57



58 Statistical Machine Learning for Astronomy — Y.-S. Ting

optimal model parameters and quantify their uncertainties. When we fit a relationship

like the M-σ relation between black hole mass and stellar velocity dispersion, we need to

characterize not just the best-fit line, but also our confidence in that fit and our ability to

make predictions for new observations.

Bayesian inference, which we’ll develop in Chapter 5, further demands that we charac-

terize not just point estimates but complete probability distributions over parameters. This

requires robust methods for uncertainty quantification that can distinguish between mea-

surement noise (irreducible randomness in our data) and genuine model uncertainty (our

incomplete knowledge of parameters)—a distinction crucial for scientific interpretation and

model comparison.

The solution lies in summary statistics—mathematical tools that capture essential

characteristics of probability distributions while being reliably estimable from finite sam-

ples. Rather than attempting to reconstruct full distributions (often impossible with limited

data), we focus on key features that contain the information needed for machine learning:

expectations that reveal central tendencies and enable parameter estimation, variances that

quantify scatter and measurement precision, and covariances that capture relationships be-

tween different observed quantities.

This requires developing a precise mathematical language for discussing these con-

cepts. This chapter develops these statistical foundations systematically, beginning with

the expectation operator and moments of distributions. We show how the first moment

(expectation) captures central tendencies while higher moments reveal increasingly detailed

information about distribution shapes. We then explore how these statistics behave under

mathematical transformations, developing the machinery needed for error propagation and

uncertainty quantification that will prove essential for linear regression parameter estimation

and prediction uncertainties.

The framework culminates in understanding how uncertainties combine when we per-

form common analytical operations: averaging multiple measurements, combining different

datasets, and propagating uncertainties through calculations. Every concept we develop here

directly enables the machine learning applications in subsequent chapters. The expectation

and variance we study become the mathematical foundation for understanding how linear

regression minimizes prediction errors through least-squares optimization. The covariance

structures we explore reveal how different measured quantities relate to each other, enabling

us to build predictive models and understand their limitations.
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3.1 Moments of Distributions

To characterize probability distributions for machine learning applications, we need

mathematical tools that capture essential distributional properties. Among the various ap-

proaches available, moments of a distribution provide a systematic framework that directly

supports the parameter estimation and uncertainty quantification needed for machine learn-

ing algorithms.

For a random variable X with probability distribution p(x), we define the kth moment

as:

Discrete case: µk =
∑

x

xkp(x), (3.1)

Continuous case: µk =

∫
xkp(x)dx. (3.2)

These expressions are often written in a more compact notation using the expectation

operator:

µk = E[xk], (3.3)

where E[·] denotes the expectation (or average) of a quantity weighted by its probability

distribution. This notation represents averaging over the probability distribution of a random

variable and will be central to the mathematical framework we develop throughout this

chapter.

For discrete variables, we sum over the finite or countably infinite possible values,

with p(x) representing the probability mass function. For continuous variables, we integrate

over the continuous range of possible values, with p(x) representing the probability density

function. This distinction is necessary because continuous variables have zero probability of

taking any exact value—we must instead consider probability densities over intervals.

The key intuition behind moments lies in their ability to characterize different as-

pects of a distribution’s shape. Each moment µk weights the distribution by increasingly

higher powers of x (xk), with each successive moment emphasizing different features of the

distribution.
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Figure 3.1: Visualization of how different moments weight a probability distribution. Top
panel: The black curve shows a normalized probability distribution p(x), while the colored
curves show xkp(x) for different values of k. As k increases, the peaks of xkp(x) shift toward
larger values of x, demonstrating how higher moments become increasingly sensitive to the
tails of the distribution. Bottom panel: The relative contribution of different powers of x
(xk) to each moment, showing how higher moments (k > 1) give progressively more weight
to larger values. This illustrates why higher moments are particularly sensitive to extreme
values in a distribution—a feature especially relevant in astronomy where rare, extreme
objects often carry important physical information.

The first moment (k = 1) is the mean or expected value:

µ1 = E[x] =
∫
xp(x)dx. (3.4)

This gives us the distribution’s center or typical value, which becomes the basis for parameter

estimation in linear regression. To understand why, recall that p(x) represents the probability

density—it tells us how likely we are to observe each value x. When we multiply x by p(x)
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and integrate, we are effectively taking a probability-weighted average of all possible values.

This weighting by probability is what makes the first moment a meaningful measure of the

distribution’s central tendency.

The second moment (k = 2) measures the mean squared value:

µ2 = E[x2] =
∫
x2p(x)dx. (3.5)

When combined with the first moment, this enables us to calculate variance—the key quan-

tity for uncertainty quantification in machine learning. When the mean is zero, squaring

makes both positive and negative deviations from zero contribute positively to the sum, giv-

ing us a measure of spread that directly relates to the precision of our parameter estimates.

Higher moments (k > 2) become increasingly sensitive to the “tails” of the distri-

bution—the regions far from the center where extreme values occur. This sensitivity arises

because, as shown in Figure 3.1, raising values to higher powers (k) amplifies large values

much more dramatically than small ones. For instance, if a value is twice the typical scale, its

contribution to the kth moment is 2k times larger—with k = 3 it contributes 8 times more,

with k = 4 it contributes 16 times more, and so on. This exponential amplification means

that even if extreme values are rare, they can dominate the higher moments, making these

statistics particularly useful for studying rare events in astronomy and for understanding the

robustness of our machine learning models to outliers.

In subsequent sections, we will explore how these moments transform under various

operations, how they relate to marginal and conditional distributions, and eventually how

we can estimate them from observed data. These concepts will provide the foundation for

the machine learning methods we’ll develop in later chapters, where moments play a crucial

role in parameter estimation, uncertainty quantification, and model evaluation.

3.2 Transformation of Random Variables

In our discussion of moments above, we implicitly used what is known as the transfor-

mation of random variables. In particular, when computing the kth moment, we transformed

the random variable through x→ xk. This seemingly simple operation requires careful con-

sideration that directly impacts how we handle data preprocessing and feature engineering

in machine learning applications.
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As we established in Chapter 2, x represents an outcome of the random variable

X, not merely a deterministic variable. Therefore, xk naturally represents outcomes of a

new random variable Xk. When we apply any function to a random variable, the result

is itself a random variable with its own probability distribution. This follows from a basic

property: if a quantity has inherent variability, any function of that quantity must also

exhibit variability. This understanding becomes critical when we preprocess data for machine

learning—transformations like taking logarithms, computing ratios, or standardizing features

all create new random variables whose statistical properties need to be understood.

In astronomy and data analysis, we frequently need to transform random variables

— whether converting between different units (like parsecs to light-years), applying calibra-

tion corrections, or computing derived quantities (like absolute magnitude from apparent

magnitude and distance). To formalize how these transformations affect probability distri-

butions, consider a random variable X with probability density function pX(x). When we

apply a function g to create a new variable Y = g(X), we obtain a new random variable Y

with its own probability density function pY (y). The central question becomes: given the

original probability density pX(x) and transformation function g, how do we determine the

transformed probability density pY (y)?

Let’s start with the simplest case relevant to data preprocessing: linear transforma-

tions. For a linear transformation of the form:

Y = aX + b, (3.6)

where a and b are constants, the relationship between the probability densities is:

pY (y) = pX

(
y − b
a

)
1

|a| . (3.7)

The factor 1/|a| appears due to the requirement of probability conservation—a prin-

ciple that becomes crucial when we standardize or rescale features for machine learning

algorithms. Recall that a probability density function represents the chance of an outcome

materializing per “unit” of the outcome space. As illustrated in Figure 3.2, when we stretch

the distribution by a factor a (e.g., a = 2 in the figure), the concept of per “unit” outcome

itself changes accordingly. When we scale a variable by a factor a, the probability density

must correspondingly scale by 1/|a| to maintain this conservation—intuitively, as the units

are now a times larger, the probability density per unit must decrease by 1/|a| to ensure the
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Figure 3.2: Visualization of how probability distributions transform under linear transfor-
mations. Top panel: The blue curve shows the original probability distribution pX(x) and
the green curve shows the transformed distribution pY (y) under the linear transformation
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ity. This visualization demonstrates why the Jacobian factor |dx/dy| appears in probability
transformation formulas.

total probability still integrates to one. This scaling factor representing the change in “unit

area” is known as the Jacobian determinant, which appears generally when transforming
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between different variables to ensure proper probability conservation.

For a general transformation Y = g(X), where g is a differentiable and monotonic

function (either strictly increasing or strictly decreasing), the probability density transforms

as:

pY (y) = pX(x)

∣∣∣∣
dx

dy

∣∣∣∣ = pX(g
−1(y))

∣∣∣∣
d

dy
g−1(y)

∣∣∣∣ . (3.8)

The term |dx/dy| is called the Jacobian of the transformation. It accounts for how

the transformation stretches or compresses intervals of the random variable, ensuring that

probability is conserved. The absolute value ensures that the probability density remains

non-negative even when the transformation reverses the orientation (i.e., when g is decreas-

ing). Since probability conservation only needs to be maintained locally at each point, the

change of measure through the Jacobian is always well-defined locally, even if the global

transformation is complex. This local nature allows us to express the change in measure

through calculus as the derivative |dx/dy|, which captures how infinitesimal intervals are

stretched or compressed at each point.

For multivariate transformations, where we transform multiple random variables si-

multaneously, the Jacobian becomes a matrix determinant. If we have a vector of random

variables X = (X1, ..., Xn)
T transforming to Y = g(X), then:

pY (y) = pX(g
−1(y))

∣∣∣∣det
(
∂g−1

∂y

)∣∣∣∣ . (3.9)

This multivariate case is particularly relevant for machine learning applications when

transforming between different coordinate systems (like equatorial to galactic coordinates)

or when dealing with derived astronomical quantities that depend on multiple observables.

These transformations become critical when we preprocess multivariate data for linear regres-

sion, as the choice of coordinate system can significantly impact the linearity of relationships

and the performance of our models.

Another important class of transformations involves combinations of multiple random

variables, such as their sum. When we combine random variables, we are effectively creating

a new random variable whose outcomes depend on multiple random events. For instance, if

we have two random variables X and Y , their sum Z = X + Y represents a new random

variable whose probability distribution depends on both the individual distributions of X

and Y and their relationship to each other. This type of transformation becomes particularly
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relevant in linear regression when we model a response variable as a linear combination of

predictors.

In subsequent sections, we will further develop these concepts to understand how

transformations affect the moments of distributions and how they apply to common opera-

tions in data analysis and machine learning. This framework will provide the foundation for

understanding error propagation, uncertainty quantification, and the effects of data prepro-

cessing on model performance.

3.3 Expectation

In our discussion of moments, we introduced the first moment as the mean or expected

value of a random variable. This concept is so fundamental to probability theory and machine

learning that it deserves deeper exploration. The first moment, which we now refer to more

generally as expectation, involves both a weighting process where each possible outcome

is weighted by its probability, and in the case of higher moments, a transformation of the

random variable (X → Xk).

This operation of taking a probability-weighted average is central to machine learn-

ing—from parameter estimation to loss function optimization—which is why we give it spe-

cial notation and terminology. We denote the expectation of a random variable X as E[X],

defined as:

Discrete case: E[X] =
∑

x

x pX(x), (3.10)

Continuous case: E[X] =

∫
x pX(x) dx. (3.11)

The argument inside E[·] represents the random variable whose expectation we are

computing. This notation becomes particularly important in machine learning contexts

where we need to distinguish between different types of averages. For instance, in linear

regression, we’ll encounter the expectation over data points, the expectation over noise re-

alizations, and the expectation over parameter distributions—each serving different roles in

model fitting and uncertainty quantification.

We note however that the name “expectation” might suggest what we expect to mea-

sure, but this can sometimes be misleading. For example, consider the Initial Mass Function
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(IMF) for stars. While E[M ] gives us the average stellar mass, most stars actually have

masses below this value. This occurs because stellar masses follow a power law that spans

several orders of magnitude—from brown dwarfs at about 0.08 solar masses to massive stars

exceeding 100 solar masses. The power-law nature of the IMF means we find exponentially

more low-mass stars than high-mass stars, but the few high-mass stars pull the average up.

For instance, with a Salpeter IMF (p(M) ∝ M−2.35), we might find thousands of 0.5 solar

mass stars for every 50 solar mass star, yet these rare massive stars contribute substantially

to the average mass due to their high values.

Having established the foundation of expectation, we now explore how it behaves

under the transformations of random variables we discussed in the previous section. These

properties, expressed in the compact formalism of expectation values, will prove invaluable

for understanding how preprocessing steps affect our machine learning models and for prop-

agating uncertainties through complex calculations.

When working with transformations of random variables, it’s important to understand

how expectations behave. For a transformation Y = g(X), we can compute its expectation

in two equivalent ways:

1. Using the original variable X and its distribution:

E[g(X)] =

∫
g(x) pX(x) dx. (3.12)

2. Using the transformed variable Y and its distribution:

E[Y ] =

∫
y pY (y) dy =

∫
g(x) pX(x) dx. (3.13)

These expressions are equivalent when we properly account for the transformation

of probability densities using pY (y) = pX(g
−1(y))|dg−1/dy|. This equivalence is particularly

useful in machine learning applications where we might transform features before fitting

models—we can compute expected values using either the original or transformed represen-

tations, provided we handle the probability transformations correctly.

This equivalence explains why we can write our definition of moments either way:

µk = E[Xk] = E[Y ] where Y = Xk. (3.14)
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Let’s explore some key properties of expectation that are crucial for machine learning

applications. For any constants a and b, expectation exhibits linearity:

E[aX + b] = aE[X] + b. (3.15)

This property is intuitively clear if we think about what scaling and shifting do to

a distribution’s center, as illustrated in Figure 3.3. When we multiply a random variable

by a, we stretch (or compress) all values by that factor, so the center must also stretch by

a. Similarly, when we add b, we shift all values by that amount, so the center must shift

by b as well. This intuition holds regardless of the distribution’s shape—the expectation al-

ways transforms linearly because it represents the distribution’s center of mass. In machine

learning contexts, this linearity property is crucial for understanding how data preprocess-

ing affects model parameters. When we standardize features by subtracting the mean and

dividing by the standard deviation, the linearity of expectation tells us exactly how the

transformed features will behave.

Formally, we can prove this using the definition of expectation:

E[aX + b] =

∫
(ax+ b)p(x)dx (3.16)

= a

∫
xp(x)dx+ b

∫
p(x)dx (3.17)

= aE[X] + b, (3.18)

where we’ve used the fact that
∫
p(x)dx = 1 for any probability distribution.

For any two random variables X and Y , expectation is additive:

EX,Y [X + Y ] = EX [X] + EY [Y ]. (3.19)

This property tells us that the expectation of a sum is the sum of the expectations,

regardless of whether X and Y are independent—a fact that becomes crucial in linear re-

gression where we model the response as a sum of contributions from different predictors.
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Figure 3.3: Visualization of expectation’s linearity property using a bivariate Gaussian dis-
tribution. Left panel: Original distribution with expectation E[X] marked by the red cross.
Right panel: The transformed distribution under Y = 2X +1, showing how the expectation
transforms linearly: E[Y ] = 2E[X] + 1. The contours represent probability density levels,
demonstrating how the entire distribution stretches and shifts while maintaining its shape.
The red dashed lines highlight how the center (expectation) transforms according to the
same linear rule, regardless of the distribution’s specific shape or spread.

This property simply follows from:

EX,Y [X + Y ] =

∫∫
(x+ y)p(x, y)dxdy (3.20)

=

∫∫
xp(x, y)dxdy +

∫∫
yp(x, y)dxdy (3.21)

=

∫
x

(∫
p(x, y)dy

)
dx+

∫
y

(∫
p(x, y)dx

)
dy (3.22)

=

∫
xp(x)dx+

∫
yp(y)dy (3.23)

= EX [X] + EY [Y ], (3.24)

where we’ve used the fact that integrating the joint distribution p(x, y) over one variable

gives us the marginal distribution of the other. For example, if we measure the total light

from two stars, the average total luminosity is simply the sum of their average individual

luminosities, where each average is taken over all possible values of that star’s luminosity.

Having explored expectation in the univariate and bivariate cases, we now extend
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Figure 3.4: Visualization of expectation’s additivity property using bivariate Gaussian dis-
tributions. Left panel: Original distributions of random variables X (blue contours) and Y
(green contours) with their respective expectations E[X] and E[Y ] marked by colored crosses.
The contours represent probability density levels of each distribution, and the dashed lines
mark the coordinate positions of the expectations. Right panel: The distribution of the sum
Z = X + Y (purple contours) with its expectation E[Z] = E[X + Y ] marked by the red
cross. The figure demonstrates that E[X + Y ] = E[X] + E[Y ], showing how expectations
add component-wise regardless of the correlation structure in the original distributions.

these concepts to the multivariate setting that characterizes most machine learning applica-

tions. When dealing with multiple random variables simultaneously, we can represent them

as a random vector X = (X1, . . . , Xn)
T . The expectation of this random vector, denoted

E[X], is defined as the vector containing the expectations of each individual component:

E[X] ≡




E[X1]
...

E[Xn]


 . (3.25)

When we apply a linear transformation A, which is an m× n matrix, to our random

vector X, we get a new random vector Y = AX + b of dimension m. By expanding the
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matrix multiplication and using the linearity of expectation, we can see that:

Yi =
n∑

j=1

AijXj + bi, (3.26)

E[Yi] =
n∑

j=1

AijE[Xj] + bi. (3.27)

And hence, in the multivariate case:

E[Y] = AE[X] + b, (3.28)

where A is an m× n transformation matrix and b is an m-dimensional offset vector.

This linearity property extends beyond simple scaling and shifting operations to more

general linear transformations where the components of X can be mixed together through

matrix multiplication. Such transformations effectively rotate our coordinate system or

create new variables that are linear combinations of our original variables—operations that

are at the heart of linear regression and principal component analysis.

3.4 Law of Total Expectation

Having explored how expectation behaves under transformations, we now turn to

another important aspect: how expectation relates to marginal and conditional distributions,

which we introduced in Chapter 2. This relationship helps us understand how to calculate

expectations when we have partial information or when working with hierarchical probability

structures.

For example, suppose we want to estimate a star’s mass, but we can only measure

its luminosity directly. In this case, we want to make the most of our available data by

combining our luminosity measurement with theoretical understanding of how masses tend

to be distributed for stars of a given luminosity. This scenario leads us to a powerful principle

known as the law of total expectation.

When working with multiple variables, we need to be precise about which variables

we’re averaging over. For two random variables X and Y , we can write expectations with
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subscripts to indicate which variables we’re averaging over:

EX,Y [g(X, Y )] =

∫∫
g(x, y) p(x, y) dx dy, (3.29)

EX [g(X, Y )] =

∫
g(x, y) p(x|y) dx, (3.30)

where in the second equation, we’re only averaging over X while treating Y as fixed. This

uses the conditional probability p(x|y) since we’re considering the distribution of X for a

specific value of Y .

The law of total expectation states that we can compute the overall expectation of X

in two equivalent ways:

EX [X] = EY [EX [X|Y ]]. (3.31)

To prove this relationship, let’s write out the right-hand side explicitly:

EY [EX [X|Y ]] =

∫
EX [X|Y = y] p(y) dy (3.32)

=

∫ (∫
x p(x|y) dx

)
p(y) dy (3.33)

=

∫ ∫
x p(x|y) p(y) dx dy (3.34)

=

∫ ∫
x p(x, y) dx dy (3.35)

=

∫
x

(∫
p(x, y) dy

)
dx (3.36)

=

∫
x p(x) dx (3.37)

= EX [X], (3.38)

where we’ve used the product rule that p(x, y) = p(x|y)p(y) and that p(x) =
∫
p(x, y) dy is

the marginal distribution.

This mathematical framework proves particularly valuable when dealing with astro-

nomical observations where direct measurements might be challenging or biased. Consider

the practical problem of estimating the average stellar mass, illustrated in Figure 3.5. The

most straightforward approach would be to directly average all stellar masses:

EM [M ] =

∫
M p(M) dM. (3.39)
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Figure 3.5: Visualization of the law of total expectation using stellar mass-luminosity rela-
tionships. Left panel: Joint distribution of stellar mass and luminosity (in solar units and
log scale), shown as blue contours. The red cross marks the overall expectation E[M ], while
colored circles show conditional expectations E[M |L] at three different luminosities (marked
by dashed lines). Right panel: The conditional expectation E[M |L] as a function of luminos-
ity (blue line), demonstrating how we can estimate stellar masses given their luminosities.
The gray shaded region shows the marginal distribution of luminosity p(L), which accounts
for observational selection effects in magnitude-limited surveys. The red dashed line marks
the overall expectation E[M ], illustrating how integrating E[M |L] weighted by p(L) recovers
the average stellar mass E[M ], even when direct mass measurements are challenging.

However, we rarely know the true distribution p(M) a priori, and it’s particularly

difficult to account for observational effects like selection bias. For instance, in a magnitude-

limited survey, we preferentially observe brighter, typically more massive stars (as shown by

the gray shaded region in the right panel of the figure), making it challenging to directly esti-

mate p(M). The red cross and dashed line in the figure mark this overall expectation EM [M ],

but directly measuring it requires accurately sampling the full mass distribution—something

that’s often impossible due to observational limitations.

A more powerful approach decomposes the problem using conditional expectations,

where we first find the average mass for stars of a specific luminosity, then average over all
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possible luminosities:

EM [M ] = EL[EM [M |L]] =
∫ (∫

M p(M |L) dM
)
p(L) dL. (3.40)

As visualized in the figure, this hierarchical decomposition offers several practical

advantages. For each luminosity value (shown by horizontal dashed lines in the left panel),

we can compute the conditional expectation EM [M |L] (marked by colored circles). The

blue contours show how mass and luminosity are correlated, with the blue line in the right

panel tracing how this conditional expectation varies with luminosity—essentially giving

us a regression function that predicts mass from luminosity. These expectations are then

weighted by the luminosity distribution p(L), shown by the gray shading in the right panel,

which we can measure directly from our magnitude-limited survey.

The power of this approach lies in its ability to handle observational constraints

naturally. The luminosity distribution p(L) can be modeled while explicitly accounting for

the selection effects of our magnitude-limited survey, as luminosity directly relates to our

observational constraints. Meanwhile, the mass distribution at fixed luminosity, p(M |L)
(represented by vertical slices through the contours in the left panel), is well-understood

from stellar evolution theory and typically has much smaller observational biases.

Just as in the univariate case, the law of total expectation extends naturally to mul-

tivariate random variables. For random vectors X and Y:

EX[X] = EY[EX[X|Y]]. (3.41)

This means that for each component of our random vector, we can compute its expec-

tation by first finding its conditional expectation given Y, and then taking the expectation

over all possible values of Y. The proof follows exactly the same steps as in the univariate

case, just with additional integration variables—we exchange the order of multiple integrals

over the components of X and Y using the same chain of probability density relationships.

This principle forms the foundation for calculating predictive distributions in Bayesian

modeling. In Bayesian analysis, model parameters (like regression coefficients) are treated

as random variables with associated uncertainty. When making predictions, we need to

account for this parameter uncertainty. If θ represents our model parameters and y∗ a new
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observation we want to predict, the law of total expectation allows us to write:

E[y∗] = Eθ[E[y∗|θ]] (3.42)

This means we compute the expected prediction for each possible parameter value θ

(the inner expectation), then average these expectations over the posterior distribution of

θ (the outer expectation). This process, known as marginalization, properly incorporates

parameter uncertainty into our predictions.

3.5 Variance, Covariance, and Correlation

We’ve seen that the first moment E[X] characterizes the center of a distribution,

providing a foundation for parameter estimation. However, understanding the center alone

is insufficient for a complete statistical description. We also need to quantify uncertainty and

understand relationships between variables. The second moment E[X2] might seem like a

natural choice for measuring the spread of a distribution, as it gives more weight to values far

from zero. However, there’s a subtle but important issue: E[X2] only meaningfully measures

spread when the distribution is centered at zero. For distributions centered elsewhere, E[X2]

conflates the spread with the location of the center, making it unsuitable for uncertainty

quantification in most practical scenarios.

To isolate the true spread of the distribution, we need to measure deviations from the

distribution’s center (E[X]), not from zero. This leads us to define the variance of a random

variable X, denoted as Var[X] or σ2
X :

Var[X] ≡ E[(X − E[X])2]. (3.43)

Here we first center the distribution by subtracting E[X], then compute the average

squared deviation from this center. This variance becomes the key quantity for understanding

prediction uncertainty and for quantifying the reliability of parameter estimates.

Using the properties of expectation we derived earlier, we can expand this into a

more computationally convenient form. Note that while X is a random variable, E[X] is a
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constant (it’s just a number), so we can use the linearity property of expectation:

Var[X] = E[(X − E[X])2] (3.44)

= E[X2 − 2XE[X] + (E[X])2] (3.45)

= E[X2]− 2E[X]E[X] + E[(E[X])2] (3.46)

= E[X2]− 2(E[X])2 + (E[X])2 (3.47)

= E[X2]− (E[X])2. (3.48)

This algebraic manipulation reveals that we can compute the variance simply by

calculating the first and second moments of the distribution. Rather than directly computing

deviations from the mean, this alternative formulation provides a computationally efficient

way to characterize the spread of our data.

The standard deviation σX is simply defined as the square root of the variance:

σX =
√
Var[X]. (3.49)

We define the standard deviation because it has the same units as the original variable.

For instance, if we measure stellar masses in solar masses (M⊙), the variance will be in

(M⊙)
2 while the standard deviation is in M⊙. This makes the standard deviation more

directly interpretable for uncertainty quantification—when we say the mean stellar mass is

1M⊙ with a standard deviation of 0.5M⊙, we can immediately understand the scale of the

variations.

Having defined variance, we can now examine how it behaves under transformations

of random variables. Let’s begin with linear transformations, where we scale and shift a

random variable. Unlike expectation, which we showed to be a linear operator, variance

exhibits a different scaling behavior. For any constants a and b:

Var[aX + b] = a2Var[X]. (3.50)

We can prove this using the definition of variance and the properties of expectation



76 Statistical Machine Learning for Astronomy — Y.-S. Ting

we derived earlier:

Var[aX + b] = E[(aX + b− E[aX + b])2] (3.51)

= E[(aX + b− (aE[X] + b))2] (using linearity of expectation) (3.52)

= E[(aX − aE[X])2] (3.53)

= E[a2(X − E[X])2] (3.54)

= a2E[(X − E[X])2] (3.55)

= a2Var[X]. (3.56)
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Figure 3.6: Visualization of how variance and standard deviation transform under linear
transformations. Left panel: Original bivariate distribution (blue contours) with its expec-
tation marked by the red cross and variance structure indicated by the red dashed ellipse.
The ellipse represents a constant probability contour of the distribution, with its shape and
orientation determined by the covariance matrix. Right panel: The transformed distribution
(green contours) under Y = 2X+1. While the mean shifts by the same linear transformation
(E[Y ] = 2E[X] + 1), the standard deviation scales linearly (σY = 2σX) while the variance
scales quadratically (Var[Y ] = 4Var[X]), as shown by the enlarged red dashed ellipse.

This result has an intuitive interpretation: when we multiply a random variable by

a, we stretch (or compress) all deviations from the mean by a factor of a. Since variance

measures squared deviations, it scales by a2. Adding a constant b merely shifts the entire

distribution without changing its spread, so it doesn’t affect the variance. This behavior
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is crucial for understanding how data transformations affect statistical analyses—scaling

variables changes the variance of the data, which can impact both interpretation and com-

putational behavior.

Just as we moved from studying single random variables to examining relationships

between variables in our discussion of expectation, we can extend our understanding of

variance to capture how multiple random variables vary together. This leads us to the

concepts of covariance and correlation.

The covariance between two random variables X and Y , denoted as Cov(X, Y ), mea-

sures their joint variability:

Cov(X, Y ) = E[(X − E[X])(Y − E[Y ])]. (3.57)

Looking at this definition, we can understand covariance intuitively: it measures

whether two variables tend to deviate from their means together. When both variables tend

to be simultaneously above or below their means, their deviations multiply to give positive

values, resulting in positive covariance. Conversely, when one variable tends to be above its

mean while the other is below, we get negative products and thus negative covariance. When

there’s no systematic relationship between their deviations, positive and negative products

cancel out, giving us zero covariance.

This covariance can arise in two distinct ways in astronomical measurements. First, it

can reflect inherent physical relationships—for example, more massive stars naturally tend to

be more luminous than average, creating a positive covariance between mass and luminosity.

Second, it can arise from measurement processes—if our instruments have systematic errors

that affect multiple measurements simultaneously, this introduces covariance even when the

underlying quantities might be independent.

Using the properties of expectation we derived earlier, we can show that covariance

has an alternative, computationally convenient form:

Cov(X, Y ) = E[XY ]− E[X]E[Y ]. (3.58)
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To prove this:

Cov(X, Y ) = E[(X − E[X])(Y − E[Y ])] (3.59)

= E[XY −XE[Y ]− Y E[X] + E[X]E[Y ]] (3.60)

= E[XY ]− E[X]E[Y ]− E[X]E[Y ] + E[X]E[Y ] (3.61)

= E[XY ]− E[X]E[Y ]. (3.62)

While covariance effectively measures how variables vary together, it has a limitation

that becomes problematic when comparing relationships across different measurement scales:

its scale dependence. To see this explicitly, consider what happens when we rescale our

variables by constants a and b:

Cov(aX, bY ) = E[(aX − E[aX])(bY − E[bY ])] (3.63)

= E[(aX − aE[X])(bY − bE[Y ])] (3.64)

= E[ab(X − E[X])(Y − E[Y ])] (3.65)

= abCov(X, Y ). (3.66)

This means if we change measurement units—for example, converting stellar masses

from solar masses to kilograms (multiplying by 2× 1030)—the covariance scales proportion-

ally. This makes it difficult to compare covariances between different pairs of variables or

across different measurement scales.

To address this limitation, it is therefore convenient to define what is known as the

correlation coefficient:

ρXY =
Cov(X, Y )

σXσY
, (3.67)

which is dimensionless and scale independent. This makes it a more useful measure for com-

paring the strength of relationships between different pairs of variables and for understanding

which relationships are strongest in multivariate data.

The scale-invariant properties of correlation can be easily verified. Recall from our

earlier discussion that variance scales quadratically: Var[aX] = a2Var[X]. By taking the

square root on both sides, we have σaX = |a|σX . Using these properties along with our
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Figure 3.7: Visualization of how correlation shapes bivariate normal distributions. The
panels show three distributions with identical marginal variances but different correlation
structures. Left panel: Uncorrelated variables (ρ = 0) produce circular contours, with the
principal axes of the red dashed ellipse aligned with the coordinate axes. Middle panel:
Positive correlation (ρ = 0.7) stretches the distribution along the diagonal (red dashed line),
indicating that higher values of one variable tend to occur with higher values of the other.
Right panel: Negative correlation (ρ = −0.7) tilts the distribution in the opposite direction,
showing that high values of one variable tend to occur with low values of the other. The red
dashed ellipses, representing contours of constant probability, rotate and deform based on the
correlation strength, while maintaining the same total variance (area). This illustrates how
correlation captures the directionality of the relationship between variables without affecting
their individual scales.

earlier result about covariance scaling:

ρaX,bY =
Cov(aX, bY )

σaXσbY
(3.68)

=
abCov(X, Y )

|a|σX |b|σY
(3.69)

= sign(ab)ρXY . (3.70)

This result shows that correlation maintains its magnitude under scaling but its sign

depends on how we transform our variables. This makes intuitive sense: if we multiply one

variable by -1, we reverse the direction of their relationship.

Furthermore, a key property of the correlation coefficient is that it always takes values

between -1 and +1. A correlation of +1 indicates perfect positive correlation, meaning
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the two variables are linearly related with a positive slope—when one increases, the other

increases proportionally. Conversely, a correlation of -1 indicates perfect negative correlation,

where one variable decreases proportionally as the other increases. A correlation of zero

suggests no linear relationship between the variables. This bounded nature of correlation

makes it particularly useful for comparing relationship strengths across different variable

pairs.

The fact that correlation must lie between -1 and +1 follows from a mathematical

principle known as the Cauchy-Schwarz inequality. For vectors u and v in an inner product

space, this inequality states that:

|u · v| ≤ ∥u∥∥v∥, (3.71)

where ∥ · ∥ denotes the vector norm.

In this framework, for centered random variables (meaning we subtract their means),

we can show:

|E[(X − E[X])(Y − E[Y ])]| ≤
√
E[(X − E[X])2]E[(Y − E[Y ])2]. (3.72)

Looking at this inequality more closely, we can see that the left side is the abso-

lute value of the covariance, |Cov(X, Y )|, while the right side is
√
Var(X)Var(Y ) = σXσY .

Therefore, when we divide both sides by σXσY , we get the bound on correlation:

|ρXY | =
∣∣∣∣
Cov(X, Y )

σXσY

∣∣∣∣ ≤ 1. (3.73)

In other words, the magnitude of the covariance cannot exceed the product of the

standard deviations, which is precisely why correlation must lie between -1 and 1.

This mathematical bound has practical implications for astronomy. When we mea-

sure correlations between different astronomical properties, the value tells us not just whether

there’s a relationship, but how close it is to the theoretical maximum strength possible. The

Tully-Fisher relation, for example, shows a strong positive correlation between galaxy lumi-

nosity and rotation velocity, remarkably close to perfect correlation. This strong correlation

suggests a tight physical relationship between a galaxy’s light output and its rotation.

Similarly, the main sequence in the Hertzsprung-Russell diagram shows a very strong
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correlation between stellar temperature and luminosity for main sequence stars. This high

correlation reflects the physics of stellar structure—stars are not random collections of hot

gas but highly ordered systems governed by precise physical laws.

When dealing with multiple random variables simultaneously, it’s natural to organize

them into a random vector X = (X1, . . . , Xn)
T . The variance generalizes to a covariance

matrix, typically denoted as Cov(X) or Σ:

Cov(X) = E[(X− E[X])(X− E[X])T ]. (3.74)

The transpose operation here is crucial for dimensional consistency and interpretation.

Note that X−E[X] is an n×1 column vector, while its transpose (X−E[X])T is a 1×n row

vector. Their multiplication therefore produces an n × n matrix, where each element (i, j)

represents the expected product of deviations in the ith and jth components. This matrix

multiplication naturally leads to:

Σij = E[(Xi − E[Xi])(Xj − E[Xj])] =




Var(Xi) if i = j

Cov(Xi, Xj) if i ̸= j
. (3.75)

The covariance matrix Σ directly encodes all pairwise relationships between variables,

making it a central quantity for understanding multivariate data.

Just as variance scales quadratically with scalar transformations (Var(aX) = a2Var(X)),

the covariance matrix transforms systematically under linear operations. For a linear trans-

formation Y = AX+ b, where A is an m× n matrix and b is an m-dimensional vector:

Cov(Y) = ACov(X)AT . (3.76)

This “sandwiching” of the covariance matrix between A and AT ensures the dimen-

sions work out correctly: the n × n covariance matrix of X is transformed into an m ×m
covariance matrix for Y, matching the dimensionality of our transformed random vector.



82 Statistical Machine Learning for Astronomy — Y.-S. Ting

We can prove this using the same properties of expectation we used in the univariate case:

Cov(Y) = E[(Y − E[Y])(Y − E[Y])T ] (3.77)

= E[(AX+ b− (AE[X] + b))(AX+ b− (AE[X] + b))T ] (3.78)

= E[A(X− E[X])(X− E[X])TAT ] (3.79)

= AE[(X− E[X])(X− E[X])T ]AT (3.80)

= ACov(X)AT . (3.81)

This transformation property has important applications in data analysis. When we

apply principal component analysis, standardize features, or perform any linear transfor-

mation of our data, this formula tells us exactly how the covariance structure will change.

These transformations play key roles in many statistical techniques used in astronomy and

other fields.

3.6 Sampling Statistics and Uncertainty

Having explored how variance behaves under transformations of individual variables,

we now turn to another important question: how does variance behave when we combine

different random variables? Just as we did with expectation, we’ll begin by examining the

variance of sums—a common case that arises frequently in astronomical measurements and

statistical applications, from combining multiple observations to understanding how errors

propagate through calculations.

For any two random variables X and Y , we have:

Var[X + Y ] = Var[X] + 2Cov(X, Y ) + Var[Y ]. (3.82)

We can prove this using our definition of variance:

Var[X + Y ] = E[((X + Y )− E[X + Y ])2] (3.83)

= E[((X − E[X]) + (Y − E[Y ]))2] (3.84)

= E[(X − E[X])2 + 2(X − E[X])(Y − E[Y ]) + (Y − E[Y ])2] (3.85)

= Var[X] + 2Cov(X, Y ) + Var[Y ]. (3.86)
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This formula reveals a difference between expectation and variance when combining

random variables. While expectations add linearly, variances include an additional covariance

term that arises from the squared nature of the calculation. When we expand (X+Y )2, cross-

terms of the form XY appear, and their average contribution is precisely the covariance term

2Cov(X, Y ). This means that the uncertainty in a sum depends not just on the individual

uncertainties, but also on how the variables move together—a crucial principle for error

propagation in any scientific measurement or prediction task.

For independent variables, where Cov(X, Y ) = 0, the formula simplifies:

Var[X + Y ] = Var[X] + Var[Y ] (for independent variables). (3.87)

This means that when random variables are independent, their variances add directly.

This property underlies much of statistical analysis and has important implications for how

uncertainties accumulate in many scientific contexts, from combining multiple measurements

to understanding the reliability of aggregate statistics.
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Figure 3.8: Visualization of how variances add for independent random variables. Left
panel: Distribution of X (blue contours) with different variances in each dimension (1.0,
0.5). Middle panel: Distribution of Y (green contours) with different variances (0.5, 1.0).
Right panel: Distribution of their sum X + Y (purple contours). The red dashed ellipses
show the variance structure of each distribution. For independent variables, the variances add
component-wise: the variance of the sum in each dimension equals the sum of the individual
variances in that dimension. This is evident in the right panel, where Var[X+Y ] = (1.5, 1.5)
results from adding the corresponding variances. This increase in variance is intuitive: when
we add two independent uncertain quantities, our uncertainty naturally grows since each
variable contributes its own source of randomness to the final sum.
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This additivity property of variance has a particularly important application: under-

standing the uncertainty in sample means. When making astronomical measurements, we

frequently need to combine multiple observations of the same quantity to improve preci-

sion—for instance, multiple measurements of a star’s magnitude or repeated spectroscopic

observations of a galaxy’s redshift. This principle underpins many statistical methods that

rely on aggregate information or ensemble behavior.

Let’s consider N independent measurements {X1, ..., XN} of the same quantity. The

sample mean, our best estimate of the true value, is defined as:

X̄ =
1

N

N∑

i=1

Xi. (3.88)

Using the variance properties we derived earlier, and assuming the measurements are

independent with the same variance σ2, we can compute:

Var[X̄] = Var

[
1

N

N∑

i=1

Xi

]
(3.89)

=
1

N2
Var

[
N∑

i=1

Xi

]
(3.90)

=
1

N2

N∑

i=1

Var[Xi] (all covariances = 0) (3.91)

=
1

N2
(Nσ2) (3.92)

=
σ2

N
. (3.93)

And hence we recover the well-known result:

Var[X̄] =
σ2

N
, (3.94)

which shows that the variance of the mean decreases inversely with sample size. Taking the

square root, the uncertainty decreases as 1/
√
N with sample size. In astronomical terms, this

tells us that if each individual measurement of a star’s brightness has uncertainty σ, averaging

N independent measurements will reduce our uncertainty to σ/
√
N . This is why longer

exposure times (effectively increasing N) lead to more precise measurements. This same

principle explains why larger datasets generally lead to more reliable parameter estimates in
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statistical analyses, provided the data are independent and identically distributed.
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Figure 3.9: Demonstration of how sample mean uncertainty decreases with sample size. Left
panel: The black curve shows the original distribution of individual measurements (with true
mean shown by red dashed line). The colored histograms show the distributions of sample
means for different sample sizes (N = 5, 20, and 100). As N increases, the distribution
of sample means becomes increasingly concentrated around the true mean, demonstrating
how larger samples provide more precise estimates. Right panel: Quantitative analysis of
how the standard error (uncertainty in the sample mean) scales with sample size. The red
dashed line shows the theoretical prediction σ/

√
N , while blue points show the measured

uncertainties from numerical simulations.

This discussion of sample mean uncertainty brings us to our original motivation: char-

acterizing probability distributions through summary statistics. When we estimate moments

with finite samples, we use sums of the form:

µ̂k =
1

N

N∑

i=1

xki . (3.95)

The hat notation signifies that this is an estimate of the true moment µk. This esti-

mate itself exhibits variability known as finite sampling noise—the inherent uncertainty that

arises from using a finite number of samples to estimate properties of an infinite population.

Understanding this noise is crucial because it determines the reliability of our parameter

estimates and the confidence we can place in statistical inferences and predictions based on

these estimates.
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To understand this noise, consider estimating the moments of the stellar Initial Mass

Function (IMF). Even if we could measure stellar masses with perfect precision, our estimate

µ̂k would still vary if we repeated the measurement with different random samples of stars.

This variability occurs because each star’s mass is randomly drawn from the underlying

IMF distribution, making Xk and consequently µ̂k random variables themselves. This same

principle applies broadly in statistics: even with perfect measurements, our estimates carry

uncertainty because they’re based on finite samples from the underlying distribution, and

this uncertainty must be properly quantified for reliable statistical inference.

As we established in our analysis of sample means, the precision of such moment

estimates improves with larger samples. Specifically, for independent measurements, the

variance of our k-th moment estimates scales as Var(Xk)/N , meaning the sampling noise

decreases as 1/
√
N . This insight explains why modern astronomy has ventured into deep

surveys with wide sky coverage. The sheer number of objects in these surveys reduces finite

sampling noise, providing increasingly precise estimates of population statistics and thus

more stringent constraints on theoretical models. Similarly, in many fields, larger datasets

allow for more precise parameter estimation and more reliable statistical inferences.

While the 1/
√
N scaling represents the expected improvement of the moment estimate

with sample size, the total uncertainty in moment estimates depends crucially on the variance

term Var(Xk), which grows rapidly with k. To understand this growth, consider expanding

a fluctuation around the mean value: if X = µ+ δ with Taylor’s expansion, then

Xk = (µ+ δ)k (3.96)

= µk + kµk−1δ +
k(k − 1)

2
µk−2δ2 + . . . (3.97)

If we only keep the linear term µk + kµk−1δ, using the linearity of variance:

Var(Xk) ≈ k2µ2k−2Var(X). (3.98)

This shows that the variance of higher moments grows approximately quadratically

with k. Just as in our earlier discussion, astronomical distributions often have a few very

massive galaxies or extremely bright quasars that can dramatically affect higher-moment

estimates, making the estimate of the higher moments inherently noisier compared to lower

moment estimates. This phenomenon is not unique to astronomy but appears in many fields

where distributions have heavy tails or extreme values.
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Yet these higher moments often contain crucial physical information. In cosmology, for

instance, the non-Gaussian features in the galaxy distribution—captured only by moments

beyond variance—provide key constraints on structure formation theories. This creates

a tension: higher moments offer unique physical insights but require substantially larger

samples for reliable measurement. This trade-off between information content and estimation

precision is a fundamental aspect of statistical analysis that must be carefully navigated when

designing studies and analyzing data.

3.7 Bootstrapping

While our discussion above demonstrates the important
√
N scaling law that gov-

erns how uncertainties decrease with sample size, in practice we often need more than just

the scaling—we need precise values for these uncertainties to make quantitative statistical

inferences. Our analysis above of Var(Xk) used only the leading-order term in the Taylor

expansion to build intuition. The higher-order terms we neglected in our approximation can

significantly affect these precise values, especially for small samples or when dealing with

highly skewed distributions common in astronomy and many other fields.

Even for simple moment estimates, these higher-order terms in the expansion can be-

come significant, and for multidimensional or nonlinear statistics, analytical expressions may

become intractable altogether. This limitation in deriving exact analytical expressions leads

us to consider empirical methods for uncertainty estimation that have become increasingly

important with the growth of computational statistics.

The bootstrap technique provides a robust way to estimate the variance of estimators

when analytical expressions are unavailable. The bootstrap algorithm proceeds as follows:

Given an original sample {x1, . . . , xN}, we:

1. DrawN samples with replacement from this set, creating a “bootstrap sample” {x∗1, . . . , x∗N}

2. Calculate our statistic of interest (e.g., the k-th moment) on this bootstrap sample:

µ̂∗
k =

1

N

N∑

i=1

(x∗i )
k (3.99)

3. Repeat steps 1–2 many times (typically thousands)
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4. Use the variance of these bootstrap estimates to approximate Var(µ̂k)
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Figure 3.10: Illustration of the bootstrap resampling process and its ability to estimate
sampling variance of the first moment. Left panel: Original sample {x1, ..., xN} (black tick
marks) drawn from true distribution p(x) (black dashed curve), with three bootstrap resam-
ples {x∗1, ..., x∗N} (colored histograms) generated by sampling with replacement. Right panel:
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∗
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Black vertical line shows original sample estimate µ̂1 =

1
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For example, if our original dataset is {1, 2, 3}, one possible bootstrap sample might

be {1, 1, 2}, another might be {2, 3, 3}, and so on. Each bootstrap sample maintains the same

size as our original dataset, but some values may appear multiple times while others may not

appear at all. This resampling process mimics the natural variability that would occur if we

could repeatedly collect new datasets of the same size from the same underlying population.

The approach is particularly valuable because it provides a computational solution to what

is fundamentally a theoretical problem.

The underlying logic of bootstrapping is rooted in how we think about probability

distributions and sampling. Recall that our sample {x1, ..., xN} is drawn from some unknown

probability distribution p(x). If we knew p(x) exactly, calculating any moment would simply

require integration as discussed earlier. However, we typically only have access to a finite

sample. The key insight of bootstrapping is to use this sample itself as a proxy for the un-

derlying distribution, leveraging the information contained in the observed data to estimate
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properties of the sampling distribution of our statistics.

When we resample with replacement in bootstrapping, we are effectively treating

our observed sample as a discrete approximation to p(x), where each observed value has

equal probability 1/N of being drawn. This resampling mimics the process that generated

our original data: just as our original sample was drawn from the true distribution p(x),

our bootstrap samples are drawn from this empirical distribution. If we could draw many

new samples from p(x), we could directly study how our statistic µ̂k varies across samples,

revealing its sampling distribution and hence its uncertainty. Bootstrapping approximates

this ideal process using only our available data, providing a powerful tool for uncertainty

quantification without requiring additional data collection.

The mathematical justification for this approach relies on the fact that as our sample

size N increases, our empirical distribution approaches the true distribution p(x). Conse-

quently, the distribution of statistics computed from bootstrap samples approaches the true

sampling distribution we would obtain if we could repeatedly sample from p(x). This con-

vergence explains why bootstrap provides valid estimates of sampling uncertainty and why

it has become such a valuable tool for model validation and uncertainty quantification in

modern statistical practice.

The power of bootstrapping lies in its generality. Instead of deriving analytical for-

mulas for standard errors—which may be intractable for complex statistics—bootstrapping

automatically captures sampling behavior through direct simulation. This is particularly

valuable in astronomy where we often need to characterize uncertainty in complex mea-

surements, such as galaxy morphology classifications or stellar parameter estimates from

spectroscopy. The method also applies broadly to other fields where complex statistics are

used, from economics to ecology, providing uncertainty estimates for quantities ranging from

correlation coefficients to diversity indices.

However, understanding bootstrap’s logic also reveals its limitations:

First, sample representativeness is crucial. Bootstrap assumes our sample is large

enough to reasonably approximate the underlying distribution. If our sample misses impor-

tant features of p(x) (like rare events), bootstrap will inherit this blindness. This limitation

becomes particularly relevant for higher moments, which are sensitive to the distribution’s

tails, and for applications where the tails of the distribution are of particular interest, such

as extreme value analysis or risk assessment.
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Second, the basic bootstrap treats observations as independent by resampling indi-

vidual values. This can produce misleading results when data are correlated, such as in

time series or spatial data where neighboring measurements are related. In astronomical

contexts, this might occur when studying galaxy clustering or stellar variability. Modified

bootstrap techniques like block bootstrapping have been developed to address this limitation,

resampling blocks of observations to preserve the correlation structure.

Third, for statistics heavily dependent on extreme values, bootstrap might underes-

timate uncertainties because it can only resample values present in our original sample. It

cannot generate new extreme values that might occur in future datasets, potentially leading

to overly optimistic uncertainty estimates for statistics sensitive to outliers. This limita-

tion is particularly relevant in fields like hydrology or finance, where extreme events carry

significant importance.

Despite these limitations, bootstrapping remains one of our most valuable tools for

uncertainty estimation in practice. Its theoretical foundation in the relationship between

samples and populations, combined with its practical simplicity, makes it particularly useful

in astronomical applications where we often deal with complex measurements and unknown

underlying distributions. The method has been extended in various ways to address its

limitations, including parametric bootstrapping, where resamples are drawn from a fitted

parametric distribution rather than the empirical distribution, and the jackknife, which

systematically leaves out one observation at a time to assess each observation’s influence on

the statistic of interest.

3.8 Law of Total Variance

Just as the law of total expectation helps us break down expected values in hierarchical

problems, the law of total variance provides a framework for decomposing and understanding

variability in our data. This decomposition becomes particularly valuable when we want to

understand how much of our uncertainty comes from different sources—such as measurement

noise versus intrinsic variability, or explainable versus unexplainable variation.

For any two random variables X and Y , the law of total variance states:

VarX [X] = EY [VarX [X|Y ]] + VarY [EX [X|Y ]]. (3.100)

This statement says that the total variance of a random variable can be decomposed
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into two parts with clear interpretations. The first term, EY [VarX [X|Y ]], represents the ex-

pected value of the conditional variance—the average “unexplained” variability that remains

after knowing Y . To understand this term, consider that for each value of Y , we have some

spread in possible X values (the conditional variance). We then average these spreads over

all possible Y values. For example, even if we know a star’s luminosity exactly (Y ), there is

still some uncertainty in its mass (X) because stars of the same luminosity can have slightly

different masses due to factors like age and metallicity—this term quantifies that remaining

uncertainty averaged across all luminosities. This represents the irreducible uncertainty that

remains even after conditioning on all our available information about Y .

The second term, VarY [EX [X|Y ]], captures how much of X’s variability can be “ex-

plained” by knowing Y . This term measures how much the average value of X changes

as Y changes. In our stellar example, this represents how much the average stellar mass

systematically varies as we look at different luminosities—essentially measuring the strength

of the mass-luminosity relation itself. This quantifies how much variance our understanding

of the relationship between X and Y can potentially explain.

To prove this relationship, let’s write out the total variance and decompose the

deviation (X − EX [X]) into two components: the deviation from the conditional mean

(X−EX [X|Y ]), and the deviation of the conditional mean from the overall mean (EX [X|Y ]−
EX [X]):

VarX [X] = E[(X − E[X])2] (3.101)

= E[((X − E[X|Y ]) + (E[X|Y ]− E[X]))2] (3.102)

= E[(X − E[X|Y ])2] + E[(E[X|Y ]− E[X])2] (3.103)

+ 2E[(X − E[X|Y ])(E[X|Y ]− E[X])]. (3.104)

The cross-term vanishes because:

E[(X − E[X|Y ])(E[X|Y ]− E[X])] = E[E[(X − E[X|Y ])(E[X|Y ]− E[X])|Y ]] (3.105)

= E[(E[X|Y ]− E[X])E[(X − E[X|Y ])|Y ]] (3.106)

= E[(E[X|Y ]− E[X]) · 0] (3.107)

= 0, (3.108)

where we’ve used the fact that E[X−E[X|Y ]|Y ] = 0 by definition of conditional expectation.
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Now looking at the remaining terms:

VarX [X] = E[(X − E[X|Y ])2] + E[(E[X|Y ]− E[X])2] (3.109)

= E[E[(X − E[X|Y ])2|Y ]] + E[(E[X|Y ]− E[X])2] (3.110)

= E[Var[X|Y ]] + Var[E[X|Y ]], (3.111)

which is exactly the law of total variance.
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Figure 3.11: Visualization of the law of total variance using the stellar mass-luminosity
relationship. The blue points show individual stars, demonstrating the scatter in stellar
masses at each luminosity. The red line traces the conditional expectation EM [M |L] as a
function of luminosity, with the red shaded region showing ±1σ bounds of the conditional
variance. The blue shaded region at L = 0.5L⊙ highlights EL[VarM [M |L]], representing the
average scatter in mass at fixed luminosity. The green shaded region and dashed lines on the
right show the range of conditional expectations, whose variance VarL[EM [M |L]] captures
how the average mass changes with luminosity. The law of total variance states that the
total variance in stellar mass equals the sum of these two contributions: the average scatter
at fixed luminosity (EL[VarM [M |L]]) plus the variance in the mass-luminosity relationship
itself (VarL[EM [M |L]]). This decomposition helps us understand how much of the mass
variance comes from intrinsic scatter versus systematic trends with luminosity.

This decomposition is illustrated in Figure 3.11 using the stellar mass-luminosity
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relationship. Looking at the figure, we can see individual stars plotted as blue points,

showing how stellar masses vary at each luminosity. The red line traces the conditional

expectation EM [M |L]—essentially showing the average mass of stars at each luminosity

value. The red shaded region represents the conditional variance at each luminosity, showing

how much stellar masses typically deviate from this average. At the specific luminosity

L = 0.5L⊙ (highlighted by the blue shaded region), we can see the spread of masses around

the conditional mean. When we average these conditional variances across all luminosities,

weighted by how common each luminosity is, we get the first term in our decomposition:

EL[VarM [M |L]].

The second term is represented by the green shaded region on the right side of

the figure, which shows how much the conditional expectations themselves vary across

different luminosities. This variation in EM [M |L] (the red line) as L changes represents

VarL[EM [M |L]]—capturing how much of the total mass variance can be explained by the

systematic relationship between mass and luminosity.

The law of total variance highlights an important principle: improving measurement

precision (reducing the first term) might not always substantially reduce our total uncertainty

if natural variability (the second term) dominates. For example, in stellar spectroscopy, be-

yond a certain point, improving our spectral resolution or signal-to-noise ratio won’t help

us better determine stellar parameters if the remaining variation comes from intrinsic stellar

variability or population diversity. This principle has important implications for experimen-

tal design and resource allocation in scientific research.

This decomposition also provides insight into when additional variables might be

valuable for prediction. If the conditional variance VarX [X|Y ] is much smaller than the

total variance VarX [X], then knowing Y substantially reduces our uncertainty about X,

suggesting that Y is a valuable predictor. Conversely, if these variances are similar, then

Y provides little predictive information about X. This insight helps us assess the potential

value of different variables in statistical modeling and prediction tasks.

The law of total variance also generalizes naturally to the multivariate case:

Cov(X) = E[Cov(X|Y)] + Cov(E[X|Y]). (3.112)

This extension follows from the same proof we developed for the univariate case,

as our derivation relied only on properties of expectation that hold equally well for vec-
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tors. The interpretation remains similar: the total covariance decomposes into the aver-

age of conditional covariances and the covariance of conditional means. This multivariate

version becomes particularly useful when analyzing systems with multiple variables, such

as multivariate regression problems or complex physical systems with multiple interacting

components.

The law of total variance has important applications in Bayesian statistics, particu-

larly for understanding predictive uncertainty. In Bayesian analysis, model parameters (like

regression coefficients) are treated as random variables with associated uncertainty. When

we want to predict a new outcome y∗ while accounting for our parameter uncertainty, the

law of total variance allows us to decompose the predictive variance:

Var[y∗] = Eθ[Var[y∗|θ]] + Varθ[E[y∗|θ]] (3.113)

The first term represents the average inherent variance of our predictions for each pos-

sible parameter value θ (weighted by the posterior distribution of θ), while the second term

captures how much our predictions vary due to parameter uncertainty. This decomposition

helps distinguish between aleatoric uncertainty (inherent randomness in the data-generating

process) and epistemic uncertainty (uncertainty due to our limited knowledge of parameters).

3.9 Summary

In this chapter, we have developed the mathematical machinery needed to characterize

probability distributions and extract meaningful information from finite datasets—foundations

that prove essential for statistical analysis and the quantitative methods we’ll explore in sub-

sequent chapters.

We began with the challenge of extracting reliable information from limited observa-

tions, recognizing that we rarely observe probability distributions directly but must instead

infer their properties from finite samples with their own uncertainties. This perspective is

central to modern statistical thinking, where we explicitly acknowledge the limitations of

our data and the uncertainties in our inferences.

Our journey progressed systematically from basic concepts of moments and transfor-

mations to more complex ideas like bootstrapping and variance decomposition. We started

by exploring moments of distributions, which provide a hierarchical characterization where

each successive moment emphasizes different features: the first moment captures central
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tendency needed for parameter estimation, the second moment measures spread crucial for

uncertainty quantification, and higher moments become increasingly sensitive to extreme

values that can significantly impact statistical robustness.

Through the mathematical formalism of expectation, we established key properties

including linearity and additivity, extending these concepts naturally to multivariate settings

that characterize many real-world problems. The law of total expectation demonstrated how

we can decompose complex estimation problems into manageable hierarchical structures—an

approach that becomes particularly valuable when dealing with conditional relationships and

hierarchical data structures.

Our investigation of transformations of random variables revealed how probability

distributions change under mathematical operations, providing the foundation for under-

standing how uncertainties propagate through calculations. We demonstrated that linear

transformations preserve the Gaussian nature of distributions while scaling their variances

quadratically, and showed how multivariate transformations require the Jacobian determi-

nant to ensure probability conservation. These insights prove crucial for many statistical

applications, from change of variables in integration to understanding how data transforma-

tions affect statistical properties.

Our exploration of variance and covariance revealed how uncertainty propagates

through combinations of random variables—knowledge that becomes essential for under-

standing prediction uncertainties and error propagation. We discovered that while expec-

tations add linearly, variances include covariance terms that capture how variables move

together, a crucial insight for understanding correlated measurements and their statistical

implications. The correlation coefficient provided a scale-invariant measure of relationship

strength, bounded between -1 and +1 by the Cauchy-Schwarz inequality, giving us a tool for

comparing relationship strengths across different variable pairs and identifying the strongest

patterns in multivariate data.

The extension to multivariate settings through covariance matrices demonstrated how

these concepts scale to high-dimensional data common in modern scientific applications. We

showed how covariance matrices transform under linear operations, knowledge that becomes

crucial for understanding how data transformations affect correlation structures and for

properly accounting for uncertainties in multivariate analyses.

The study of sampling statistics and uncertainty illuminated how precision improves

with sample size through the 1/
√
N scaling law—a relationship that governs the reliability
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of statistical estimates across disciplines. We demonstrated how finite sampling noise affects

moment estimates differently, with higher moments requiring substantially larger samples for

reliable estimation due to their increased sensitivity to rare, extreme events. This analysis

revealed a fundamental trade-off: higher moments contain valuable information that can

distinguish between different theoretical predictions, but they require significantly larger

samples to constrain reliably.

Our exploration of bootstrapping introduced powerful resampling methods that pro-

vide practical tools for uncertainty estimation when analytical expressions become intractable.

This technique exemplifies how computational approaches can extend our statistical toolkit

beyond purely analytical methods, particularly valuable when dealing with complex statis-

tics and unknown underlying distributions. The bootstrap’s effectiveness stems from treating

our observed sample as an empirical approximation to the underlying distribution, allowing

us to simulate the sampling process that generated our data.

The law of total variance provided a framework for decomposing uncertainty into

interpretable components, separating “explained” variability from intrinsic scatter. This

decomposition proves essential for understanding systems where multiple sources contribute

to observed variability, allowing us to systematically separate and quantify different sources

of uncertainty. The mathematical framework revealed that total variance decomposes into

the expected conditional variance plus the variance of conditional expectations, providing

insight into how knowledge of additional variables affects our uncertainty about outcomes

and guiding variable selection in statistical modeling.

Chapter 4 will demonstrate how these statistical principles translate directly into the

parameter estimation framework of linear regression. We will see how the concept of ex-

pectation enables us to derive optimal parameter estimates through maximum likelihood

principles, how variance and covariance structures determine the uncertainty in these esti-

mates, and how the sampling theory we developed here helps us understand the reliability

of regression models. The mathematical framework for transformations, the understanding

of sampling variability, and the tools for uncertainty quantification will all prove essential

as we move from characterizing individual distributions to modeling relationships between

variables.

Further Reading: The development of statistical theory has been shaped by several foun-

dational contributions, beginning with the influential work of Fisher [1922], which developed

concepts of efficiency, sufficiency, and consistency that remain central to statistical infer-
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ence. Cramer [1946] provided mathematical treatment connecting probability theory with

statistical methods, contributing to a unified framework that became widely adopted in the

field. For readers seeking modern treatments of statistical theory, Cox and Hinkley [1974]

offer a balance between mathematical rigor and practical insight, while Casella and Berger

[2002] serves as a graduate text building statistical inference from probability foundations.

Kendall and Stuart [1977] and Stuart and Ord [1994] provide extensive coverage of distri-

bution theory and statistical methods, serving as valuable references for properties of distri-

butions and moments. For practical error analysis in physical sciences, Taylor [1982] offers

a widely-used introduction to uncertainty propagation and error estimation. The bootstrap

method was developed by Efron [1979], with Davison and Hinkley [1997] providing coverage

of bootstrap theory and applications across various contexts. The field has seen particular

growth in astronomy-specific applications: Lupton [1993] connects general statistical theory

with astronomical practice, while Wall and Jenkins [2003] focus on statistical methods for

observational astronomy, covering both frequentist and Bayesian approaches.
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Chapter 4

Chapter 4: Linear Regression

In our previous chapters, we developed probability theory and summary statistics,

exploring how these frameworks provide natural approaches for astronomical data analysis.

We examined why astronomy’s unique challenges—from analyzing rare events to confronting

systematic uncertainties—often necessitate a Bayesian rather than frequentist perspective.

This mathematical groundwork now serves our understanding of various machine learning

techniques commonly deployed in astronomy throughout this course.

We begin our exploration of supervised learning techniques by demonstrating the

power of Bayesian inference through perhaps one of the simplest yet most elegant techniques

in machine learning: linear regression. While conceptually straightforward, we’ll discover

that even this simple technique reveals surprising mathematical depth when viewed through

the lens of Bayesian inference. By treating both our data and model parameters as random

variables, we develop a more complete statistical understanding of the fitting process.

Our choice to begin with linear regression serves two key purposes. First, its inherent

simplicity provides an ideal context for visualizing and understanding Bayesian inference in

action. The concrete nature of line-fitting makes abstract statistical concepts tangible and

practical. Second, as we’ll see throughout this course, linear regression—both its capabilities

and limitations—serves as a natural bridge to many other fundamental concepts in machine

learning. The insights we develop here will extend naturally to more sophisticated methods,

from logistic regression to Gaussian processes and neural networks in future chapters.

99
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4.1 Linear Regression Fundamentals

Linear regression addresses one of the most fundamental tasks in data analysis: map-

ping an input variable x to a continuous output variable y through a linear relationship. In

its most basic form, this relationship can be expressed as:

y = w0 + w1x, (4.1)

where w0 is the intercept and w1 is the slope. This simple equation embodies a strong

inductive bias—an assumption about the nature of the relationship we’re trying to model.

In this case, we assume the relationship between x and y is linear.

At first glance, this might seem overly restrictive. After all, many astronomical phe-

nomena exhibit complex, nonlinear behaviors. However, linear regression remains a corner-

stone technique in astronomical research for several compelling reasons that demonstrate the

power of “keeping things simple” while maintaining mathematical rigor.

Expressiveness through transformations We can make linear regression surprisingly

expressive by transforming our input features. For example, consider Kepler’s Third Law,

which relates orbital period (P ) to semi-major axis (a) through the equation:

P 2 =
4π2

GM
a3. (4.2)

This nonlinear relationship becomes linear when we take logarithms of both sides:

logP =
1

2
log

(
4π2

GM

)
+

3

2
log a. (4.3)

The transformation technique becomes particularly powerful when we consider that

many fundamental relationships in astronomy follow power laws. As we discussed in Chapter

2, power laws emerge naturally in astronomy when physical processes operate similarly across

different scales—when there’s no inherent preferred scale in the system. This scale invariance

is a common feature in astronomical systems, from stellar masses to galaxy properties,

making power-law relationships ubiquitous in our field.

Consider the M-σ relation, which relates the mass of a supermassive black hole (MBH)
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to the velocity dispersion (σ) of its host galaxy’s bulge:

MBH = ασβ. (4.4)

Similarly, the Kennicutt-Schmidt law describes how the star formation rate surface density

(ΣSFR) relates to the molecular gas surface density (Σmol):

ΣSFR = αΣβ
mol. (4.5)

Both of these fundamental astronomical relationships, though nonlinear in their orig-

inal form, transform into linear relationships in logarithmic space:

logMBH = logα + β logσ, (4.6)

logΣSFR = logα + β logΣmol. (4.7)

Physical interpretability These examples illustrate a key advantage of linear regression

models: they often provide clearer physical interpretability than more complex approaches.

The coefficients (or weights, in modern machine learning terminology) directly correspond

to physically meaningful quantities. The slope β in these logarithmic relationships directly

represents the power-law index, revealing fundamental aspects of the underlying physics.

For instance, in the Kennicutt-Schmidt law, β ≈ 1.4 indicates a superlinear relationship:

doubling the gas density leads to more than a doubling of the star formation rate. This

superlinearity suggests that star formation becomes increasingly efficient at higher gas den-

sities, possibly due to stronger self-gravity and enhanced molecular cloud collision rates in

denser environments.

The intercept terms (logα) also carry physical significance. In the M-σ relation, logα

represents the normalization factor that connects stellar dynamics to black hole mass. In the

Kennicutt-Schmidt law, logα quantifies the global efficiency of the star formation process,

telling us how effectively a galaxy can convert a given density of molecular gas into new

stars.

Mathematical advantages Beyond interpretability, linear regression offers mathematical

advantages that emerge from our Bayesian framework. First, for many objective functions

derived from Bayesian inference, linear regression yields analytical solutions. This means

we can determine the optimal model parameters through direct mathematical calculation,
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without requiring computationally expensive iterative optimization procedures. Second, and

perhaps more profoundly, linear regression naturally accommodates the Bayesian treatment

of model parameters as random variables. This probabilistic approach allows us to quantify

not just point estimates of our parameters, but their full probability distributions, enabling

rigorous assessment of parameter uncertainties, correlation structures, and confidence inter-

vals—essential tools for robust scientific inference.

This combination of physical interpretability and mathematical tractability explains

why linear regression remains a cornerstone technique in astronomical data analysis, even as

more sophisticated methods continue to emerge.

4.2 Mathematical Formalism

Having established why linear regression is valuable for astronomy, let’s now formalize

the mathematical framework that underlies this technique. We assume our output y, a scalar,

can be written as a linear combination of our input features. If we have d input features, we

can write this out explicitly:

y = w0 + w1x1 + w2x2 + . . .+ wdxd + ε. (4.8)

We can express this more compactly using vector notation:

y = wTx+ ε. (4.9)

Here, w0 is the intercept term (also known as the bias term), w is our vector of model

parameters (weights), x is our vector of input features, and ε represents noise or error in our

measurements. The intercept/bias term w0 allows our model to shift the predicted values

up or down, independent of the input features.

For example, consider our earlier M-σ relation example after taking logarithms. In

its simplest form, y would be logMBH, and x1 would be logσ. However, we can incorpo-

rate additional features that might influence black hole mass, such as galaxy morphology

indicators or environmental parameters, making x multidimensional. For instance, we might

model:

logMBH = w0 + w1 logσ + w2 logRe + w3(B/T ) + ε, (4.10)

where Re is the effective radius of the galaxy and B/T is the bulge-to-total mass ratio. Here,
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w0 serves as the intercept/bias term, representing the baseline black hole mass when all other

terms are zero.

While we assume y to be a scalar for simplicity (like a single black hole mass), this

framework readily generalizes to vector-valued outputs (like simultaneously predicting mul-

tiple galaxy properties). In such cases, we would have a different set of weights wi for each

output dimension yi, effectively running multiple parallel regressions.

For mathematical convenience, we can incorporate the intercept/bias term w0 by

augmenting our feature vector with a constant 1:

(
y
)
=
(
w0 w1 w2 · · · wd

)
·




1

x1

x2
...

xd




+ ε. (4.11)

By including this constant 1 as our first feature, w0 becomes part of our weight vector,

allowing us to express both the linear transformation and the intercept/bias term in a single,

compact dot product wTx. This is mathematically equivalent to our earlier formulation but

provides a more elegant representation.

As we discussed earlier, we need not limit ourselves to using the raw input features

directly. We can apply any mathematical transformation to our inputs, mapping x to some

new feature space through functions ϕ(x). This leads to a more general form of linear

regression:

y(x,w) =
M−1∑

j=0

wj · ϕj(x) = wTϕ(x), (4.12)

where w = (w0, . . . , wM−1)
T is our vector of parameters, ϕ(x) = (ϕ0(x), . . . , ϕM−1(x))

T is

our vector of basis functions, and by convention, ϕ0(x) = 1, making w0 the bias parameter.

The notation y(x,w) emphasizes that our model represents a function that maps any

input x to a predicted output y, given a specific choice of parameters w. This functional

view is crucial because it highlights our ultimate goal in this machine learning model: we

want to find parameters w that not only fit our existing data well but also make accurate

predictions for new, unseen data points.

For instance, in our M-σ relation example, once we determine suitable parameters w,
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we should be able to estimate a black hole mass for any galaxy given its velocity dispersion

and other relevant properties. This predictive perspective—transforming data into insight

that generalizes beyond our training set—lies at the heart of machine learning.

The basis functions ϕj(x) can take many forms. For instance, in our earlier power-law

examples, ϕ1(x) might be log(x). Or for polynomial regression, we might use ϕj(x) = xj.

When we simply take ϕ(x) = x, we recover our original linear regression form.

This mathematical framework provides the foundation for understanding how linear

regression connects to the broader machine learning paradigm. The choice of basis functions

ϕ(x) represents one of the key design decisions in building a linear model, allowing us to

encode domain knowledge about the expected relationships in our data while maintaining

the mathematical advantages of linearity in the parameters w.

4.3 Maximum Likelihood Estimation

Having defined our model, we now face a crucial question: what makes a set of

parameters w “best” for our purposes? As mentioned earlier, we seek parameters that

not only fit our existing data well but also allow our model to generalize effectively to

new observations. This balance between fit and generalization can be formalized through

Bayesian inference.

Recall from Chapter 2 that in our general Bayesian framework, we use θ to denote

model parameters. For linear regression specifically, we will use w to represent our weight

parameters, following the machine learning convention. The posterior distribution of our

parameters is proportional to the product of the likelihood and prior:

p(w|D) ∝ p(D|w)p(w). (4.13)

Here, w itself is a random variable, with its probability distribution given by this posterior.

This distribution encapsulates our uncertainty about the true parameter values given our

data D. The complete posterior distribution provides a full description of our parameter

uncertainties, telling us not just the most likely parameter values but also how confident we

can be in these estimates.

While having this complete distribution is powerful, for many practical applications,

we often want to identify a single “best” set of parameters. One natural approach is to find
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the parameters that maximize the posterior probability:

wMAP = argmax
w

p(w|D). (4.14)

This is known as the Maximum A Posteriori (MAP) estimate. However, as a starting point,

let’s consider an even simpler case where we have minimal prior knowledge about our parame-

ters—what we call an uninformative prior. In this case, we can assume p(w) is approximately

constant and independent of w. Under this assumption, maximizing the posterior becomes

equivalent to maximizing the likelihood p(D|w) alone:

wML = argmax
w

p(D|w). (4.15)

This approach, known as maximum likelihood estimation (MLE), represents the simplest

way to determine optimal parameters based purely on how well they explain our observed

data.

But what is the likelihood here? Recall that the likelihood p(D|w) by definition asks:

given a proposed set of parameters w (which we aim to optimize in MLE), how likely are

we to observe what we actually observed in our data? In our case, the data consists of pairs

(xi, ti), where ti represents our observed values.

Let’s consider how our observations relate to our model predictions. We assume that

each observation can be described as:

t = y(x,w) + ε, where ε ∼ N (0, σ2). (4.16)

Here, we deliberately distinguish between t (our observed values) and y(x,w) (our model

predictions). While y(x,w) represents our deterministic model prediction for a given input

x and parameters w, the actual observed value t includes measurement noise ε. This noise

term ε follows a Gaussian distribution centered at zero with variance σ2, reflecting our

assumption that measurements scatter symmetrically around the true model values due to

random uncertainties.

This treatment of uncertainty is not just a mathematical convenience—it’s funda-

mentally necessary for meaningful Bayesian inference. If our data were absolutely certain

(σ = 0), we would expect to know our model parameters with perfect precision—a situation

that never occurs in real astronomical observations. As we discussed in Chapter 2, this

relationship between data uncertainty and model uncertainty reflects a deeper truth about
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scientific knowledge: our understanding of physical systems is fundamentally limited by the

precision of our measurements. This is why we needed to develop the rigorous framework

of Bayesian statistics—to quantify and reason about these unavoidable uncertainties in a

principled way.
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Figure 4.1: Visualization of the likelihood function for linear regression with Gaussian noise.
The cyan curves show model predictions y(x,w) for two different parameter valuesw. Yellow
distributions indicate the Gaussian uncertainty in possible observations at each prediction
point, while red dots show actual observations. (a) A model with appropriate linear coeffi-
cients, where observations scatter naturally within the expected uncertainty. (b) A model
with incorrect coefficients, showing the deviations of the model predictions from the data
that cannot be explained by data measurement uncertainty alone.

For a single observation, the likelihood of observing value t given input x follows

directly from our noise model. Since we assumed t = y(x,w) + ε where ε ∼ N (0, σ2),

the observation t must itself follow a Gaussian distribution centered at our model prediction

y(x,w) with variance σ2. We can write this explicitly using the Gaussian probability density

function:

p(t|x,w, σ2) =
1√
2πσ2

exp

(
−(t− y(x,w))2

2σ2

)

= N (t|y(x,w), σ2). (4.17)

This equation formalizes our belief about where observations might fall relative to our

model predictions. The parameter σ2 determines how quickly this probability falls off—larger

values of σ2 indicate greater measurement uncertainty and thus a more gradual decrease in

probability as we move away from the model prediction. This reflects our level of confidence

in the measurements: with small σ2, for the correct model with the right parameters w, we
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expect observations to cluster tightly around our model predictions, while larger σ2 allows

for more scatter in the observations.

With incorrect parameters, we expect systematic deviations where our predictions

consistently miss the data points, even accounting for measurement uncertainties. In such

cases, the Gaussian distributions centered on our model predictions would fail to capture

the actual pattern of observations, indicating that we need to adjust our model parameters.

The figure above illustrates how the likelihood function behaves with good versus poor

model parameters. In (a), the model predictions align well with the data within expected

uncertainties, while in (b), the predictions systematically miss the observations, indicating

poorly chosen parameters. By optimizing MLE, we expect the parameters to converge toward

values that produce predictions that best explain our observations, accounting for the known

measurement uncertainties.

Having established the likelihood for a single observation, let’s consider the more

realistic scenario where we have N data points. We’ll make a simplifying assumption that

our observations are independent. The independence assumption means that knowing the

outcome of one measurement tells us nothing about the outcomes of other measurements.

For example, in the M-σ relation, when measuring velocity dispersions and black hole masses

of different galaxies, the measurement of one galaxy’s velocity dispersion doesn’t influence

our measurement of another galaxy. This is often a reasonable assumption in astronomy,

where we typically observe different objects with separate observations, each subject to its

own set of random measurement uncertainties.

Let’s further consider that each measurement may have different uncertainties σ2
i . The

likelihood of observing our entire dataset is the product of the individual likelihoods. This

product form follows directly from the definition of independence in probability theory: when

events are independent, the probability of all events occurring together equals the product

of their individual probabilities. In our case, since the measurements are independent, the

probability of obtaining our complete set of measurements is simply the product of the

probabilities of each individual measurement. Here, t represents our vector of all observed

target values, and X is our matrix of input features:

p(t|X,w, {σ2
i }) =

N∏

n=1

p(tn|xn,w, σ
2
i ) =

N∏

n=1

N (tn|wTϕ(xn), σ
2
i ). (4.18)
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This product form of the likelihood enables us to combine evidence from multiple

independent measurements in a mathematically rigorous way, weighting each observation

according to its own uncertainty σ2
i .

To make this product more mathematically tractable, we take the logarithm of both

sides. Since the logarithm is a monotonic function—meaning it preserves the order of num-

bers—maximizing the log-likelihood is equivalent to maximizing the likelihood itself. This

transformation is particularly useful because it converts our product of probabilities into a

sum, which is much easier to work with:

ln p(t|X,w, {σ2
i }) =

N∑

n=1

lnN (tn|wTϕ(xn), σ
2
i ). (4.19)

Expanding this using the explicit form of the Gaussian distribution with heteroge-

neous noise:

ln p(t|X,w, {σ2
i }) = −

1

2

N∑

n=1

ln
(
2πσ2

n

)
−

N∑

n=1

(
tn −wTϕ(xn)

)2

2σ2
n

. (4.20)

When we seek to find the optimal parameters w that maximize this log-likelihood,

we can focus solely on the terms that depend on w. Since the first term doesn’t depend on

w, we can drop it and focus on minimizing the negative of the second term:

argmax
w

ln p(t|X,w, {σ2
i }) = argmin

w

N∑

n=1

(tn −wTϕ(xn))
2

2σ2
n

. (4.21)

This equation reveals that maximizing the likelihood under our heterogeneous Gaus-

sian noise assumption is mathematically equivalent to minimizing the weighted sum of

squared errors. The weights are inversely proportional to the measurement variances, mean-

ing that more precise measurements (smaller σ2
n) contribute more strongly to determining

the optimal parameters. When dealing with varying σ2
n (heteroscedastic errors), using stan-

dard unweighted least squares would inappropriately give equal weight to all measurements,

regardless of their precision.
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In the case of homogeneous noise where σn = σ for all n, the equation simplifies to:

argmin
w

N∑

n=1

(tn −wTϕ(xn))
2

2σ2
=

1

2σ2
argmin

w

N∑

n=1

(tn −wTϕ(xn))
2. (4.22)

Since 1/2σ2 is just a constant scaling factor, minimizing this expression is equivalent

to minimizing the unweighted sum of squared errors. This explains why standard least

squares regression is appropriate when measurement uncertainties are uniform across all

observations.

Importantly, in the derivation above, we have seen that weighted least squares emerges

naturally from maximum likelihood estimation when we properly account for measurement

uncertainties. The weighted sum of squared residuals that we derived,
∑N

n=1
(tn−wTϕ(xn))2

σ2
n

,

is known in statistics as the chi-square statistic, commonly denoted as χ2. This statistic

measures the goodness of fit between our model predictions and the data, with each squared

residual weighted by its measurement uncertainty. While chi-square is commonly used in

astronomical model fitting, it is crucial to recognize that this is not an arbitrary choice,

but rather a direct mathematical consequence of our probabilistic framework. This con-

nection between chi-square minimization and maximum likelihood estimation demonstrates

how seemingly disparate statistical concepts are unified under the framework of probabilistic

modeling.

4.4 Analytical Solution

Having established our objective function through maximum likelihood estimation,

we now turn to the practical question of finding the optimal parameters w. Our weighted

least squares loss function:

E(w) =
N∑

n=1

(tn −wTϕ(xn))
2

2σ2
n

(4.23)

can be rewritten in matrix form:

E(w) =
1

2
(t−Φw)TS−1(t−Φw), (4.24)

where:
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• t = (t1, . . . , tN)
T ∈ RN×1 is our vector of observed values, where N is the number of

data points

• Φ ∈ RN×M is our design matrix, a fundamental concept in regression analysis. To

understand the design matrix, let’s break it down:

– Each row corresponds to one data point (observation)

– Each column represents a feature or predictor variable

– The entry at row i and column j contains the j-th feature evaluated at the i-th

data point

More formally, Φ = [ϕ(x1), . . . ,ϕ(xN)]
T , where ϕ(x) represents our feature trans-

formations (also called basis functions) that map each input x to an M -dimensional

feature vector. For example, if we’re fitting a quadratic function, ϕ(x) might transform

a single input x into the vector (1, x, x2), making M = 3

• S ∈ RN×N is a diagonal matrix of measurement variances: diag(σ2
1, . . . , σ

2
N), where σ

2
i

represents the variance of the i-th measurement. Since S is diagonal, its inverse S−1 is

also diagonal with elements 1/σ2
i : S

−1 = diag(1/σ2
1, . . . , 1/σ

2
N)

This quadratic form is particularly interesting because it guarantees two important

properties, which may be familiar from working with simple quadratic equations like y =

ax2 + bx+ c:

1. The function is convex (opens upward when a > 0), meaning it has a unique global

minimum, just as a parabola y = ax2 + bx+ c has exactly one lowest point

2. This minimum can be found analytically through “completing the square”—a technique

we learned in basic algebra where we rewrite ax2 + bx + c as a(x + b
2a
)2 + (c − b2

4a
) to

find the vertex. The same principle applies here, though in higher dimensions

While we could theoretically find the minimum by completing the square, taking

derivatives offers a more direct and computationally efficient approach and avoids the need to

manipulate large matrices into a perfect square form. Recall that E(w) = 1
2
(t−Φw)TS−1(t−

Φw). Expanding this expression:

E(w) =
1

2
(tTS−1t− tTS−1Φw −wTΦTS−1t+wTΦTS−1Φw). (4.25)
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Since tTS−1Φw is a scalar, it equals its transpose wTΦTS−1t. Taking the derivative

with respect to w and applying matrix calculus rules:

∇wE(w) = −ΦTS−1t+ΦTS−1Φw = −ΦTS−1(t−Φw). (4.26)

Here, the nabla symbol ∇w represents the gradient operator with respect to the

vector w. It produces a vector containing all partial derivatives of E(w) with respect to

each component of w. For a vector w = (w1, w2, . . . , wM)T , the gradient is defined as:

∇wE(w) =

(
∂E

∂w1

,
∂E

∂w2

, . . . ,
∂E

∂wM

)T

. (4.27)

At the minimum of E(w), this gradient must equal zero. Setting ∇wE(w) = 0 and

solving for w gives us the maximum likelihood estimate:

wML = (ΦTS−1Φ)−1ΦTS−1t. (4.28)

In the special case of homogeneous noise where σn = σ for all n, the covariance matrix

S simplifies to σ2I, where I is the identity matrix. Substituting this into our solution:

wML = (ΦT (σ2I)−1Φ)−1ΦT (σ2I)−1t

= (ΦT 1

σ2
IΦ)−1ΦT 1

σ2
It

= (
1

σ2
ΦTΦ)−1 1

σ2
ΦT t

= σ2(ΦTΦ)−1 1

σ2
ΦT t

= (ΦTΦ)−1ΦT t.

(4.29)

This simplified form is the ordinary least squares solution:

wML = (ΦTΦ)−1ΦT t, (4.30)

showing how the general weighted least squares solution reduces to the simpler unweighted

case when measurement uncertainties are uniform.

As a concrete example, consider the problem of fitting a straight line y = mx + b to
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data points (xi, yi). For this linear model:

• w = (b,m)T contains the intercept and slope

• Φ is an N × 2 matrix where each row is (1, xi)

• t = (y1, . . . , yN)
T contains the observed y values

For uniform uncertainties, the solution gives the familiar formulas:

m =
N
∑
xiyi − (

∑
xi)(

∑
yi)

N
∑
x2i − (

∑
xi)2

, b =

∑
yi −m

∑
xi

N
(4.31)

When measurement uncertainties σi vary between points, the weighted least squares

solution instead gives:

m =

∑
wixiyi − (

∑
wixi)(

∑
wiyi)/W∑

wix2i − (
∑
wixi)2/W

, b =

∑
wiyi −m

∑
wixi

W
(4.32)

where wi = 1/σ2
i andW =

∑
wi. This weights more precise measurements (smaller σi) more

heavily in determining the fit.

This analytical solution reveals several properties that make linear regression partic-

ularly valuable in astronomical applications. First, it provides an exact solution without

requiring iterative numerical optimization methods, even in the presence of heterogeneous

measurement uncertainties. Second, the solution’s mathematical form remains valid regard-

less of the dimensionality of our feature space. This property proves especially powerful when

analyzing high-dimensional astronomical data, such as spectroscopic observations where each

spectrum may contain thousands of flux measurements across different wavelengths.

Additionally, the computational cost scales well with the size of the dataset. Let’s

examine the dimensions of each matrix multiplication: ΦT isM×N , S−1 is N×N , and Φ is

N ×M , resulting in an M ×M matrix that needs to be inverted. The most computationally

expensive operation is the matrix inversion of (ΦTS−1Φ). However, since this final matrix

is only M ×M , where M is the number of features, the computation remains tractable even

for very large datasets. For instance, with millions of data points but only a few hundred

features, the matrix inversion is still computationally feasible since its size depends only on

the number of features, not the number of data points.

This favorable scaling with dataset size, combined with the ability to handle high-
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dimensional data efficiently, demonstrates why linear regression continues to serve as a foun-

dational tool in modern astronomical research.

4.5 Noise Parameter Estimation

Until now, we’ve treated the measurement uncertainties σi as known quantities. How-

ever, in many astronomical applications, these uncertainties themselves need to be estimated

from the data. For example, in spectroscopic observations, the quoted instrumental uncer-

tainties might not fully capture systematic effects from sky subtraction or flux calibration.

Similarly, in photometric time series, the formal uncertainties often underestimate the true

scatter due to unmodeled stellar variability or atmospheric effects.

Moreover, in some cases, the spread in the data reflects physically meaningful varia-

tions rather than just measurement error—for instance, the intrinsic dispersion in a mass-

metallicity relation could indicate real diversity in galaxy evolution histories, or scatter in a

period-luminosity relationship might reveal genuine differences in stellar properties. Under-

standing and properly modeling this intrinsic scatter can provide valuable physical insights

beyond just accounting for measurement uncertainties.

From a maximum likelihood perspective, measurement uncertainties can be naturally

incorporated as additional parameters in our model. Formally, if we denote our model

parameters asw and measurement uncertainties as σ, we seek to maximize p(t|X,w,σ) with
respect to both w and σ simultaneously. This approach acknowledges that both the model

parameters and noise characteristics are essential components in describing the observed

data distribution.

As shown in the figure above, proper estimation of measurement uncertainties is cru-

cial for maximizing the likelihood. When uncertainties are underestimated (panel a), many

data points fall outside the predicted uncertainty bands. Mathematically, this means each

point contributes a small likelihood term N (tn|y(xn,w), σ2) due to the rapid falloff of the

Gaussian distribution, resulting in a low overall likelihood. Conversely, when uncertainties

are overestimated (panel c), the Gaussian distributions become very broad, and while more

points fall within the expected range, the prefactor 1/
√
2πσ2 in the likelihood becomes very

small, again reducing the overall likelihood. The maximum likelihood estimate of σ2 (panel

b) strikes an optimal balance between these competing effects.

We can treat the uncertainty as another free parameter to optimize in our maximum
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Figure 4.2: Demonstration of how different choices of uncertainty values affect the likelihood
in maximum likelihood estimation. Panel (a): With underestimated uncertainties (σ = 0.1),
the narrow Gaussian distributions mean data points far from the model contribute very
small likelihood terms, resulting in a low total likelihood. Panel (b): When uncertainties
are correctly estimated (σ = 0.3), we achieve the maximum likelihood—this represents the
optimal balance between the width of the Gaussian distributions and their heights. Panel
(c): With overestimated uncertainties (σ = 0.6), while the Gaussian distributions are wide
enough to encompass most points, the height of each Gaussian (which scales as 1/σ) becomes
smaller, resulting in smaller likelihood values overall.

likelihood framework. However, we need to be careful about how we model these uncer-

tainties. While it may be tempting to allow each data point to have its own independent

uncertainty (σi), this would introduce as many additional parameters as we have data points.

Such an approach would make our model parameters ill-constrained. To understand why,

recall that for a Gaussian likelihood, each data point contributes a term (tn − yn)
2/σ2

n to

χ2. If we allowed each σi to vary independently, we could always achieve χ2 = N (where

each point contributes exactly 1) by setting σi = |ti − yi| for any set of model parameters,

regardless of how well or poorly the model actually fits the data. This would prevent us

from meaningfully comparing different model fits and result in a model with no predictive

power, as the uncertainties would simply adjust to accommodate any model predictions.

Thus, to make the problem well-defined, we need to parameterize our noise model

with fewer parameters than data points. For instance, we might assume the measurement

uncertainty varies smoothly with our input features. As an illustrative case, let’s consider

perhaps the simplest scenario: homogeneous but unknown measurement uncertainty, where

all measurements share the same unknown uncertainty σ.

Let’s recall our log-likelihood function, written in terms of the precision β = 1/σ2
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(this parameterization will simplify our derivation):

ln p(t|X,w, β) = N

2
ln β − N

2
ln(2π)− β

2

N∑

n=1

(tn −wTϕ(xn))
2. (4.33)

Previously, we treated σ as a fixed, known quantity while optimizing for w. Now, we

recognize that σ can be treated as another parameter of our model, just like w.

To find the optimal value of β, we follow the same approach we used for w: we

differentiate the log-likelihood with respect to β and set it to zero:

∂

∂β
ln p(t|X,w, β) = N

2β
− 1

2

N∑

n=1

(tn −wTϕ(xn))
2 = 0. (4.34)

Solving for β and converting back to σ2:

1

βML

= σ2
ML =

1

N

N∑

n=1

(tn −wTϕ(xn))
2. (4.35)

This equation provides us with an intuitive estimate of the measurement variance—it’s

simply the average of the squared residuals between our observations and model predictions.

The logic is straightforward: if our model fits the data well, then any remaining discrepancies

between the model predictions and observations should reflect the underlying measurement

noise. By averaging these squared residuals, we get a direct estimate of the typical squared

deviation (variance) in our measurements. This is analogous to how we might estimate

the uncertainty in repeated measurements of the same quantity—we’d look at how much

the measurements scatter around their mean value. Here, instead of comparing to a mean,

we’re comparing to our model predictions, but the principle is the same. If our residuals

are typically small, this suggests our measurements are quite precise (small σ2), while larger

residuals indicate more substantial measurement uncertainties (large σ2).

However, there’s a subtle but important point we need to consider: the likelihood

function p(t|X,w, β) depends jointly on both w and β. To find the true maximum like-

lihood solution, we need to maximize with respect to both parameters simultaneously. In
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mathematical terms, we seek:

(wML, βML) = argmax
w,β

p(t|X,w, β). (4.36)

While this might seem challenging, our problem has a special structure that makes

it tractable. We’ve already shown that for any fixed β, we can analytically find wML(β).

Similarly, for any fixed w, we can analytically find βML(w). This suggests an iterative

approach:
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Figure 4.3: Schematic illustration showing the globally convex log-likelihood surface in (w, β)
space. The bowl-shaped contours demonstrate why optimization can be achieved in exactly
two steps: since the optimal w depends only on relative residual weights (independent of β
scale), we can first optimize w for any initial β, then directly find the optimal β using that
w. This two-step convergence is guaranteed by the convex geometry, regardless of starting
point.

1. Start with an initial guess for β

2. Find wML(β) using our weighted least squares solution

3. Use this wML(β) to find βML(w) using our variance estimation formula
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4. Repeat steps 2-3 until convergence

Remarkably, in this specific case, the iteration always converges. To understand why,

let’s examine the structure of our log-likelihood function:

ln p(t|X,w, β) = N

2
ln β − N

2
ln(2π)− β

2

N∑

n=1

(tn −wTϕ(xn))
2. (4.37)

This function has a special geometric structure that guarantees a unique global max-

imum. Consider first how the likelihood varies with w when σ2 is fixed. The exponential

term contains squared distances between predictions and observations, creating a convex

“bowl-shaped” surface in parameter space—move too far in any direction and the likelihood

drops exponentially.

Similarly, varying σ2 while holding w fixed reveals another bowl-shape: very small

σ2 makes the Gaussian distributions too narrow, causing exponentially small likelihoods

for points not exactly matching predictions, while very large σ2 makes the distributions

too wide, with the 1/
√
2πσ2 normalization term driving the likelihood toward zero. The

likelihood must peak at an intermediate value where these competing effects balance.

This convexity in all directions ensures a single global maximum. Moreover, because

the optimal wML depends only on the relative weighting of squared residuals, which is in-

dependent of the scale of β, finding wML for any initial β gives us the correct w value. We

can then use this w to find the optimal β, converging to the global maximum in exactly two

steps, as shown in the figure above.

Combining these insights, we can obtain the maximum likelihood solution through a

simple two-step process. First, we estimate wML using the weighted least squares solution:

wML = (ΦTΦ)−1ΦT t. (4.38)

Then, using this wML, we can directly compute σ2
ML as:

σ2
ML =

1

N

N∑

n=1

(tn −wT
MLϕ(xn))

2. (4.39)

This estimate of σ2 represents the average squared deviation between our observa-
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tions and the model predictions. It captures the typical magnitude of measurement noise

in our data, assuming that any residual differences between the model and observations are

primarily due to measurement uncertainties rather than model inadequacies. This assump-

tion is reasonable when we believe our linear model appropriately captures the underlying

relationship in the data.

4.6 Limitations of Maximum Likelihood Approach

Throughout this chapter, we’ve focused on maximum likelihood estimation, demon-

strating how it provides a principled framework for finding optimal model parameters and

even estimating measurement uncertainties. However, we have made two important simpli-

fications that highlight fundamental limitations of the MLE approach.

First, we assumed no prior knowledge, implicitly treating the data alone as sufficient

to determine our model parameters. In astronomy, we often have prior knowledge that

could inform our parameter estimates—for instance, we might know physical constraints on

possible parameter values or have results from previous studies that suggest likely ranges for

parameters.

But perhaps more critically, maximum likelihood estimation focuses solely on finding

the best-fit model, which contradicts a fundamental principle of scientific inquiry. In science,

we seek not just predictive models, but also a rigorous understanding of our models’ limita-

tions and uncertainties. We need to quantify both the uncertainty in our model parameters

and in the predictions we make using these models.

MLE provides only single “best” parameter values rather than complete uncertainty

distributions. When we compute wML, we obtain a single point estimate that represents our

best guess for the model parameters. However, this tells us nothing about how confident we

should be in these estimates. Are our parameters well-constrained by the data, or might there

be a wide range of equally plausible parameter values? Without uncertainty quantification,

we cannot answer these essential questions.

Consider our earlier M-σ relation example. If we find β = 4.0 for the power-law

index, MLE alone doesn’t tell us whether this value is constrained to within ±0.1 or might

reasonably range from 3.0 to 5.0. This uncertainty information is crucial for comparing our

results with theoretical predictions or with measurements from other studies.

The MLE approach fundamentally lacks a systematic way to assess parameter un-
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certainties. While we can compute residuals and goodness-of-fit statistics, these don’t di-

rectly translate into confidence intervals or uncertainty estimates for the model parameters

themselves. This limitation becomes especially problematic when we need to propagate un-

certainties through subsequent calculations or compare models with different numbers of

parameters.

A second major limitation is that MLE ignores valuable prior knowledge that often

exists in astronomical problems. For example, in stellar astrophysics, we might know that

stellar masses must be positive and typically fall within certain ranges based on stellar

evolution theory. In cosmology, physical constraints might limit parameter ranges based

on nucleosynthesis or structure formation requirements. The MLE framework provides no

natural way to incorporate such prior knowledge into our parameter estimation.

Additionally, MLE lacks built-in safeguards against overfitting. Without explicit

mechanisms for regularization, it can lead to models that fit the training data well but

generalize poorly to new observations. This is particularly problematic when the number of

parameters approaches the number of data points, or when our basis functions ϕ(x) become

very flexible. While the analytical solutions we derived are exact, they don’t inherently

guard against overfitting—they simply find the parameters that best explain the observed

data, regardless of whether this leads to reasonable predictions for future observations.

These limitations highlight why the Bayesian approach becomes essential for rigorous

scientific inference. Rather than providing just point estimates like wML, Bayesian infer-

ence gives us the complete posterior distribution p(w|t). This comprehensive probabilistic

description provides several key advantages for scientific analysis:

Through the posterior distribution, we can quantify uncertainties in our model param-

eters, enabling us to understand the precision and limitations of our results. The Bayesian

framework also allows us to make probabilistic predictions that naturally include uncer-

tainty estimates, giving us a more complete picture of what our models tell us about the

phenomena we study. Additionally, it provides a formal and systematic way to incorporate

prior knowledge into our analyses, allowing us to build upon previous results and theoretical

constraints.

Perhaps most importantly, the Bayesian approach enables us to distinguish between

aleatoric and epistemic uncertainties through the posterior predictive distribution, which we

will explore in detail in the next chapter. These capabilities make the Bayesian approach

particularly valuable for rigorous scientific inference in astronomy, where understanding un-
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certainties is often as important as the parameter estimates themselves.

4.7 Summary

In this chapter, we have developed linear regression from first principles, demon-

strating how this fundamental technique emerges naturally from the framework of Bayesian

inference and maximum likelihood estimation. Our journey began with the recognition

that many astronomical relationships, while nonlinear in their original form, become lin-

ear through appropriate transformations—particularly the logarithmic transformations that

reveal the power-law relationships ubiquitous in astronomy.

We established the mathematical formalism of linear regression, showing how the

general model y(x,w) = wTϕ(x) provides a flexible framework for modeling complex rela-

tionships through the choice of basis functions ϕ(x). This formulation demonstrates that

“linear” regression refers to linearity in the parameters w, not necessarily in the input fea-

tures themselves.

Through maximum likelihood estimation, we derived the fundamental connection

between probabilistic inference and least squares optimization. By modeling observations as

t = y(x,w)+ε with Gaussian noise ε ∼ N (0, σ2), we showed that maximizing the likelihood

is mathematically equivalent to minimizing weighted least squares. This connection reveals

that the ubiquitous chi-square statistic in astronomical model fitting is not an arbitrary

choice, but emerges naturally from rigorous probabilistic principles.

The analytical solution we derived, wML = (ΦTS−1Φ)−1ΦTS−1t, provides several key

advantages for astronomical applications. First, it yields exact results without requiring

iterative optimization, even in the presence of heterogeneous measurement uncertainties.

Second, its computational cost scales favorably with dataset size, depending on the number of

features rather than the number of data points—a crucial property for modern astronomical

surveys with millions of objects. Third, it naturally accommodates the varying measurement

uncertainties that characterize real astronomical observations.

We extended the maximum likelihood framework to estimate measurement uncer-

tainties themselves, showing how both model parameters and noise characteristics can be

determined simultaneously through a simple two-step process. The resulting estimate σ2
ML =

1
N

∑N
n=1(tn − wT

MLϕ(xn))
2 provides a principled way to quantify the typical magnitude of

measurement noise, whether it represents instrumental uncertainties or intrinsic physical
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scatter.

However, our exploration also revealed fundamental limitations of the maximum like-

lihood approach. Most critically, MLE provides only point estimates rather than complete

uncertainty distributions, offering no systematic way to quantify our confidence in parame-

ter estimates. Additionally, MLE provides no framework for incorporating prior knowledge

about physically reasonable parameter values, and it offers no inherent protection against

overfitting.

These limitations motivate the need for a more complete Bayesian treatment of linear

regression. While maximum likelihood estimation asks “what parameter values best explain

the observed data?”, Bayesian inference addresses the more comprehensive question: “given

our data and prior knowledge, what is the complete probability distribution over all possible

parameter values?” This shift from point estimates to probability distributions provides the

foundation for rigorous uncertainty quantification and scientific inference.

In Chapter 5, we will extend the foundation built here to develop a fully Bayesian

treatment of linear regression. We will see how this approach addresses the limitations

identified in this chapter by providing complete posterior distributions over parameters,

natural incorporation of prior knowledge, and principled uncertainty quantification that

distinguishes between different sources of uncertainty. The mathematical framework we have

established—from basis functions to likelihood derivation to analytical solutions—will serve

as the foundation for this more sophisticated treatment, demonstrating how linear regression

serves as a bridge between simple statistical concepts and the rich world of Bayesian machine

learning.

4.8 Appendix: Model Evaluation and Cross-Validation

Throughout this chapter, we developed linear regression from maximum likelihood

principles, deriving analytical solutions for parameter estimation through our framework of

basis functions and design matrices. However, we concluded by identifying fundamental

limitations of the maximum likelihood approach: it provides only point estimates without

systematic uncertainty quantification, and it offers no inherent protection against overfitting.

While Chapter 5 will address the uncertainty quantification limitation through a full

Bayesian treatment, the model selection challenge—determining the appropriate number of

basis functions or model complexity—remains important for all approaches. This appendix
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introduces cross-validation techniques that provide essential tools for model evaluation and

selection, demonstrating these concepts through the linear regression framework we have

established.

At the heart of machine learning lies a fundamental question: what constitutes a good

model? To explore this question, let’s consider polynomial regression as a concrete example.

Recall from our discussion of basis functions that we can express any linear regression model

as:

y(x,w) =
M−1∑

j=0

wj · ϕj(x) = wTϕ(x) (4.40)

For polynomial regression, we simply choose polynomial basis functions: ϕ0(x) = 1,

ϕ1(x) = x, ϕ2(x) = x2, and so on. This gives us:

y(x,w) = w0 + w1x+ w2x
2 + . . .+ wM−1x

M−1 (4.41)

where the weights w are determined through our maximum likelihood solution wML =

(ΦTΦ)−1ΦT t. This is precisely the linear regression framework we derived, but with poly-

nomial feature engineering applied to transform our input space.

A natural question arises: how many polynomial terms should we include in our basis

functions ϕ(x)? This is a direct application of the feature engineering concepts from this

chapter—we are choosing the dimensionality M of our feature space and thus the structure

of our design matrix Φ. This question exemplifies the bias-variance tradeoff that underlies all

machine learning applications and connects directly to the overfitting concerns we identified

as limitations of the maximum likelihood approach.

We can evaluate our model performance using the mean squared error:

MSE =
1

N

N∑

i=1

(ti − y(xi,w))2 (4.42)

This measures how well our predictions match actual observations—a direct application

of the squared-error loss that emerges naturally from our homoscedastic Gaussian noise

assumptions in the maximum likelihood framework.

Machine learning fundamentally balances modeling (incorporating prior knowledge

and assumptions) with learning (extracting patterns from data). As we increase the number
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of polynomial basis functions—effectively increasing the complexity of our feature space—we

observe three distinct regimes. First, underfitting occurs when our basis functions are too

limited to capture the underlying patterns in the data. A purely linear model applied to

clearly nonlinear astronomical relationships exemplifies this regime. Second, we find an

optimal balance where our model captures the true underlying relationship without being

overly influenced by measurement noise. Finally, overfitting emerges when our feature space

becomes so complex that our model begins fitting measurement noise rather than the under-

lying signal, memorizing peculiarities of our training data rather than learning generalizable

patterns.
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Figure 4.4: Demonstration of polynomial fitting with increasing model complexity. Each
panel shows the true underlying function (blue dashed line), training data points (red), test
data points (green), and the fitted polynomial (pink) of different orders. As the polynomial
order increases from 1 to 15, we observe how the model’s flexibility changes. The linear fit
(order 1) is too rigid to capture the data’s pattern, while the high-order polynomial (order
15) follows the noise in the training data too closely. Intermediate orders provide a better
balance between fitting the data and capturing the true underlying pattern.

The key insight for distinguishing between these regimes comes from recognizing that

good models should generalize to new observations. This principle is fundamental to scientific

inference: our models should make accurate predictions about future data, not merely achieve

low residuals on existing measurements.
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Training and Test Sets The solution lies in splitting our dataset into distinct portions.

We use a training set to fit model parameters—applying our maximum likelihood solution

wML = (ΦTΦ)−1ΦT t to determine the optimal weights for each choice of basis functions.

Simultaneously, we hold out a test set during training to evaluate generalization performance

on data that played no role in parameter estimation.

This approach reveals why the fundamental behavior differs between training and test

performance. For the training data, increasing the degrees of freedom (adding more polyno-

mial basis functions) will continuously improve our fit. This occurs because our maximum

likelihood solution can always find weights that better explain the training observations —

higher-dimensional feature spaces provide more flexibility to minimize training error. How-

ever, there’s a critical insight: at some point, even though we continue improving our fit on

the training data, we begin overfitting to the training set’s specific characteristics.

When overfitting occurs, the model starts to memorize noise and peculiarities specific

to the training data rather than learning the true underlying relationship. These noise pat-

terns are not fundamental properties of the physical system we’re studying—they’re artifacts

of our particular measurements. As a result, while the model might perform exceptionally

well on the training data, it performs poorly when presented with new, unseen data points.

This creates the characteristic learning curve behavior: training error decreases mono-

tonically as we add basis functions, but test error follows a U-shaped curve. For underfitting

(too few basis functions), both training and test errors are high because the model lacks

sufficient flexibility. In the optimal regime, both errors are minimized as the model captures

the true relationship. In the overfitting regime, training error continues to decrease while

test error increases, as the model fits training-specific noise that doesn’t generalize.

This phenomenon—where more complex models can fit training data better but gen-

eralize worse—represents a fundamental tension in machine learning. Interestingly, this

classical understanding has been challenged by recent discoveries in neural networks, where

the “double descent” phenomenon shows that very highly overparameterized models can

sometimes generalize better than expected, a topic we’ll explore in Chapter 15. However, for

the polynomial regression case and many classical machine learning methods, the U-shaped

test error curve remains the standard behavior.

When the model enters the overfitting regime with too many basis functions, it begins

fitting noise patterns specific to the training data. These noise patterns do not generalize to

new observations, leading to larger errors on the test set. By evaluating our model on held-
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Figure 4.5: Training and test error curves (on log scale) illustrating the three fundamental
regimes in model complexity. The underfitting regime (red shading) shows high error on
both training and test sets due to insufficient model flexibility. The good fit regime (green
shading) represents optimal model complexity where both errors are minimized. The over-
fitting regime (blue shading) is characterized by very low training error but increasing test
error as the model begins to fit noise in the training data. This behavior demonstrates the
crucial balance between model complexity and generalization performance.

out test data that never influenced parameter estimation, we obtain an unbiased estimate of

how our model will perform on future observations.

Three-Way Data Splitting For methodological rigor, we can implement a three-way

data split. The training set applies our maximum likelihood solution for each choice of basis

functions, fitting the weight vector w optimally. The validation set determines the optimal

dimensionality of our feature space—how many polynomial terms to include in ϕ(x). Finally,

the test set provides final evaluation of our chosen model on completely unseen data. This

approach ensures that model selection decisions are based on the validation set while the

test set provides a truly unbiased assessment of generalization performance.

In practice, particularly in astronomy where data can be scarce, we often work with

just training and test sets. While this approach involves some methodological compro-

mise—our model selection still depends on test set performance—it represents a reasonable

balance between statistical rigor and practical constraints. There’s always tension between
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having enough training data for reliable parameter estimation and sufficient validation/test

data for trustworthy evaluation. A common split might allocate 60% for training, 20% for

validation, and 20% for testing, though these proportions should be adapted based on total

dataset size and specific problem characteristics.

Cross-Validation for Limited Data When datasets are severely limited, cross-validation

provides a powerful alternative that makes more efficient use of available data. In Leave-

One-Out Cross-Validation (LOOCV), we perform N separate applications of our maximum

likelihood solution, each time training on N − 1 observations and testing on the remaining

observation. We rotate through all observations so each serves as the test set exactly once,

then average the test errors to estimate model performance.

This approach maximizes data utilization since nearly all observations are used for

training in each iteration, and it provides N independent assessments of generalization per-

formance. However, LOOCV requires training N separate models, which can be computa-

tionally expensive. Additionally, since each test set contains only one observation, individual

test results can be noisy. The high correlation between training sets—differing by only one

observation—may also lead to overly optimistic performance estimates.

K-fold cross-validation offers a practical compromise by dividing data into K folds,

training on K − 1 folds, and testing on the remaining fold. This reduces computational cost

while maintaining many advantages of LOOCV.

Cross-validation in astronomy often requires careful consideration of data structure.

For time-series observations, randomly splitting data can lead to information leakage where

future information influences past predictions. Time-aware splitting may be more appro-

priate. When observations are spatially clustered, random splitting might not reflect the

challenge of predicting for genuinely new sky regions. Selection effects and systematic un-

certainties require careful interpretation of cross-validation results.

Cross-validation provides a practical framework for model evaluation that comple-

ments both the maximum likelihood methods developed in this chapter and the Bayesian

approaches we’ll explore in Chapter 5. While our analytical solutions give principled pa-

rameter estimation, and Bayesian methods will provide rigorous uncertainty quantification,

cross-validation addresses the fundamental challenge of model selection—determining appro-

priate complexity levels for any statistical approach. This framework applies broadly across

machine learning methods—the fundamental principle of requiring good generalization per-
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formance remains central to all effective applications.

As we progress to Bayesian linear regression in Chapter 5, we will see how Bayesian

approaches provide powerful tools for uncertainty quantification through posterior distribu-

tions. However, the evaluation principles established here prepare us for model selection tech-

niques throughout this textbook, including information criteria for mixture models (Chapter

11) that provide principled alternatives to cross-validation for model comparison. Under-

standing these evaluation concepts now provides essential groundwork for all subsequent

machine learning applications in astronomical research.

Further Readings: The development of linear regression methods traces back to early

mathematical contributions from Gauss [1823], who provided exposition of least squares the-

ory and the Gauss-Markov theorem. For practical implementation in astronomical contexts,

Bevington and Robinson [1969] offers a widely-used reference for weighted least squares and

error analysis in the physical sciences. Linear regression has proven instrumental in reveal-

ing astronomical relationships through several scaling relations discovered over the decades:

Faber and Jackson [1976] documented how luminosity scales with the fourth power of veloc-

ity dispersion for elliptical galaxies, while Tully and Fisher [1977] identified the analogous

relation between luminosity and rotation velocity for spiral galaxies. Work on the M-σ

relation by Ferrarese and Merritt [2000] and Gebhardt et al. [2000] demonstrated tight cor-

relations between supermassive black hole masses and host galaxy velocity dispersions with

small intrinsic scatter. Kennicutt [1998] characterized the star formation law relating gas

density to star formation rate. For readers interested in handling challenges specific to as-

tronomical data, Isobe et al. [1990] provided comparison of regression methods addressing

measurement errors, while Akritas and Bershady [1996] developed a bivariate estimator that

accounts for correlated errors, heteroscedastic uncertainties, and intrinsic scatter. Theoreti-

cal foundations for model selection through cross-validation were contributed by Stone [1974],

providing methods for assessing predictive performance that have become fundamental to

modern machine learning approaches in astronomy.
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Chapter 5

Bayesian Linear Regression

In the previous chapter, we explored linear regression through maximum likelihood

estimation, demonstrating how this approach provides a framework for fitting linear rela-

tionships to astronomical data. We showed that under Gaussian measurement uncertainties,

maximizing the likelihood naturally leads to minimizing weighted least squares — connecting

rigorous probabilistic principles to the familiar chi-square statistic that pervades astronom-

ical analysis. We discovered that linear regression yields analytical solutions regardless of

feature space dimensionality, making it computationally tractable even for high-dimensional

astronomical datasets.

In principle, we can obtain uncertainty estimates for these maximum likelihood pa-

rameters through bootstrapping, as we explored in Chapter 3. By resampling our data with

replacement, we can generate many synthetic datasets, refit our model to each one, and ex-

amine the distribution of resulting parameter estimates. This approach has solid theoretical

foundations and can work well in many situations, providing a frequentist framework for

understanding parameter uncertainties.

However, bootstrapping has practical limitations that become particularly apparent

in astronomical applications. It requires sufficient data for reliable resampling - a condition

not always met in astronomy where samples may be small or expensive to obtain. The

method can also struggle with complex measurement error structures, common in astro-

nomical observations where different measurements may have very different uncertainties.

Moreover, bootstrapping provides no natural framework for incorporating prior knowledge

from theory or previous observations.

129
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Figure 5.1: Illustration of why we need to go beyond simple maximum likelihood estimation.
Both panels show the same underlying relationship (dashed blue line) fitted to observed
data (orange points), but with different measurement uncertainties (shown as yellow dis-
tributions). Panel (a) shows a case with small measurement errors, where bootstrapped
uncertainty estimates are reliable. Panel (b) shows the same fit applied to data with large
measurement errors, where bootstrapping may provide misleading uncertainty estimates due
to the limited sample size and complex error structure.

The Bayesian approach offers a fundamentally different perspective that addresses

these limitations. Rather than treating model parameters as fixed quantities whose sampling

distribution we must estimate through resampling, Bayesian inference treats them as random

variables with probability distributions. This shift enables us to ask not just “what are the

parameter values and their uncertainties?” but “what is the complete probability distribution

over all plausible parameter values given our data and prior knowledge?”

This probabilistic treatment provides several crucial advantages for astronomical re-

search. First, it enables full uncertainty quantification without requiring large sample sizes

or assumptions about the sampling process. Second, it provides a principled framework for

incorporating prior knowledge—whether from previous observations, theoretical constraints,

or physical intuition. Third, it naturally prevents overfitting through the connection between

priors and regularization, as we will discover.

In this chapter, we will develop a Bayesian framework for linear regression. We begin

by exploring conjugate priors, which provide analytical solutions and illuminate the math-

ematical structure of Bayesian inference. We will see how these concepts extend naturally

from simple examples to the full multivariate treatment needed for linear regression. The

framework will reveal how Bayesian thinking naturally gives rise to regularization, provides
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complete predictive distributions with proper uncertainty propagation, and offers a unified

foundation for understanding more sophisticated machine learning methods.

For astronomy, where proper uncertainty handling is critical for robust scientific con-

clusions, Bayesian linear regression offers particular advantages. Whether we’re studying

the M-σ relation between black hole mass and stellar velocity dispersion, investigating the

Kennicutt-Schmidt law relating gas density to star formation rate, or analyzing any other lin-

ear relationship in astronomical data, the ability to quantify both parameter and prediction

uncertainties enables more reliable inference and better-informed observational strategies.

5.1 From Maximum Likelihood to Bayesian Inference

To understand why the Bayesian approach represents such a significant advance over

traditional frequentist methods, we must first examine what these approaches tell us—and

more importantly, what they struggle to tell us.

Consider a concrete astronomical example: fitting the M-σ relation to measure the

relationship between black hole mass and stellar velocity dispersion. A frequentist analysis

might start with maximum likelihood estimation, then use bootstrapping to estimate un-

certainties. While this approach can work well with large, well-sampled datasets, it often

struggles with the realities of astronomical data: small sample sizes, heterogeneous measure-

ment errors, and strong prior knowledge from theory or previous observations that cannot

be naturally incorporated into the bootstrap framework.

The Bayesian perspective offers a different way to think about this problem. Rather

than treating model parameters as fixed quantities whose sampling distribution we must

estimate through resampling, Bayesian inference treats them as random variables with prob-

ability distributions. This shift asks fundamentally different questions:

• Maximum likelihood asks: “What parameter values best explain my observations?”

• Bayesian inference asks: “Given my observations and prior knowledge, what is the

probability distribution over all possible parameter values?”

This distinction is not merely philosophical—it has practical implications for how we

interpret and use our results.
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The mathematical framework that enables this transformation is Bayes’ theorem:

p(w|D) = p(D|w)p(w)

p(D) . (5.1)

This deceptively simple equation provides a complete recipe for learning from data.

Each component has a clear interpretation:

• p(D|w) is the likelihood—identical to what we used in maximum likelihood estimation.

It captures what our data tells us about the parameters.

• p(w) is the prior—our beliefs about the parameters before seeing the data. This allows

us to incorporate previous knowledge or physical constraints.

• p(D) is the evidence—a normalization constant that ensures the posterior is a valid

probability distribution.

• p(w|D) is the posterior—our updated beliefs after combining prior knowledge with

observed data.

The beauty of this framework lies in how it naturally handles the interplay between

different sources of information. When we have strong prior knowledge and weak data, the

posterior remains close to the prior. When we have weak priors and strong data, the posterior

is dominated by the likelihood. Most importantly, the framework automatically quantifies

our confidence: narrow posterior distributions indicate well-constrained parameters, while

broad distributions signal high uncertainty.

In contrast to maximum likelihood estimation, which provides a single point estimate

wML, Bayesian inference yields a complete posterior distribution that captures the full range

of parameter values consistent with our observations and prior knowledge. This shift from

point estimates to probability distributions enables rigorous uncertainty quantification—a

capability essential for robust scientific inference.

To see why this matters, consider again our M-σ relation example. Instead of reporting

a slope of 4.0, we might find that the posterior distribution suggests the slope is 4.0 ±
0.3 (at 68% confidence). This uncertainty information is crucial for comparing our results

with theoretical predictions, planning follow-up observations, or propagating uncertainties

through subsequent calculations.
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The Bayesian framework also provides natural protection against overfitting. As

we will see later in this chapter, the prior distribution acts as a regularizer, automatically

penalizing overly complex models unless they are strongly supported by the data. This

regularization emerges naturally from the probabilistic framework rather than being imposed

as an ad hoc constraint.

Perhaps most importantly for astronomical applications, the Bayesian approach en-

ables us to make probabilistic predictions that include proper uncertainty estimates. When

we use our fitted M-σ relation to predict a black hole mass for a new galaxy, we want to

know not just our best estimate, but also how uncertain that prediction is. The Bayesian

framework provides exactly this capability through the posterior predictive distribution.

This transformation from point estimates to probability distributions represents more

than a technical improvement—it reflects a deeper understanding of how knowledge accumu-

lates in science. Scientific conclusions always carry some degree of uncertainty that should

be quantified and propagated through subsequent analyses. The Bayesian approach provides

the mathematical tools to do this rigorously and systematically.

5.2 Conjugate Priors

Having established the conceptual framework of Bayesian inference, we now face a

practical challenge: how do we actually compute posterior distributions? While Bayes’ the-

orem provides the recipe, the integration required to normalize the posterior and compute

expectations can be mathematically intractable for many combinations of priors and likeli-

hoods.

This is where the concept of conjugate priors becomes invaluable. A conjugate prior

is a prior distribution that, when combined with a particular likelihood, yields a posterior

distribution of the same mathematical family as the prior. This mathematical harmony

enables analytical solutions to otherwise complex inference problems.

Let’s recall the fundamental equation of Bayesian inference:

p(w|D) ∝ p(D|w)p(w). (5.2)

The conjugacy property means that if we choose our prior p(w) from the right family

of distributions, the posterior p(w|D) will belong to the same family, just with updated
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parameters. This mathematical structure allows us to transform the abstract concept of

“updating beliefs” into concrete parameter updates that can be computed analytically.

To build intuition for this concept, let’s explore conjugate priors through concrete

examples that frequently arise in astronomical data analysis. These examples will reveal the

underlying pattern that makes conjugate priors so powerful.

Poisson-Gamma Conjugacy Consider a fundamental task in observational astronomy:

counting stars in different regions of the sky to understand stellar density distributions.

Suppose we’re conducting a survey where λ represents the expected number of stars in a

given region—the true average we would observe if we could survey infinitely many similar

regions.

When we observe a single region, the probability of counting exactly n stars follows

a Poisson distribution:

p(n|λ) = λne−λ

n!
. (5.3)

This distribution naturally arises when counting rare, independent events—exactly

the situation we have with star counts in a given field of view. The Poisson parameter λ

encodes both the rate of star formation history and the observational selection effects that

determine how many stars we can detect.

Of course, we don’t know the true value of λ—that’s what we’re trying to learn from

our observations. Before making any observations, we might have prior beliefs about λ based

on previous surveys, theoretical models of stellar formation, or the known properties of the

region we’re studying.

The Gamma distribution provides a natural way to express these prior beliefs:

p(λ) =
βα

Γ(α)
λα−1e−βλ. (5.4)

The parameters α and β have intuitive interpretations that connect directly to our

prior knowledge. The ratio α/β represents our prior expectation for the star count, while the

individual values of α and β determine our confidence in this expectation. We can think of

α as the total number of stars we’ve “effectively observed” in previous similar surveys, and

β as the number of regions surveyed. For instance, if previous observations suggest about 5

stars per region and we base this on surveys of 2 regions, we might use α = 10 and β = 2.
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The magic of conjugacy reveals itself when we update our beliefs with a new obser-

vation. Suppose we count n stars in a new region. Using Bayes’ theorem:

p(λ|n) ∝ p(n|λ)p(λ) ∝ λne−λ · λα−1e−βλ. (5.5)

Combining the terms:

p(λ|n) ∝ λ(n+α−1)e−(β+1)λ. (5.6)

This is another Gamma distribution! The posterior has the form Gamma(α+n, β+1),

where the parameters update according to simple rules:

• α increases by the number of stars observed (n)

• β increases by 1 (reflecting that we’ve surveyed one additional region)
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Figure 5.2: Visualization of Poisson-Gamma conjugacy in star count analysis. Panel (a)
demonstrates how multiplying the Poisson likelihood (dotted blue line) with a Gamma prior
(dashed green line) yields a Gamma posterior (solid red line, with shading). The prior
Gamma(α = 10, β = 2) represents previous observations suggesting about 5 stars per
region, which is updated by a new observation of 8 stars. Panel (b) shows how different
prior parameters affect the posterior distribution, while keeping the same likelihood (8 stars
observed). When the prior has higher precision (α = 20, β = 4, darker lines), the posterior
stays closer to the prior mean. When the prior has lower precision (α = 5, β = 1, lighter
lines), the posterior is more strongly influenced by the likelihood. This illustrates how the
relative strength of prior knowledge versus new data shapes our updated beliefs.

This result has beautiful intuitive appeal. If our prior was Gamma(10, 2) (suggesting
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about 5 stars per region based on 2 previous surveys), and we observe 8 stars in a new region,

our posterior becomes Gamma(18, 3). This suggests a slightly higher average of about 6 stars

per region (18/3 = 6), incorporating both our prior knowledge and the new evidence.

For multiple observations, the updating process extends naturally. If we observe

counts {n1, n2, . . . , nk} in k independent regions, the posterior becomes Gamma(α+
∑
ni, β+

k). This mathematical structure exactly matches our intuitive understanding: our estimate

should be influenced by both the total number of stars observed and the number of regions

surveyed.

Bernoulli-Beta Conjugacy Consider another fundamental astronomical task: classifying

galaxies as either spiral or elliptical. This binary classification problem illustrates conjugacy

in a different but equally illuminating context.

For any individual galaxy, the classification follows a Bernoulli distribution. If θ

represents the probability that a randomly selected galaxy is spiral, then:

p(x|θ) = θx(1− θ)1−x, (5.7)

where x = 1 for spiral galaxies and x = 0 for elliptical galaxies.

Our prior beliefs about θ—the underlying fraction of spiral galaxies in our survey

region—can be expressed using a Beta distribution:

p(θ) =
Γ(α + β)

Γ(α)Γ(β)
θα−1(1− θ)β−1. (5.8)

Like the Gamma parameters, α and β have intuitive interpretations: if we’ve previ-

ously classified α+β galaxies, with α being spiral and β elliptical, this would naturally lead

to our Beta prior.

When we observe n new galaxies, with
∑
xi being spiral and (n−∑xi) being elliptical,

the likelihood is:

p({xi}|θ) = θ
∑

xi(1− θ)n−
∑

xi . (5.9)

The posterior becomes:

p(θ|{xi}) ∝ θ
∑

xi(1− θ)n−
∑

xi · θα−1(1− θ)β−1 = θ(α+
∑

xi)−1(1− θ)(β+n−
∑

xi)−1. (5.10)
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Once again, we obtain a distribution from the same family: Beta(α +
∑
xi, β + n −∑

xi). The updating rules are equally intuitive:

• α increases by the number of spiral galaxies observed

• β increases by the number of elliptical galaxies observed

These examples reveal the fundamental pattern that makes conjugate priors so power-

ful: they allow us to update our beliefs analytically, with parameter updates that have clear

interpretations in terms of accumulated evidence. This mathematical elegance will prove

essential when we extend these concepts to the more complex setting of linear regression.

5.3 Gaussian-Gaussian Conjugacy in One Dimension

The examples we’ve explored—Poisson-Gamma and Bernoulli-Beta conjugacy—reveal

the power of conjugate priors for discrete problems. However, for linear regression, we need

to understand conjugacy for continuous parameters. This leads us naturally to Gaussian-

Gaussian conjugacy, which forms the mathematical foundation for Bayesian linear regression.

Let’s begin with the simplest possible case: estimating the mean of a Gaussian dis-

tribution when the variance is known. While this might seem like an artificial problem, it

contains all the essential elements we’ll need for the full linear regression treatment, and its

simplicity allows us to focus on the key mathematical insights.

Consider a single observation x drawn from a Gaussian distribution with unknown

mean µ and known variance σ2:

p(x|µ) = N (x|µ, σ2) =
1√
2πσ2

exp

(
−(x− µ)2

2σ2

)
. (5.11)

This likelihood function tells us how probable it is to observe the value x for any pro-

posed mean µ. The quadratic term in the exponent means that likelihood decreases rapidly

as we move away from µ = x, with the rate of decrease determined by the measurement

uncertainty σ2.

To complete our Bayesian model, we need to specify prior beliefs about µ. A natural
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choice is another Gaussian distribution:

p(µ) = N (µ|µ0, τ
2
0 ) =

1√
2πτ 20

exp

(
−(µ− µ0)

2

2τ 20

)
, (5.12)

where µ0 represents our prior belief about the mean and τ 20 represents our prior uncertainty.

Why choose a Gaussian prior? Beyond mathematical convenience, this choice reflects

a reasonable default assumption: if we’re uncertain about a continuous parameter, the Gaus-

sian distribution assigns highest probability to values near our best guess µ0 and smoothly

decreases for values further away. The spread τ 20 controls how confident we are in our prior

belief.

The magic of Gaussian conjugacy reveals itself when we combine the prior and like-

lihood. Since both are Gaussian distributions, their product will also be Gaussian—this is

the essence of conjugacy. Let’s see this explicitly by multiplying the distributions (dropping

normalization constants):

p(µ|x) ∝ p(x|µ)p(µ) (5.13)

∝ exp

(
−(x− µ)2

2σ2

)
exp

(
−(µ− µ0)

2

2τ 20

)
(5.14)

∝ exp

(
−1

2

[
(x− µ)2
σ2

+
(µ− µ0)

2

τ 20

])
. (5.15)

To show that this is indeed Gaussian in µ, we need to collect terms and complete the

square. Expanding the terms in the exponent:

−1

2

[
(x− µ)2
σ2

+
(µ− µ0)

2

τ 20

]
= −1

2

[
µ2 − 2xµ+ x2

σ2
+
µ2 − 2µ0µ+ µ2

0

τ 20

]
(5.16)

= −1

2

[(
1

σ2
+

1

τ 20

)
µ2 − 2

(
x

σ2
+
µ0

τ 20

)
µ+ const

]
. (5.17)

This quadratic form in µ confirms that the posterior is Gaussian. To identify the

parameters of this Gaussian, we can compare with the standard form N (µ|µn, τ
2
n), which

has the exponent:

− 1

2τ 2n
(µ− µn)

2 = −1

2

[
1

τ 2n
µ2 − 2µn

τ 2n
µ+

µ2
n

τ 2n

]
. (5.18)
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Comparing coefficients, we find:

1

τ 2n
=

1

σ2
+

1

τ 20
, (5.19)

µn

τ 2n
=

x

σ2
+
µ0

τ 20
. (5.20)

Solving for the posterior parameters:

τ 2n =

(
1

σ2
+

1

τ 20

)−1

, (5.21)

µn = τ 2n

(
x

σ2
+
µ0

τ 20

)
. (5.22)

These update equations reveal the beautiful structure of Gaussian conjugacy. The

posterior precision (inverse variance) 1/τ 2n is the sum of the likelihood precision 1/σ2 and

prior precision 1/τ 20 . Our total confidence comes from combining our prior knowledge with

what we learn from the data.

The posterior mean µn is a weighted average of the observation x and prior mean

µ0, with weights proportional to their respective precisions. More precise information has

greater influence on our final estimate—exactly what we would expect intuitively.

To build intuition, consider two extreme cases:

Uninformative prior (τ 20 →∞): When we’re very uncertain about our prior belief, the

posterior becomes:

τ 2n → σ2, (5.23)

µn → x. (5.24)

The posterior is dominated by the data, with our final estimate essentially equal to the

observation and uncertainty equal to the measurement error.
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Figure 5.3: Visualization of Gaussian conjugacy. Panel (a) demonstrates how multiplying
a Gaussian prior (dashed green line) with a Gaussian likelihood (dotted blue line) yields
a Gaussian posterior (solid red line, with shading). Panel (b) shows how different prior
precisions affect the posterior distribution, while keeping the same likelihood. When the
prior has high precision (τ 20 = 0.5, more concentrated), the posterior stays closer to the prior.
When the prior has low precision (τ 20 = 4, more spread out), the posterior is dominated by the
likelihood. This illustrates how the relative precisions of the prior and likelihood determine
their influence on the posterior beliefs.

Very uncertain measurement (σ2 → ∞): When our measurement is very noisy, the

posterior becomes:

τ 2n → τ 20 , (5.25)

µn → µ0. (5.26)

The measurement is so uncertain that we learn almost nothing from it, and the posterior

remains close to our prior beliefs.

This one-dimensional example captures the essential logic of Bayesian updating: we

combine information sources according to their relative precision, with more reliable infor-

mation having greater influence on our final conclusions. This same principle will govern the

more complex multivariate case needed for linear regression.

The extension to multiple observations follows naturally. If we observe x1, x2, . . . , xN ,

each observation provides additional information, and the posterior precision grows with the
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amount of data. The posterior parameters become:

1

τ 2n
=

1

τ 20
+
N

σ2
, (5.27)

µn =

µ0

τ20
+ Nx̄

σ2

1
τ20

+ N
σ2

, (5.28)

where x̄ = 1
N

∑N
i=1 xi is the sample mean.

This framework demonstrates how Bayesian inference systematically balances prior

knowledge against observed evidence, with the relative influence determined by their respec-

tive uncertainties. The mathematical elegance of this approach, combined with its intuitive

appeal, makes Gaussian conjugacy the natural foundation for Bayesian linear regression.

5.4 Multivariate Gaussian Conjugacy

Having established the pattern of Gaussian conjugacy in one dimension, we now face

the challenge of extending these insights to multiple dimensions—exactly what we need for

linear regression with multiple parameters. The transition from one-dimensional to multi-

variate Gaussian distributions might seem daunting, but the fundamental principles remain

beautifully consistent.

Just as a one-dimensional Gaussian is completely characterized by its mean µ and

variance σ2, a multivariate Gaussian distribution is fully determined by its mean vector µ and

covariance matrix Σ. The covariance matrix captures not only the individual uncertainties

of each parameter (along its diagonal) but also how different parameters covary—a crucial

consideration in linear regression where slope and intercept estimates are often correlated.

The multivariate Gaussian probability density function generalizes our familiar one-

dimensional form:

N (x|µ,Σ) =
1

(2π)d/2|Σ|1/2 exp
(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (5.29)

where d is the dimensionality of x and |Σ| denotes the determinant of Σ. The quadratic

form (x−µ)TΣ−1(x−µ) generalizes the squared distance (x− µ)2/σ2 from one dimension,

but now accounts for correlations between different dimensions.

Most importantly for our purposes, the magical property we discovered in one di-
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mension—that multiplying two Gaussians yields another Gaussian—extends seamlessly to

multiple dimensions. This preservation of the conjugacy property is what makes Bayesian

linear regression analytically tractable.

To demonstrate this crucial result, consider two multivariate Gaussian distributions:

p1(x) = N (x|µ1,Σ1), (5.30)

p2(x) = N (x|µ2,Σ2). (5.31)

Following the same approach we used in one dimension, we focus on the exponential

terms when multiplying these distributions:

p1(x)p2(x) ∝ exp

(
−1

2

[
(x− µ1)

TΣ−1
1 (x− µ1) + (x− µ2)

TΣ−1
2 (x− µ2)

])
. (5.32)

To show this is another Gaussian, we need to demonstrate that the combined exponent

has the standard quadratic form. Expanding both quadratic terms and collecting coefficients:

− 1

2

[
xTΣ−1

1 x− µT
1Σ

−1
1 x− xTΣ−1

1 µ1 + µT
1Σ

−1
1 µ1

+xTΣ−1
2 x− µT

2Σ
−1
2 x− xTΣ−1

2 µ2 + µT
2Σ

−1
2 µ2

]
. (5.33)

Since the covariance matrices are symmetric, the cross terms µT
i Σ

−1
i x and xTΣ−1

i µi

are equal when the result is a scalar. Collecting terms by powers of x:

− 1

2

[
xT (Σ−1

1 +Σ−1
2 )x− 2(µT

1Σ
−1
1 + µT

2Σ
−1
2 )x+ const

]
. (5.34)

This has exactly the quadratic form of a multivariate Gaussian! Comparing with the

standard form, we can identify the parameters of the resulting Gaussian. If the result is

N (x|µn,Σn), then by comparing the quadratic and linear terms:

Σ−1
n = Σ−1

1 +Σ−1
2 , (5.35)

Σ−1
n µn = Σ−1

1 µ1 +Σ−1
2 µ2. (5.36)
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Solving for the parameters of the product distribution:

Σn = (Σ−1
1 +Σ−1

2 )−1, (5.37)

µn = Σn(Σ
−1
1 µ1 +Σ−1

2 µ2). (5.38)

These expressions beautifully generalize our one-dimensional results. The new pre-

cision matrix (inverse covariance) is the sum of the input precision matrices, and the new

mean is a precision-weighted average of the input means. The matrix algebra may appear

more complex, but the underlying pattern—combining information weighted by its preci-

sion—remains identical.
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Figure 5.4: Visualization of the product of two 2D Gaussian distributions. The blue and
orange dashed contours show the level sets of two original Gaussian distributions, represent-
ing our prior beliefs and data-driven information about linear regression parameters. Their
means are marked by corresponding colored ‘+’ symbols. The filled red contours show the
resulting posterior distribution obtained from their product. The red ‘+’ marks the poste-
rior mean, which is a precision-weighted average of the input means. Note how the posterior
distribution is more concentrated than either input distribution, reflecting the combination
of information from both sources. The position and shape of the posterior captures how our
prior knowledge and observed data combine to yield updated beliefs.

This multivariate conjugacy property is not merely a mathematical curiosity—it pro-
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vides the theoretical foundation that makes Bayesian linear regression both analytically

tractable and conceptually elegant. When we apply this framework to linear regression,

our Gaussian prior on the regression parameters will combine with our Gaussian likelihood

to yield a Gaussian posterior, complete with analytical expressions for both the updated

parameter estimates and their uncertainties.

The preservation of mathematical structure across dimensions demonstrates the deep

consistency of Bayesian inference. Whether we’re estimating a single parameter or dozens

of regression coefficients, the same principled approach—precision-weighted combination of

prior knowledge and observational evidence—governs our updated beliefs. This universal-

ity will prove invaluable as we tackle more complex astronomical modeling challenges in

subsequent chapters.

5.5 Bayesian Linear Regression: Mathematical For-

malism

Having established the mathematical foundations of multivariate Gaussian conjugacy,

we can now derive the complete Bayesian solution for linear regression. This represents

a fundamental shift from the point estimates we obtained through maximum likelihood

estimation to full probability distributions that capture our uncertainty about the model

parameters.

Our goal is to find the posterior distribution p(w|t,X,S)—the complete probability

distribution over possible parameter values given our observed data t, input features X, and

measurement uncertainties S. This distribution will tell us not just our best estimates of the

regression coefficients, but also how confident we should be in those estimates and how they

might correlate with each other.

The foundation of our analysis remains Bayes’ theorem:

p(w|t,X,S) ∝ p(t|X,w,S)p(w). (5.39)

From Chapter 4, we established that under Gaussian measurement uncertainties, the

likelihood takes the form:

p(t|X,w,S) = N (t|Φw,S), (5.40)

where Φ is our design matrix containing the basis functions ϕ(x) evaluated at each input
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Figure 5.5: Comparison of maximum likelihood and Bayesian approaches to linear regression.
Panel (a) shows the maximum likelihood estimate (MLE), which provides a single best-fit
line through the data. The error bars on the data points indicate the assumed measurement
uncertainty (σ). Panel (b) shows the Bayesian approach with the same data, where the
light blue lines represent different possible fits drawn from the posterior distribution over
regression parameters. Each line represents a different plausible fit given our data and prior
assumptions. The solid blue line shows the posterior mean prediction, and the shaded region
represents the 95% credible interval. Both approaches identify the same underlying trend,
but the Bayesian approach naturally quantifies our uncertainty in the fit, with credible
intervals that widen away from the data points where we have less constraint on the model
parameters.

point. For example, in polynomial regression with degree 2, if we have input points x1 and

x2, then Φ would be:

Φ =

[
1 x1 x21

1 x2 x22

]
. (5.41)

For our prior, we choose a multivariate Gaussian distribution—the natural conjugate

prior for our Gaussian likelihood:

p(w) = N (w|m0,S0). (5.42)

Here,m0 represents our prior beliefs about the most likely parameter values, while S0 encodes

our prior uncertainties and any believed correlations between parameters.

The choice of prior deserves careful consideration in astronomical applications. For
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the M-σ relation between black hole mass and stellar velocity dispersion, we might set m0

based on previous studies, perhaps expecting a slope near 4 and an intercept consistent with

theoretical predictions. The covariance matrix S0 would reflect both our uncertainty in these

estimates and any known correlations—for instance, if previous studies show that steeper

slopes tend to accompany larger intercepts.

To apply our multivariate conjugacy results, we need to express both the likelihood

and prior as Gaussians in the parameter vector w. While our prior is already in the correct

form, our likelihood is expressed as a Gaussian in the observations t. We need to rewrite it

as a Gaussian in w.

Starting with the likelihood and expanding the quadratic form:

p(t|w) = N (t|Φw,S) ∝ exp

(
−1

2
(t−Φw)TS−1(t−Φw)

)
. (5.43)

Expanding this quadratic form:

(t−Φw)TS−1(t−Φw) = tTS−1t− 2tTS−1Φw +wTΦTS−1Φw. (5.44)

The first term is constant with respect to w and can be absorbed into the propor-

tionality. Focusing on the terms that depend on w:

p(t|w) ∝ exp

(
−1

2
wT (ΦTS−1Φ)w +wT (ΦTS−1t)

)
. (5.45)

Comparing this with the standard Gaussian form in w, we can identify this as:

p(t|w) ∝ N (w|µ1,Σ1), (5.46)

where:

Σ−1
1 = ΦTS−1Φ, (5.47)

Σ−1
1 µ1 = ΦTS−1t. (5.48)
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Solving for the likelihood parameters:

Σ1 = (ΦTS−1Φ)−1, (5.49)

µ1 = (ΦTS−1Φ)−1ΦTS−1t. (5.50)

Notice that µ1 is exactly the maximum likelihood estimate we derived in Chapter

4! This connection reveals that the “mean” of our likelihood function, when viewed as a

distribution over parameters, corresponds to the point estimate from maximum likelihood

estimation.

Now we can apply our multivariate conjugacy results. The posterior distribution is

the product of two Gaussians:

p(w|t) ∝ N (w|µ1,Σ1)N (w|m0,S0) = N (w|mN ,SN), (5.51)

where, using our conjugacy formulas:

S−1
N = Σ−1

1 + S−1
0 = ΦTS−1Φ+ S−1

0 , (5.52)

mN = SN(Σ
−1
1 µ1 + S−1

0 m0) = SN(Φ
TS−1t+ S−1

0 m0). (5.53)

Therefore, our complete Bayesian linear regression solution is:

p(w|t,X,S) = N (w|mN ,SN), (5.54)

where:

SN = (S−1
0 +ΦTS−1Φ)−1, (5.55)

mN = SN(S
−1
0 m0 +ΦTS−1t). (5.56)

These expressions generalize our one-dimensional intuitions. The posterior precision

S−1
N combines the prior precision S−1

0 with the data precision ΦTS−1Φ. The posterior mean

mN represents a precision-weighted combination of our prior beliefs m0 and the maximum

likelihood estimate embedded in the data term ΦTS−1t.

Several limiting cases help build intuition about this general solution. When we

have minimal prior knowledge, we can take S0 = η2I with η2 → ∞ and m0 = 0. In this
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uninformative prior limit:

SN → (ΦTS−1Φ)−1, (5.57)

mN → (ΦTS−1Φ)−1ΦTS−1t. (5.58)

The posterior mean reduces exactly to the maximum likelihood estimate, confirming

the consistency between Bayesian and frequentist approaches when prior knowledge is min-

imal. However, even with an uninformative prior, we still obtain the covariance matrix SN ,

providing crucial uncertainty quantification absent from maximum likelihood methods.

For the common case of uniform measurement uncertainties (S = σ2I) and an isotropic

prior (S0 = η2I, m0 = 0), the expressions simplify to:

SN =

(
1

η2
I+

1

σ2
ΦTΦ

)−1

, (5.59)

mN =

(
σ2

η2
I+ΦTΦ

)−1

ΦT t. (5.60)

Compared to the ordinary least squares solution wOLS = (ΦTΦ)−1ΦT t, our Bayesian

solution includes the regularization term σ2

η2
I. This ratio of measurement variance to prior

variance naturally controls the trade-off between fitting the data and respecting our prior

beliefs.

As the number of observations N grows, the data term ΦTS−1Φ typically scales as

N , causing SN to shrink roughly as 1/N . This mathematical behavior reflects the intuitive

expectation that parameter uncertainty should decrease as we collect more data. In the limit

N →∞, the posterior becomes increasingly concentrated around the true parameter values,

demonstrating how Bayesian inference naturally handles the accumulation of evidence.

This complete analytical solution represents one of the most elegant results in machine

learning. Unlike many sophisticated methods that require iterative numerical optimization,

Bayesian linear regression provides exact solutions that combine principled uncertainty quan-

tification with computational efficiency. For astronomical applications, where understanding

and propagating uncertainties is crucial for scientific inference, this framework offers both

theoretical rigor and practical utility.

Consider fitting a mass-luminosity relation for stars, where L ∝ Mα. When working
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in log space (logL = α logM + b), both the power-law index α and the normalization b

carry physical meaning - α tells us how luminosity scales with mass, while b sets the overall

luminosity scale. The posterior covariance matrix SN reveals these parameters are typically

correlated: a slightly steeper slope can be compensated by a lower normalization to fit the

same data. Understanding these parameter degeneracies is crucial when using such relations

to make predictions or compare with theoretical models.

5.6 Prior as Regularization

The Bayesian framework reveals a connection between statistical inference and ma-

chine learning that illuminates why many seemingly ad hoc techniques in modern machine

learning actually have deep theoretical foundations. By examining our Bayesian linear re-

gression solution from a different perspective, we’ll discover how priors naturally give rise to

regularization—one of the most important concepts for preventing overfitting.

Consider two astronomical applications that highlight the range from simple to com-

plex linear regression problems. The M-σ relation we’ve discussed involves fitting just two

parameters (slope and intercept) to relate galaxy properties. In contrast, determining stel-

lar parameters from spectra represents a high-dimensional regression problem: we might

use hundreds or thousands of spectral features (absorption line strengths, continuum mea-

surements) as basis functions to estimate quantities like temperature, surface gravity, and

chemical abundances. While both problems involve linear regression, the latter’s high dimen-

sionality makes it prone to overfitting - much like how a high-degree polynomial can perfectly

fit a few data points but perform poorly on new observations. This is where regularization

becomes crucial, helping us find simpler solutions that generalize better by preventing the

model from placing too much weight on any individual spectral feature.

The key insight emerges when we consider the relationship between maximizing the

posterior probability and minimizing a regularized loss function. Rather than working with

the full posterior distribution, let’s focus on finding the single most probable parameter

values—the Maximum A Posteriori (MAP) estimate:

wMAP = argmax
w

p(w|t,X, σ2). (5.61)

Since the logarithm is a monotonic function, maximizing the log-posterior is equivalent
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to maximizing the posterior itself. Using Bayes’ theorem:

ln p(w|t,X, σ2) = ln p(t|w,X, σ2) + ln p(w) + const. (5.62)

For homogeneous noise (S = σ2I) and a zero-mean isotropic prior (p(w) = N (w|0, η2I)),
let’s evaluate each term explicitly.

The likelihood term represents how well our model predictions match the observed

data:

ln p(t|w,X, σ2) = lnN (t|Φw, σ2I) (5.63)

= − 1

2σ2
(t−Φw)T (t−Φw) + const (5.64)

= − 1

2σ2
∥t−Φw∥2 + const. (5.65)

This is precisely the negative sum of squared residuals that we minimized in maximum

likelihood estimation, scaled by the measurement variance.

The prior term captures our belief about parameter values:

ln p(w) = lnN (w|0, η2I) (5.66)

= − 1

2η2
wTw + const (5.67)

= − 1

2η2
∥w∥2 + const. (5.68)

This zero-mean prior embodies Occam’s razor - the principle that among competing

hypotheses, we should prefer the one making the fewest assumptions. In the context of

linear regression, large coefficients suggest strong dependencies on particular features, while

coefficients near zero indicate weak or negligible relationships. When multiple models fit

the data equally well, the prior guides us toward solutions that avoid unnecessarily strong

feature dependencies unless compelled by evidence.



Statistical Machine Learning for Astronomy — Y.-S. Ting 151

Combining these terms and defining λ = σ2/η2:

ln p(w|t,X, σ2) = − 1

2σ2
∥t−Φw∥2 − 1

2η2
∥w∥2 + const (5.69)

= − 1

2σ2

[
∥t−Φw∥2 + λ∥w∥2

]
+ const. (5.70)

Maximizing this log-posterior is equivalent to minimizing the regularized loss function:

L(w) = ∥t−Φw∥2 + λ∥w∥2. (5.71)

This result reveals the connection between Bayesian inference and regularization. The

first term, ∥t−Φw∥2, measures how well our model predictions match the observations. The

second term, λ∥w∥2, is the L2 regularization (also known as ridge regression or Tikhonov

regularization) that implements our Occam’s razor preference: it penalizes strong feature

dependencies unless they substantially improve the model’s fit to the data.

The regularization parameter λ = σ2/η2 has a natural interpretation as the ratio

of measurement uncertainty to prior uncertainty. When λ is large (noisy measurements

or confident prior), the regularization term dominates, forcing the solution toward simpler

models with smaller parameter values. When λ is small (precise measurements or uncertain

prior), the data-fitting term dominates, allowing more complex fits that closely follow the

observations.

This Bayesian perspective provides crucial insights into regularization that extend far

beyond linear regression. Rather than treating λ as an arbitrary hyperparameter to be tuned

through cross-validation, the Bayesian framework provides a principled interpretation. The

optimal regularization strength depends on the relative trustworthiness of our data versus

our prior beliefs, encoded in the ratio σ2/η2.

Different prior distributions naturally lead to different regularization schemes. For in-

stance, a Laplace prior p(w) ∝ exp(−α∥w∥1) would yield L1 regularization (the lasso), which

promotes sparse solutions by driving some coefficients exactly to zero. The corresponding

regularized loss function becomes:

L(w) = ∥t−Φw∥2 + λ∥w∥1, (5.72)

where ∥w∥1 =
∑

i |wi| is the L1 norm. This connection reveals that the choice of regulariza-
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Figure 5.6: Effect of regularization strength (λ = σ2/η2) in Bayesian linear regression. Panel
(a) shows weak regularization (small λ, corresponding to precise measurements or uncer-
tain prior), where the model has more freedom to fit the data, resulting in wider prediction
bands that reflect greater parameter uncertainty, especially away from the data points. Panel
(b) shows strong regularization (large λ, corresponding to noisy measurements or confident
prior), where the prior more strongly constrains the parameters toward smaller values, lead-
ing to narrower prediction bands and simpler, more conservative fits. The blue lines show
samples from the posterior distribution of possible fits, while the shaded region indicates the
95% credible interval for predictions. This demonstrates how the regularization parameter
λ controls the trade-off between model flexibility and constraint—a key mechanism for pre-
venting overfitting.

tion reflects implicit assumptions about the expected structure of good solutions.

While the MAP estimate provides a regularized point solution, the full Bayesian

approach offers something more valuable: complete uncertainty quantification. The posterior

distribution p(w|t) captures not just the most likely parameter values but also our confidence

in those estimates and their correlations.

For astronomical applications, this distinction is crucial. Consider using the M-σ

relation to estimate black hole masses for a sample of galaxies. The MAP estimate might

give us a best-fit slope and intercept, but the full posterior tells us how uncertain we should

be about these parameters and how they correlate. This uncertainty information is essential

when propagating errors through subsequent analyses or when comparing our results with

theoretical predictions.
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The regularization term naturally prevents overfitting by discouraging overly complex

models unless they are strongly supported by the data. This mechanism becomes particu-

larly important when the number of parameters approaches the number of data points, or

when using flexible basis functions that could otherwise lead to wild oscillations between

observations.

The beauty of this framework lies in how it unifies seemingly disparate concepts.

What appears as ad hoc regularization in machine learning emerges naturally from principled

Bayesian reasoning. The regularization parameter λ is not an arbitrary tuning parameter

but reflects the fundamental balance between trusting our measurements versus trusting our

prior knowledge about reasonable parameter values.

This connection extends to virtually all modern machine learning techniques. Neural

network weight decay, sparsity constraints in image reconstruction, and smoothness penal-

ties in function approximation all find their theoretical foundation in appropriate choices

of prior distributions. The Bayesian perspective provides not just a unifying mathemati-

cal framework but also principled guidance for selecting regularization strategies based on

domain knowledge and the specific structure we expect in good solutions.

For practitioners, this insight offers a powerful tool for model selection and validation.

Rather than relying solely on cross-validation to choose regularization parameters, we can

use our understanding of measurement uncertainties and reasonable parameter ranges to

make informed choices about λ. This approach proves particularly valuable in astronomy,

where physical constraints often provide strong guidance about plausible model parameters.

5.7 Posterior Predictive Distribution

While determining the distribution of model parameters provides valuable insights

into our regression coefficients and their uncertainties, the ultimate goal in many applications

is making predictions for new observations. When an astronomer measures a galaxy’s velocity

dispersion and wants to estimate its black hole mass using the M-σ relation, they need more

than just parameter estimates—they need a complete characterization of the uncertainty in

their prediction.

The Bayesian framework addresses this challenge through the posterior predictive dis-

tribution, which naturally incorporates both measurement noise and parameter uncertainty

into a single coherent prediction. Rather than making point predictions that ignore uncer-
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tainty, we obtain complete probability distributions that capture all sources of uncertainty

in our forecasts.

For a new input x∗, the posterior predictive distribution is defined as:

p(y∗|x∗,D) =
∫
p(y∗|x∗,w)p(w|D)dw. (5.73)

This integral has an elegant interpretation: for each possible set of parameters w

consistent with our data, we compute the predicted distribution of y∗ and then average over

all possibilities, weighted by how likely each parameter set is given our observations. This

process automatically accounts for our uncertainty about the true parameter values when

making predictions.
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Figure 5.7: Visualization of the posterior predictive distribution in Bayesian linear regression.
The red points show observed data with error bars indicating measurement uncertainties.
The light blue lines represent individual regression fits sampled from the posterior distribu-
tion p(w|D), illustrating the range of models consistent with our data and prior assumptions.
The shaded blue region shows the 95% credible interval for predictions. At three specific
input points x∗, we visualize the complete predictive distribution p(y∗|x∗,D) as probability
density curves. The mean of each predictive distribution corresponds to our best prediction,
while the width reflects our total uncertainty, which increases away from the data points
where we have less constraint on the model parameters.
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The mathematical structure of our problem—Gaussian likelihood, Gaussian posterior,

and linear model—enables analytical evaluation of this integral. Both components under the

integral are Gaussian distributions:

• The predictive likelihood p(y∗|x∗,w) = N (y∗|ϕ(x∗)
Tw, σ2)

• The posterior p(w|D) = N (w|mN ,SN)

A fundamental property of Gaussian distributions is that when we marginalize (in-

tegrate out) some variables from a joint Gaussian distribution, the result is also Gaussian.

This means our posterior predictive distribution will be Gaussian, completely characterized

by its mean and variance.

To find these moments efficiently, we employ two powerful tools from probability

theory that we encountered in Chapter 3. Using the law of total expectation, E[y∗] =

Ew[E[y∗|w]], we find that for any fixed parameter vectorw, our model predicts y∗ = ϕ(x∗)
Tw

(plus measurement noise with zero mean). Taking the expectation over the posterior distri-

bution:

E[y∗] = Ew[E[y∗|w]] (5.74)

= Ew[ϕ(x∗)
Tw] (5.75)

= ϕ(x∗)
TEw[w] (5.76)

= ϕ(x∗)
TmN . (5.77)

This result aligns perfectly with intuition: our best prediction at any point x∗ uses

our best parameter estimates mN with the appropriate basis functions ϕ(x∗).

Using the law of total variance, Var[y∗] = Ew[Var[y∗|w]] + Varw[E[y∗|w]], reveals two

fundamental sources of uncertainty in our predictions. The first term represents aleatoric

uncertainty—the inherent randomness in measurements. Even with perfect knowledge of

the model parameters, repeated observations would show scatter due to instrumental noise,

photon statistics, and other random effects:

Ew[Var[y∗|w]] = Ew[σ
2] = σ2. (5.78)

This contribution to uncertainty cannot be reduced by collecting more training data

of the same type, as it reflects fundamental limits of the measurement process.
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The second term captures epistemic uncertainty—our imperfect knowledge of the true

model parameters, which stems from having only finite, potentially noisy training data:

Varw[E[y∗|w]] = Varw[ϕ(x∗)
Tw] (5.79)

= ϕ(x∗)
TVarw[w]ϕ(x∗) (5.80)

= ϕ(x∗)
TSNϕ(x∗). (5.81)

Unlike aleatoric uncertainty, this component decreases as we collect more training

data, since additional observations constrain our parameter estimates more tightly.

Combining these contributions, our complete posterior predictive distribution is:

p(y∗|x∗,D) = N (y∗|ϕ(x∗)
TmN , σ

2 + ϕ(x∗)
TSNϕ(x∗)). (5.82)

This expression unifies all sources of predictive uncertainty. The mean ϕ(x∗)
TmN

provides our best estimate, while the variance σ2 + ϕ(x∗)
TSNϕ(x∗) quantifies our total

uncertainty by combining both measurement noise and parameter uncertainty.

This decomposition explains several important phenomena observable in predictive

uncertainty. The parameter uncertainty term ϕ(x∗)
TSNϕ(x∗) typically grows as we move

away from our training data. This reflects the intuitive expectation that extrapolation

beyond observed ranges should carry higher uncertainty than interpolation within the data

range. For the M-σ relation, this means we should be more cautious about black hole mass

predictions for galaxies with velocity dispersions far from our training sample.

The quadratic form ϕ(x∗)
TSNϕ(x∗) depends on both the specific features at the

prediction point and the parameter covariance structure. Regions of feature space that are

poorly constrained by our training data will exhibit higher predictive uncertainty, providing

natural guidance for where additional observations would be most valuable.

When using regression results in subsequent analyses, we can properly account for

all uncertainties by sampling from the predictive distribution rather than using point esti-

mates. This capability proves essential in astronomical pipelines where uncertainties must

be carefully tracked through multiple processing stages.

The posterior predictive distribution represents one of the most practical advantages

of Bayesian methods. It provides a complete, principled framework for making predictions
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that honestly reflects all sources of uncertainty. For scientific applications where under-

standing the reliability of predictions is as important as the predictions themselves, this

uncertainty quantification proves invaluable for drawing robust conclusions and planning

effective observational strategies.

5.8 Summary

In this chapter, we have developed a Bayesian framework for linear regression that

transforms the point estimates of maximum likelihood estimation into complete probability

distributions over model parameters and predictions. This transformation addresses funda-

mental limitations in scientific inference while revealing deep connections between Bayesian

thinking and modern machine learning techniques.

Our journey began by establishing why the Bayesian approach represents a funda-

mental advance over maximum likelihood estimation. While maximum likelihood provides

single “best-fit” parameter values, Bayesian inference treats parameters as random variables

with probability distributions. This shift enables us to ask not just “what are the best

parameter values?” but “what is the complete probability distribution over all plausible pa-

rameter values given our data and prior knowledge?” This uncertainty quantification proves

essential for robust scientific inference in astronomy, where understanding the reliability of

our results is often as important as the results themselves.

The mathematical foundation for this approach rests on conjugate priors, which pro-

vide analytical solutions to otherwise intractable Bayesian inference problems. Through con-

crete examples—Poisson-Gamma conjugacy in star count analysis, Bernoulli-Beta conjugacy

in galaxy classification, and Gaussian-Gaussian conjugacy for continuous parameters—we

demonstrated how conjugate priors enable tractable updating of beliefs as new data arrives.

The pattern that emerges—precision-weighted combination of prior knowledge and observa-

tional evidence—remains consistent across all these examples and forms the mathematical

backbone of Bayesian linear regression.

The extension to multivariate Gaussian conjugacy preserves these properties while

enabling analysis of high-dimensional parameter spaces typical in astronomical applications.

We showed that multiplying two multivariate Gaussians yields another Gaussian with pre-

cision matrices adding and means becoming precision-weighted averages—a beautiful gen-

eralization of one-dimensional intuitions that makes Bayesian linear regression analytically

tractable.
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The complete Bayesian linear regression solution:

p(w|t,X,S) = N (w|mN ,SN), (5.83)

where:

SN = (S−1
0 +ΦTS−1Φ)−1, (5.84)

mN = SN(S
−1
0 m0 +ΦTS−1t), (5.85)

provides a complete analytical characterization of parameter uncertainty. These expressions

naturally handle the balance between prior knowledge and observational evidence: when

measurements are precise or priors are uncertain, the data dominates; when measurements

are noisy or priors are confident, prior beliefs have greater influence.

An insight emerged from examining the connection between priors and regulariza-

tion. We demonstrated that Bayesian inference with a Gaussian prior naturally leads to the

regularized objective function:

L(w) = ∥t−Φw∥2 + λ∥w∥2, (5.86)

where λ = σ2/η2 represents the ratio of measurement variance to prior variance. This

connection reveals that what appears as ad hoc regularization in machine learning emerges

naturally from principled Bayesian reasoning. The regularization parameter is not arbitrary

but reflects the fundamental balance between trusting our measurements versus trusting our

prior knowledge about reasonable parameter values.

This insight extends far beyond linear regression, providing theoretical foundations for

neural network weight decay, sparsity constraints in image reconstruction, and smoothness

penalties in function approximation. The Bayesian perspective offers not just mathematical

unification but principled guidance for selecting regularization strategies based on domain

knowledge and expected solution structure.

The posterior predictive distribution provides the framework’s most practical advan-

tage:

p(y∗|x∗,D) = N (y∗|ϕ(x∗)
TmN , σ

2 + ϕ(x∗)
TSNϕ(x∗)). (5.87)

The variance decomposition into aleatoric uncertainty (σ2, irreducible measurement

noise) and epistemic uncertainty (ϕ(x∗)
TSNϕ(x∗), reducible parameter uncertainty) pro-
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vides crucial insights for scientific applications. This decomposition explains why prediction

bands widen away from observed data, guides where additional observations would be most

valuable, and enables proper uncertainty propagation through subsequent analyses.

For astronomical applications, these capabilities prove transformative. Whether study-

ing the M-σ relation between black hole mass and stellar velocity dispersion, investigating

the Kennicutt-Schmidt law relating gas density to star formation rate, or analyzing any other

linear relationship in astronomical data, the Bayesian framework provides:

1. Principled uncertainty quantification that distinguishes between measurement

noise and model uncertainty

2. Natural incorporation of prior knowledge from previous studies, theoretical con-

straints, or physical intuition

3. Automatic regularization that prevents overfitting without requiring ad hoc pa-

rameter tuning

4. Complete predictive distributions that enable robust error propagation and sci-

entific inference

The elegance of this framework lies in its unification of seemingly disparate concepts

under a single probabilistic umbrella. Least squares fitting, regularization, cross-validation,

and uncertainty quantification all emerge as natural consequences of Bayesian reasoning

with appropriate priors. This theoretical coherence provides both mathematical beauty and

practical guidance for tackling complex inference problems.

Looking ahead, the principles developed in this chapter extend throughout machine

learning and statistical inference. The concepts of conjugate priors, regularization through

Bayesian thinking, and uncertainty propagation through predictive distributions will recur as

we explore more sophisticated methods. Chapter 6 will extend our framework to handle un-

certainties in both dependent and independent variables—a critical challenge in astronomical

measurements where input uncertainties are often substantial and cannot be ignored.

The Bayesian perspective fundamentally changes how we think about model fitting

and prediction. Rather than seeking the single “best” model, we characterize the range of

models consistent with our data and prior knowledge. This shift from point estimates to

probability distributions provides a more complete and honest representation of our knowl-

edge and its limitations—essential qualities for robust scientific inference in astronomy where
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conclusions must be drawn despite inevitable uncertainties in observations and models.

The mathematical tools we have developed—from conjugate priors to predictive distri-

butions—provide both theoretical insight and practical capability. They enable astronomers

to extract reliable scientific conclusions from noisy, incomplete data while maintaining rigor-

ous quantification of uncertainties. In an era of increasingly large and complex astronomical

datasets, these capabilities prove essential for transforming observations into understanding.

5.9 Appendix: Marginal Distribution of Multivariate

Gaussian

Earlier in this chapter, we asserted that the posterior predictive distribution is Gaus-

sian because integrating a product of Gaussians yields another Gaussian. This fundamental

property follows from a more general theorem about multivariate Gaussian distributions: any

marginal distribution obtained by integrating out some variables from a joint multivariate

Gaussian is itself Gaussian.

This result underpins many key calculations in Bayesian inference and deserves careful

justification. We will prove that for a joint multivariate Gaussian distribution over parti-

tioned variables, the marginal distribution of any subset maintains the Gaussian form with

analytically computable parameters.

Statement of the Result Consider a joint multivariate Gaussian distribution over par-

titioned variables: [
x1

x2

]
∼ N

([
µ1

µ2

]
,

[
Σ11 Σ12

Σ21 Σ22

])
, (5.88)

where x1 ∈ Rm, x2 ∈ Rn, and the covariance matrix is partitioned accordingly.

We will prove that the marginal distribution of x1 is:

x1 ∼ N (µ1, Σ11) . (5.89)

Proof The joint probability density function is:

p(x1,x2) =
1

(2π)(m+n)/2
√

det(Σ)
exp


−1

2

[
x1 − µ1

x2 − µ2

]T
Σ−1

[
x1 − µ1

x2 − µ2

]
 . (5.90)



Statistical Machine Learning for Astronomy — Y.-S. Ting 161

To find the marginal distribution p(x1), we integrate over x2:

p(x1) =

∫

Rn

p(x1,x2) dx2. (5.91)

Let us define u = x1 − µ1 and v = x2 − µ2 for simplicity. The precision matrix Σ−1

can be partitioned as:

Σ−1 =

[
P Q

R S

]
, (5.92)

where the dimensions match the partitioning of Σ.

The quadratic form in the exponent becomes:

[
u

v

]T [
P Q

R S

][
u

v

]
= uTPu+ uTQv + vTRu+ vTSv. (5.93)

Since Σ−1 is symmetric (as the inverse of a symmetric matrix), we have Q = RT , so:

uTQv + vTRu = 2vTRu. (5.94)

The integral becomes:

p(x1) =
1

(2π)(m+n)/2
√

det(Σ)
exp

(
−1

2
uTPu

)∫

Rn

exp

(
−1

2
[vTSv + 2vTRu]

)
dv. (5.95)

To evaluate the integral, we complete the square in v. Define b = Ru, so the quadratic

form in v is:
1

2
vTSv + bTv =

1

2
(v + S−1b)TS(v + S−1b)− 1

2
bTS−1b. (5.96)

The integral over the completed square is a standard Gaussian integral:

∫

Rn

exp

(
−1

2
(v + S−1b)TS(v + S−1b)

)
dv = (2π)n/2[det(S)]−1/2. (5.97)
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Therefore:

p(x1) =
(2π)n/2

(2π)(m+n)/2
√
det(Σ)

1√
det(S)

exp

(
−1

2
uTPu+

1

2
bTS−1b

)
(5.98)

=
1

(2π)m/2

√
det(S)√
det(Σ)

exp

(
−1

2
uT [P−QS−1R]u

)
. (5.99)

From the block matrix inversion formula (Schur complement), we know that:

Σ11 = (P−QS−1R)−1. (5.100)

The determinant relationship for block matrices gives us:

√
det(S)√
det(Σ)

=
1√

det(Σ11)
. (5.101)

Substituting these relationships:

p(x1) =
1

(2π)m/2
√
det(Σ11)

exp

(
−1

2
(x1 − µ1)

TΣ−1
11 (x1 − µ1)

)
. (5.102)

This is precisely the probability density function of N (µ1,Σ11), completing our proof.

This result has important implications for Bayesian calculations. When we integrate

over parameter uncertainty to obtain predictions, the resulting distribution maintains the

Gaussian form with analytically computable parameters. The marginal likelihood (evidence)

can be computed analytically by integrating over parameter priors, enabling principled model

comparison. Complex Bayesian models with multiple levels of uncertainty can often be

analyzed analytically by successive marginalization.

The preservation of Gaussian form under marginalization, combined with conjugacy

properties, makes many Bayesian calculations tractable that would otherwise require complex

numerical integration. This mathematical elegance underlies much of the analytical power of

Bayesian linear regression and extends to numerous other problems in statistical inference.

Further Readings: The development of Bayesian linear regression builds upon centuries

of advances in probability theory, with early contributions from Laplace [1820] who provided
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systematic development of Bayesian methods within a mathematical framework that remains

influential today. For readers interested in practical applications of Bayesian methods to re-

gression problems, Zellner [1971] offers treatment focused on econometric applications, while

Lindley [1965] provides mathematical foundations including conjugate priors. The concept

of conjugate priors, essential for analytical tractability in Bayesian regression, was developed

by Raiffa and Schlaifer [1961], with DeGroot [1970] providing treatment of their properties

and conditions for existence. The multivariate Gaussian theory underlying Bayesian lin-

ear regression is developed in Anderson [1958]. Connections between Bayesian inference

and regularization emerged through the work of Tikhonov [1963] on regularization meth-

ods and Hoerl and Kennard [1970] who developed ridge regression with discussion of its

Bayesian foundations. MacKay [1992] demonstrated how to set regularization parameters

using Bayesian evidence, connecting machine learning and Bayesian approaches within a uni-

fied framework. For readers interested in model selection and comparison, Kass and Raftery

[1995] provide a review of Bayes factors and marginal likelihood computation methods that

enable principled model comparison within the Bayesian framework.



164 Statistical Machine Learning for Astronomy — Y.-S. Ting



Chapter 6

Linear Regression with Input Uncer-

tainties

In the previous two chapters, we developed a framework for linear regression through

the lens of Bayesian inference. We demonstrated how this approach allows us to fit linear

relationships to data while properly accounting for uncertainties in our dependent variable

(y). Through maximum likelihood estimation and Bayesian analysis, we built a foundation

for parameter estimation and uncertainty quantification. The Bayesian treatment provided

us with a principled way to propagate these uncertainties into our parameter estimates and

predictive distributions.

In many real-world machine learning applications, focusing solely on y uncertainty is

often justified. The uncertainty in the independent variables (x) is frequently negligible or

challenging to quantify meaningfully. Consider image classification tasks: the input images

in real-life applications typically have very high signal-to-noise ratios (SNR) — defined as

the ratio between the measured signal and its uncertainty — often exceeding 100 or even

1000. In such cases, the input uncertainty plays a minimal role in our inference.

However, astronomical applications present a different challenge: both our indepen-

dent (x) and dependent (y) variables often carry substantial uncertainties. Consider astro-

nomical images and spectra, where SNR values frequently hover around 10, and sometimes

even approach unity. This means the uncertainty in our input measurements can be as large

as 10% or even 100% of the signal itself. This challenge extends beyond raw observational

data to derived quantities. In the M-σ relation we’ve discussed extensively, both the black

165
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hole mass estimates and stellar velocity dispersion measurements carry significant uncertain-

ties, often around 10% of their values relative to the full dynamic range of observations.

As we will demonstrate in this chapter, ignoring input uncertainties — as we have

done so far — leads to a systematic effect known as attenuation bias. This phenomenon

appears frequently in machine learning applications, extending well beyond linear regression.

However, linear regression provides a useful framework for understanding this bias, as it offers

both analytical tractability and clear geometric interpretation.
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Figure 6.1: Illustration of how measurement uncertainties affect regression. Both panels
show the same underlying relationship (dashed blue line) with true positions (hollow circles)
and their observed values (solid orange points) connected by gray arrows. Panel (a) shows
the case with uncertainties only in the dependent variable (y), where the vertical scatter of
observed points around their true positions does not systematically bias our inference. Panel
(b) shows what happens when both variables have uncertainties: observed points now scatter
in both directions from their true positions, artificially inflating the apparent range of our
independent variable (x). This horizontal scatter systematically weakens any relationship
we try to measure, leading to attenuation bias. The error bars in both panels represent
the measurement uncertainties (σy in panel a, σx and σy in panel b), illustrating how the
observed points deviate from their true positions due to measurement noise.

Attenuation bias causes our parameter estimates to be systematically biased toward

zero when we ignore input uncertainties. This occurs because treating uncertain x-values as

exact effectively introduces additional noise into our predictor variables, artificially weaken-

ing (or “attenuating”) the relationships we’re trying to measure. The magnitude of this bias

scales with the ratio of input uncertainty to the true variation in our independent variables.

To understand how input uncertainties affect our inference, we’ll proceed in several

steps. First, we’ll build intuition through concrete astronomical examples, showing how
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measurement uncertainties in x change the nature of our inference problem. Then, we’ll

develop a mathematical framework that quantifies this effect precisely. This will bridge

statistical rigor with practical astronomical challenges, demonstrating why even small input

uncertainties matter for high-precision astronomical measurements.

A key insight we’ll explore is the hierarchical perspective: treating the true values

of our independent variables as hidden (or latent) variables to be inferred alongside the

model parameters. This approach allows us to simultaneously estimate both the underlying

relationship and the true positions of our data points, despite the measurement uncertainties

that obscure them. This hierarchical approach not only solves the problem at hand but

connects to broader themes in modern astronomical data analysis.

Finally, we’ll introduce Deming regression as a solution that extends beyond ordinary

least squares. This technique properly accounts for uncertainties in both variables, allowing

us to recover the true relationships that would otherwise be systematically underestimated.

While our focus will be on linear regression, the insights about handling input uncertainties

apply broadly across statistical inference in astronomy.

6.1 Attenuation Bias

Let’s begin by understanding why input uncertainties matter through a concrete

example: the M-σ relation between black hole mass and stellar velocity dispersion. This

relationship not only illustrates the challenges of input uncertainties but will serve as our

running example throughout this chapter.

Suppose there exists a linear relationship between the logarithm of black hole mass

and the logarithm of velocity dispersion. If we could measure velocity dispersion perfectly

but had uncertainties in our black hole mass measurements, our data points would scatter

vertically around the true relationship. As we demonstrated in previous chapters, when we

properly account for these y-axis uncertainties through maximum likelihood or Bayesian

methods, we can recover the true relationship without bias.

But what happens when we also have uncertainties in our velocity dispersion measure-

ments? Each data point now scatters both horizontally and vertically from its true position.

This horizontal scatter has a crucial impact – when we have x-axis uncertainties, the dy-

namic range of our independent variable is artificially inflated. The horizontal scatter makes

our distribution of points wider in the x-direction without a corresponding increase in the
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y-direction. Consider the extreme case: as measurement uncertainties in x approach infinity,

every x-measurement becomes pure noise, completely uncorrelated with its true value. In

this limit, any relationship in our data would be completely obscured, and our fitted line

would become horizontal – effectively finding no relationship at all.
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Figure 6.2: Demonstration of how measurement uncertainties affect the apparent dynamic
range of our data. Both panels show the same underlying relationship (solid black line)
and true data points (hollow green circles) scattered by measurement uncertainties to their
observed positions (solid orange circles). The green and orange shaded regions show the true
and observed dynamic ranges respectively. Panel (a) shows the case where measurement
uncertainty is small compared to the intrinsic spread in x-values (σx/σrange = 0.1), resulting
in a modest increase in the observed range. Panel (b) demonstrates the case where measure-
ment uncertainty equals the intrinsic spread (σx/σrange = 1.0), causing an inflation of the
observed dynamic range. This artificial expansion of the x-range without a corresponding
increase in the y-range directly leads to attenuation bias in our parameter estimates, as the
observed distribution appears more stretched horizontally than it truly is.

Why doesn’t vertical scatter (y-axis uncertainty) cause the same problem? The key

lies in the asymmetric roles of x and y in regression. When fitting a line, we’re essentially

asking, “Given an x value, what y value do we expect?” Uncertainty in y simply adds noise

to this prediction, which averages out with enough data. But uncertainty in x changes the

very question we’re asking – we’re now attempting to predict y based on a noisy version of

x, which systematically weakens any relationship we find.

This weakening of relationships due to input uncertainties is known as attenuation

bias or regression dilution. The effect is to systematically underestimate the strength of

relationships (i.e., slopes in linear regression). Importantly, this bias doesn’t diminish with
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more data – even with infinite sample size, the bias persists as long as there are measurement

uncertainties in our independent variables.

To illustrate this effect mathematically, consider a simple linear relationship with a

slope of β, where both variables have measurement uncertainties:

xobs = xtrue + δx (6.1)

yobs = ytrue + δy = βxtrue + δy (6.2)

As we’ll show in the next section, the standard linear regression estimator will recover

a slope that is attenuated by a factor λ:

E[β̂] = β · λ (6.3)

where λ < 1. This means our estimated slope systematically underestimates the true slope.

This bias isn’t a quirk of specific datasets – it’s a direct mathematical consequence of input

uncertainties that affects all regression analyses where independent variables have measure-

ment error.

6.2 Mathematical Framework

Our M-σ thought experiment revealed that input uncertainties can systematically

weaken the relationships we observe. To make this precise, let’s develop a mathematical

framework that captures both the true relationship we’re trying to measure and how mea-

surement uncertainties affect our observations.

For clarity, we’ll start with the simplest possible case: univariate linear regression

where both variables have homogeneous measurement uncertainties. While this might seem

restrictive, it will allow us to derive analytical results that provide insight into the nature

of attenuation bias. Later, we can extend these insights to more complex scenarios with

multiple variables and heterogeneous uncertainties.

Let’s start with the true underlying relationship we’re trying to measure:

ytrue = βxtrue, (6.4)

where β represents the true slope. For our M-σ example, xtrue would be the logarithm of the



170 Statistical Machine Learning for Astronomy — Y.-S. Ting

true velocity dispersion, and ytrue would be the logarithm of the true black hole mass.

In real observations, we never measure these true values directly. Instead, our mea-

surements contain uncertainties:

xobs = xtrue + δx (6.5)

yobs = ytrue + δy = βxtrue + δy (6.6)

To analyze this mathematically, we need to make some assumptions about these

uncertainties.

1. The uncertainties are unbiased:

E[δx] = 0 (6.7)

E[δy] = 0 (6.8)

This means our measurements don’t systematically over- or under-estimate the true

values. In astronomy, most measurement procedures are designed specifically to ensure

this property - we carefully calibrate our instruments and correct for known systematic

effects.

2. The uncertainties have homogeneous variances:

Var(δx) = σ2
x (6.9)

Var(δy) = σ2
y (6.10)

For simplicity, we’ll assume all measurements have the same uncertainty (homogeneous

noise).

3. The uncertainties are independent of the true values and of each other:

• δx doesn’t depend on xtrue or ytrue

• δy doesn’t depend on xtrue or ytrue

• δx and δy don’t depend on each other

This is often approximately true in astronomy. For instance, photon noise in different

measurements is typically independent, and instrumental effects usually don’t depend
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strongly on the signal being measured.

These assumptions capture the essential features of many astronomical measurements

and allow us to derive analytical results that provide insight into how measurement uncer-

tainties affect our inference.

One additional simplification that will prove useful is to work with centered variables

- that is, variables that have been shifted to have zero mean. We can redefine our observed

variables by subtracting their means:

xobs ← xobs − E[xobs] (6.11)

yobs ← yobs − E[yobs] (6.12)

Working with centered variables not only simplifies our mathematics but also helps

us focus on what we’re really interested in: how changes in x relate to changes in y. This

will become particularly useful when we examine how measurement uncertainties affect our

parameter estimates.

6.3 Maximum Likelihood with Input Uncertainties

Having established our framework, let’s connect it to our previous work on maximum

likelihood estimation. In Chapter 4, we showed that for homogeneous noise, the maximum

likelihood estimator takes the matrix form:

wML = (ΦTΦ)−1ΦTyobs (6.13)

Our current case - simple linear regression with one input variable - is just a special

case of this general formula. Since we’re working with centered variables, we only need to

estimate the slope parameter (the bias term becomes zero). The design matrix Φ becomes

simply a vector of our observed x values:

Φ =
[
xobs,1 xobs,2 · · · xobs,N

]T
(6.14)
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Let’s work through the matrix multiplication step by step:

ΦTΦ =
[
xobs,1 xobs,2 · · · xobs,N

]




xobs,1

xobs,2
...

xobs,N



=

N∑

i=1

x2obs,i (6.15)

ΦTyobs =
[
xobs,1 xobs,2 · · · xobs,N

]




yobs,1

yobs,2
...

yobs,N



=

N∑

i=1

xobs,iyobs,i (6.16)

Therefore, our matrix equation reduces to the scalar form for the slope estimate:

β̂ =

∑N
i=1 xobs,iyobs,i∑N

i=1 x
2
obs,i

(6.17)

Our maximum likelihood solution can be written in terms of statistical quantities that

capture the essential relationship between our measurements:

β̂ =
Cov(xobs,yobs)

Var(xobs)
(6.18)

This form provides insight into what a slope actually means. The numerator (covari-

ance) measures how much y changes as x varies across its range - in other words, the total

change in y that corresponds to the full spread of x values. When we divide this by the

denominator (variance), which represents the total spread of x values, we get the change in

y per unit change in x - exactly what we mean by slope!

However, note that while this interpretation is accurate when Var(xobs) represents the

true variance in x, it becomes problematic when xobs contains measurement uncertainties.

In this case, the variance in the denominator becomes inflated by the uncertainty, making it

larger than it should be and consequently diluting (attenuating) our slope estimate.

To understand exactly how these uncertainties quantitatively affect our parameter

estimates, let’s analyze each component separately. We’ll start with the numerator - the
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covariance between our observed quantities. Using our expressions for centered variables:

Cov(xobs,yobs) = Cov(xtrue + δx, βxtrue + δy) (6.19)

= β Cov(xtrue + δx,xtrue) + Cov(xtrue + δx, δy) (6.20)

= β[Cov(xtrue,xtrue) + Cov(δx,xtrue)] + [Cov(xtrue, δy) + Cov(δx, δy)] (6.21)

= β[Var(xtrue) + 0] + [0 + 0] (6.22)

= β Var(xtrue) (6.23)

The expansion in the third line reveals four distinct contributions to the covariance:

• Cov(xtrue,xtrue): The intrinsic spread in true values (this is Var(xtrue))

• Cov(δx,xtrue): The relationship between measurement errors and true values

• Cov(xtrue, δy): How y-errors relate to true x values

• Cov(δx, δy): The relationship between x and y measurement errors

Our independence assumptions tell us that the last three terms are zero - measurement

errors don’t depend on true values or on each other. Therefore:

Cov(xobs,yobs) = β Var(xtrue) ≡ βσ2
range (6.24)

Here, σ2
range represents the intrinsic variance of the true velocity dispersions in our M-σ

example - the actual spread of galaxy properties in our dataset.

For the denominator, we’re looking at the variance of our observed x values:

Var(xobs) = Var(xtrue + δx) (6.25)

= Var(xtrue) + Var(δx) (6.26)

= σ2
range + σ2

x (6.27)

The second line follows directly from our assumption that xtrue and δx are independent -

when we add independent random variables, their variances add.

To understand whether our estimator is systematically biased, we need to examine

its expected value - what value it will converge to on average. Combining our results for the
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numerator and denominator:

E[β̂] = β
σ2
range

σ2
range + σ2

x

= β
1

1 + (σx/σrange)2
(6.28)

This is our key result. Our estimate β̂ is related to the true slope β through an

attenuation factor:

λ ≡ 1

1 + (σx/σrange)2
(6.29)
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Figure 6.3: Demonstration of attenuation bias in parameter estimation. Both panels show
the same underlying relationship (solid black line) with observed data points (orange cir-
cles) and their fitted relationships (dashed green lines). Panel (a) shows the case of small
measurement uncertainty (σx/σrange = 0.1), where the fitted slope is only slightly attenuated
(λ ≈ 0.99). Panel (b) shows the case of large measurement uncertainty (σx/σrange = 1.0),
where the attenuation becomes severe (λ ≈ 0.50). The attenuation factor λ, shown in the
legend of each panel, quantifies how much the observed slope underestimates the true slope.
This demonstrates that when measurement uncertainties become comparable to the intrinsic
spread in our independent variable, our ability to recover the true relationship is compro-
mised.

This attenuation factor reveals how measurement uncertainties in the input variable

affect our inference. Note that σx here refers specifically to uncertainty in our input measure-

ments - this explains why in Chapters 4 and 5, where we assumed x was measured perfectly,

we were able to recover the true slope. More generally, λ is always less than one unless we

have perfect measurements (σx = 0). When our measurements are perfect, λ = 1 and we

recover the true slope exactly. But as our measurement uncertainty increases, λ decreases,

systematically weakening our estimated relationship.
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In the extreme case where measurement uncertainties become infinitely large (σx →
∞), λ approaches zero, completely obscuring any relationship in our data. This makes

intuitive sense because when our measurements are dominated by noise, the observed values

become essentially random numbers that bear no relationship to the true underlying values,

making it impossible to detect any real correlation in the data.

The mathematical form of λ shows that what matters is not the absolute size of our

measurement errors, but rather how large they are compared to the true spread in our data

- the ratio σx/σrange. This makes intuitive sense: when our measurement uncertainty σx

becomes comparable to the true range σrange, we’re effectively doubling the apparent spread

in our x values without any corresponding increase in y.

In our M-σ example, if the true velocity dispersions span 100 km/s (σrange) and our

measurement uncertainty is also 100 km/s (σx), then our observed distribution of velocity

dispersions appears twice as wide as it truly is. This artificial widening of the x-distribution

without a corresponding widening in y naturally leads to a shallower slope - we’re literally

“diluting” the relationship by spreading out our x values.

Most importantly, since λ depends only on this ratio of measurement uncertainty to

true spread, and not on sample size, this bias persists no matter how much data we collect.

Even with infinite data, if our measurements have uncertainty, we will systematically under-

estimate the true relationship. This is different from random errors that can be averaged out

with more data - measurement uncertainties in x create a systematic bias that more data

cannot resolve.

The independence of λ from y-uncertainties reveals an asymmetry in regression. In our

M-σ example, uncertainties in black hole mass measurements (y) can be properly accounted

for through weighted fitting, as we saw in Chapters 4 and 5. However, uncertainties in

velocity dispersion measurements (x) inevitably bias our slope estimates when using standard

regression techniques.

6.4 Practical Implications of Attenuation Bias

Having derived the mathematical form of attenuation bias, let’s examine its practical

implications for astronomical measurements. Our attenuation factor λ = 1/(1+(σx/σrange)
2)

provides a precise way to quantify how measurement uncertainties affect our parameter

estimates. The key question becomes: what values of σx/σrange do we typically encounter in



176 Statistical Machine Learning for Astronomy — Y.-S. Ting

0.0 0.1 1.0 10.0
σx/σrange

0.0

0.2

0.4

0.6

0.8

1.0
A

tt
en

ua
ti

on
F

ac
to

r
λ

−2 0 2
x

−2

0

2

y

σx/σrange = 0.1

−2 0 2
x

−2

0

2
y

σx/σrange = 0.5

−2 0 2
x

−2

0

2

y

σx/σrange = 1.0

Figure 6.4: Demonstration of how measurement uncertainties affect parameter estimation
through attenuation bias. The main plot shows how the attenuation factor λ depends on the
ratio of measurement uncertainty to intrinsic spread (σx/σrange). The solid black line shows
the theoretical prediction λ = 1/(1 + (σx/σrange)

2). Three inset panels demonstrate the ef-
fect for different uncertainty ratios: small (σx/σrange = 0.1), moderate (σx/σrange = 0.5), and
large (σx/σrange = 1.0). In each inset, the solid black line shows the true relationship, orange
points show observed data (with both x and y uncertainties), and the dashed green line
shows the attenuated relationship recovered from the data. This illustrates how measure-
ment uncertainties comparable to or larger than the intrinsic spread lead to systematically
shallower slopes in our parameter estimates.

astronomy, and how much bias do they introduce?

Returning to our M-σ example, suppose we have velocity dispersion measurements

with 10% uncertainty relative to the full range of velocities in our sample. This corresponds

to σx/σrange = 0.1, yielding λ = 0.99 - a 1% bias in our slope estimate. While this might

seem small, this 1% bias can be quite important for many astronomical applications. Modern

astronomy often operates in a regime where our individual measurements have uncertainties

around 10%, but we aim to leverage large statistical samples to achieve percent-level precision
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in our final inference.

Consider cosmological studies: while photometric redshift measurements for individ-

ual galaxies might have 10% uncertainties, we aim to constrain cosmological parameters like

the Hubble constant or dark energy equation of state to percent-level precision. Similarly,

in stellar population studies, while individual stellar age measurements might be uncertain

at the gigayear level, we hope to determine the star formation history of galaxies with much

higher precision through statistical analysis of large samples. Even a 1% systematic bias can

impact these precision measurements, potentially affecting our model inference.

This challenge appears consistently across many astronomical measurements:

Stellar Ages Except for the select few stars with precise asteroseismic measurements,

typical age uncertainties are around 1 Gyr - approximately 10% of the Hubble time. This

places our measurements in the regime where attenuation bias becomes significant when

studying age-dependent relationships.

Chemical Abundances Even the most careful spectroscopic analyses achieve precisions

of 0.05-0.1 dex, which represents about 10% of the full metallicity range we observe in our

Galaxy. For studies examining how various properties depend on metallicity, this level of

uncertainty can systematically dilute the true relationships.

Black Hole Masses Measurements of supermassive black hole masses typically carry un-

certainties of 0.3-0.5 dex, even when studying relationships that span 3-5 orders of magnitude

in mass. The resulting attenuation can significantly impact our understanding of black hole

scaling relations.

Stellar and Gas Masses Measurements of stellar mass and gas mass typically carry

uncertainties of 0.1-0.2 dex. When these quantities are used as independent variables in

scaling relations (e.g., studying how star formation efficiency depends on gas mass), the

resulting attenuation bias can lead to systematic underestimation of the true relationships.

This tension between individual measurement precision and desired statistical infer-

ence precision makes attenuation bias a challenge in modern astronomy. It’s not just a

technical issue - it’s a systematic effect that must be understood and accounted for as we

push toward ever more precise measurements of physical parameters.

The particularly problematic aspect of attenuation bias is that it cannot be elimi-
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nated simply by collecting more data. Unlike random errors that average out with larger

samples, this bias is a direct consequence of measurement uncertainties in our independent

variables. Even with infinite data, if our velocity dispersion measurements have 10% uncer-

tainty relative to the range, we’ll still underestimate the slope of the M-σ relation by 1%.

This highlights the need for methods that can properly account for uncertainties in both

variables, which we’ll explore in the remainder of this chapter.

6.5 Latent Variable Formalism

Our analysis of attenuation bias has revealed a challenge in astronomical measure-

ments: when we ignore uncertainties in our independent variable, we systematically under-

estimate the strength of relationships in our data. This raises an important question: can

we modify our inference framework to properly account for uncertainties in both variables?

The answer lies in extending our maximum likelihood approach from Chapters 4 and

5. Previously, we treated our x-measurements as fixed, known quantities and only modeled

the probability of observing y-values. Now we need to take a step back and consider the

joint probability of observing both x and y, given their true underlying values and our model

parameters.

This shift in perspective - from modeling just y to modeling both x and y - is subtle

but important. Instead of asking “what is the probability of observing this y-value given our

x-measurement?”, we now ask “what is the probability of observing both this x-value and

this y-value given our model?” While this makes our mathematics slightly more complex,

it allows us to properly account for the reality of astronomical measurements where both

variables carry significant uncertainties.

To address uncertainties in both variables, we need to carefully think about how our

measurements relate to the true underlying values. First, recall our model: there exists a

true linear relationship between the black hole mass and velocity dispersion of galaxies:

ytrue = βxtrue (6.30)

However, we never observe these true values directly. Instead, our measurements
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contain errors:

xobs = xtrue + δx (6.31)

yobs = ytrue + δy (6.32)

= βxtrue + δy (6.33)

These measurement errors follow normal distributions:

δx ∼ N (0, σ2
x) (6.34)

δy ∼ N (0, σ2
y) (6.35)

Now comes a crucial insight: while xobs and yobs are related (that’s the whole point

of our analysis!), their measurement errors δx and δy are independent. Think about our

M-σ example: the instrumental noise that affects our velocity dispersion measurement has

nothing to do with the uncertainties in our black hole mass estimation.

This independence of measurement errors has an important consequence: if we know

the true velocity dispersion xtrue, then:

1. Any deviation of xobs from xtrue is purely due to δx

2. Any deviation of yobs from βxtrue is purely due to δy

3. Since δx and δy are independent, these deviations don’t affect each other

Therefore, when we condition on xtrue:

• xobs follows a normal distribution centered at xtrue with variance σ2
x

• yobs follows a normal distribution centered at βxtrue with variance σ2
y

• These distributions are independent

This allows us to write the joint probability as a product:

p(xobs,yobs | xtrue, β) = N (xobs | xtrue, σ
2
x)N (yobs | βxtrue, σ

2
y) (6.36)

The first term represents how our measured velocity dispersion scatters around its
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true value due to instrumental noise, while the second term represents how our measured

black hole mass scatters around its predicted value due to measurement uncertainties. While

both x and y are linked through the M-σ relation, their measurement errors arise from

independent sources, allowing us to multiply their probabilities when we condition on the

true value.

However, there’s a catch in our likelihood formulation: we’ve conditioned everything

on xtrue, but we don’t actually know these true values! If we did, we’d be back to the simpler

case from Chapters 4 and 5 where we only had to deal with y-uncertainties. This might seem

like a problem, but the Bayesian framework treats all unknowns - whether they’re model

parameters or hidden true values - as random variables to be inferred.

In this context, we need to estimate not just our model parameter β, but also the set

of true values {xtrue,i} for each observation. Our full likelihood becomes:

L(β, {xtrue,i}) =
N∏

i=1

N (xobs,i | xtrue,i, σ
2
x)N (yobs,i | βxtrue,i, σ

2
y) (6.37)

This formulation has an intuitive interpretation: we’re simultaneously trying to:

1. Estimate the true velocity dispersion of each galaxy (xtrue,i)

2. Find the slope of the M-σ relation (β) that best explains these true values

At first glance, this might seem like a challenging task - we’ve added N new param-

eters (one xtrue for each galaxy) to our inference problem! In many statistical problems,

adding parameters like this would make the problem intractable, leading to overfitting or

computational challenges. However, linear regression has a special property: the linear rela-

tionship between variables provides enough structure to make this inference possible.

This approach of treating unknown true values as parameters to be inferred is an ex-

ample of hierarchical modeling. The structure of our inference follows a hierarchical pattern,

where at the top level we have our model parameter β, followed by the true values xtrue for

each observation at the next level, and finally our actual measurements (xobs,yobs) at the

bottom level.

The importance of this hierarchical approach continues to grow in modern astronomy

and machine learning. Consider stellar population studies, where astronomers must simul-
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taneously infer both individual stellar parameters and the relationships that govern entire

populations. Similarly, in cosmological analyses, researchers frequently tackle the challenge

of estimating individual galaxy properties while also understanding large-scale structure pa-

rameters.
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Figure 6.5: Demonstration of how we estimate true positions in a hierarchical model. Both
panels show the same underlying relationship (dashed blue line) and observed data points
with measurement uncertainties (error bars). Panel (a) shows the raw observed data, where
both x and y measurements carry uncertainties. Panel (b) visualizes our inference process:
for each observation, we estimate both its true x-position (blue points) and corresponding
model-predicted y-value. Gray arrows show the two-step correction: first a horizontal shift
from the observed x to its estimated true value, then a vertical shift to the model prediction.
The magnitude of these corrections depends on the measurement uncertainties (σx and σy)
and the model parameter (β). The estimated true positions (blue points) lie exactly on the
model line because they represent our complete model prediction (xtrue, βxtrue), while the
intermediate points (green) show the state after x-correction but before y-correction. This
hierarchical estimation process, updating both xtrue values and β, forms the basis of Deming
regression.

6.6 Deming Regression

Now that we have set up the full likelihood, let’s solve for both xtrue and β. Our

likelihood across all observations is:

L(β, {xtrue,i}) =
N∏

i=1

N (xobs,i | xtrue,i, σ
2
x)N (yobs,i | βxtrue,i, σ

2
y) (6.38)
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Expanding the normal distributions:

L(β, {xtrue,i}) =
N∏

i=1

1√
2πσ2

x

exp

(
−(xobs,i − xtrue,i)

2

2σ2
x

)
1√
2πσ2

y

exp

(
−(yobs,i − βxtrue,i)

2

2σ2
y

)

(6.39)

Taking the logarithm of the likelihood and dropping constant terms, we obtain the

negative log-likelihood:

E({xtrue,i}, β) =
N∑

i=1

[
(xobs,i − xtrue,i)

2

2σ2
x

+
(yobs,i − βxtrue,i)

2

2σ2
y

]
(6.40)

The structure of this expression reveals something important: while β appears in every

term as a global parameter, each xtrue,i only appears in the ith term. This separable structure

suggests a logical optimization approach: we can optimize each xtrue,i independently while

holding β fixed, then use those optimized values to update β itself.

For a single observation i:

E(xtrue,i, β) =
(xobs,i − xtrue,i)

2

2σ2
x

+
(yobs,i − βxtrue,i)

2

2σ2
y

(6.41)

To find the optimal xtrue,i, we take the derivative with respect to xtrue,i and set it to

zero:

∂E

∂xtrue,i

= −(xobs,i − xtrue,i)

σ2
x

− β(yobs,i − βxtrue,i)

σ2
y

= 0 (6.42)

Rearranging terms:

xtrue,i

σ2
x

+
β2xtrue,i

σ2
y

=
xobs,i

σ2
x

+
βyobs,i

σ2
y

(6.43)

xtrue,i

(
1

σ2
x

+
β2

σ2
y

)
=

xobs,i

σ2
x

+
βyobs,i

σ2
y

(6.44)

Multiplying both sides by σ2
xσ

2
y:

xtrue,i(σ
2
y + β2σ2

x) = σ2
yxobs,i + βσ2

xyobs,i (6.45)
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Using λ = σ2
y/σ

2
x and dividing both sides by σ2

x(λ+ β2):

xtrue,i =
λxobs,i + βyobs,i

λ+ β2
(6.46)

This expression provides insight into how we estimate the true x-positions. The

estimate is a weighted average between the observed x-value (xobs,i) and what we would

predict from the y-measurement (yobs,i/β). The weights depend on the relative uncertainties

(λ). Two limiting cases are particularly illuminating:

• When λ≫ 1 (i.e., when x-measurements are much more precise than y-measurements

relative to the slope), we have xtrue,i ≈ xobs,i - we trust our x-measurements almost

completely.

• When λ≪ 1 (i.e., when y-measurements are more precise), we have xtrue,i ≈ yobs,i/β -

we rely more heavily on inferring x-positions from our y-measurements and the model.

This formula quantifies precisely how we should balance our direct measurements

against our model predictions when estimating the true underlying values. In essence, we’re

using the linear relationship between x and y to constrain our estimates of the true values

in both dimensions simultaneously.

Understanding how this estimation works requires careful attention to the weighting.

The formula can be rewritten as:

xtrue,i = wxxobs,i + wy
yobs,i

β
(6.47)

where wx = λ
λ+β2 and wy =

β2

λ+β2 are weights that sum to 1.

These weights are determined by the relative uncertainties in our measurements, prop-

erly scaled by the relationship between x and y. If our x-measurements are very precise

(small σx, large λ), the weight wx approaches 1, and we rely more on direct x-measurements.

Conversely, if our y-measurements are very precise (small σy, small λ), the weight wy ap-

proaches 1, and we rely more on inferring x from y using our model.

This optimal weighting is what allows Deming regression to correct for attenuation

bias. By appropriately balancing our direct measurements against the constraints imposed

by our model, we can recover estimates of both the true parameter values and the true
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underlying data points.

6.7 Analytical Solution

To complete our optimization, we now need to find β given our estimates of xtrue,i.

Let’s revisit our negative log-likelihood:

E({xtrue,i}, β) =
N∑

i=1

[
(xobs,i − xtrue,i)

2

2σ2
x

+
(yobs,i − βxtrue,i)

2

2σ2
y

]
(6.48)

Taking the derivative with respect to β and setting it to zero:

∂E

∂β
= −

N∑

i=1

xtrue,i(yobs,i − βxtrue,i)

σ2
y

= 0 (6.49)

Substituting our expression for xtrue,i:

−
N∑

i=1

1

σ2
y

(
λxobs,i + βyobs,i

λ+ β2

)
(yobs,i − βxobs,i) = 0 (6.50)

Multiplying through by (λ+ β2) (since it’s always positive):

N∑

i=1

(λxobs,i + βyobs,i)(yobs,i − βxobs,i) = 0 (6.51)

Expanding this expression:

N∑

i=1

[λxobs,iyobs,i − λβx2
obs,i + βy2

obs,i − β2xobs,iyobs,i] = 0 (6.52)

From Chapter 3, we know that for any dataset, we can compute summary statistics

that capture the essential relationships between variables. These summary statistics are
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defined by:

Sxx =
N∑

i=1

(xobs,i − E[xobs])
2 (6.53)

Syy =
N∑

i=1

(yobs,i − E[yobs])
2 (6.54)

Sxy =
N∑

i=1

(xobs,i − E[xobs])(yobs,i − E[yobs]) (6.55)

These statistics are closely related to, but not identical to, the variance and covariance.

Specifically, they differ by a factor of N :

Var(xobs) =
1

N
Sxx (6.56)

Var(yobs) =
1

N
Syy (6.57)

Cov(xobs,yobs) =
1

N
Sxy (6.58)

For centered variables, where E[xobs] = E[yobs] = 0, these expressions simplify to:

Sxx =
N∑

i=1

x2
obs,i (6.59)

Syy =
N∑

i=1

y2
obs,i (6.60)

Sxy =
N∑

i=1

xobs,iyobs,i (6.61)

Using these summary statistics, we can rewrite our equation in a more compact form:

λSxy − λβSxx + βSyy − β2Sxy = 0 (6.62)

Rearranging into standard quadratic form:

β2Sxy − β(Syy − λSxx)− λSxy = 0 (6.63)
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This is a standard quadratic equation of the form ax2 + bx + c = 0, with solution

x = −b±
√
b2−4ac
2a

. In our case, a = Sxy, b = −(Syy − λSxx), and c = −λSxy. The solution to

this quadratic equation gives us the Deming regression estimator:

β̂ =
Syy − λSxx ±

√
(Syy − λSxx)2 + 4λS2

xy

2Sxy

(6.64)

We take only the positive branch of this quadratic solution for two important reasons.

First, only the positive branch yields the correct limiting behavior when σx → 0, where we

recover the maximum likelihood estimator for the case with no x uncertainties (as we will

show below). Second, the positive branch ensures that β̂ has the same sign as Sxy, which

is physically necessary - a positive correlation between x and y (Sxy > 0) should yield a

positive slope, while a negative correlation (Sxy < 0) should yield a negative slope.

An interesting aspect of our derivation is that we obtain a direct solution rather than

requiring an iterative procedure, despite dealing with both unknown true values xtrue,i and

an unknown slope β.

The key to understanding this lies in how the problem naturally decomposes:

1. For any fixed β, the negative log-likelihood is quadratic (and thus convex) in each

xtrue,i, allowing us to find their optimal values analytically:

xtrue,i =
xobs,i/σ

2
x + βyobs,i/σ

2
y

1/σ2
x + β2/σ2

y

(6.65)

2. When we substitute these optimal xtrue,i values back into the derivative of the negative

log-likelihood with respect to β, we obtain a quadratic equation that yields our Deming

regression estimator.

As in Chapter 4, while the overall problem is not globally convex in all variables

simultaneously, it has a special bi-convex structure: it is convex when we fix either β or the

set of xtrue,i values. This bi-convexity, combined with our ability to find closed-form solutions

for each part, enables us to reach the global optimum in a single step rather than through

iteration.

We can verify that Deming regression converges to ordinary least squares when σx → 0

(or equivalently when λ = σ2
y/σ

2
x →∞). Let’s examine what happens to our formula in this
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Figure 6.6: Demonstration of how Deming regression corrects for attenuation bias compared
to ordinary least squares (OLS, also known as the maximum likelihood solution when there
is no x-uncertainty). Panel (a) shows simulated data (orange points with error bars) from
a true linear relationship y = 3x (solid black line) with measurement uncertainties σx = 1.0
and σy = 0.5. The OLS fit (green dashed line) systematically underestimates the true
slope due to attenuation bias, while Deming regression (blue dashed line) better recovers the
true relationship by properly accounting for measurement uncertainties in both variables.
Panel (b) demonstrates how these estimators behave as the relative measurement uncertainty
(σx/σy) varies: OLS estimates become increasingly attenuated as x-uncertainty grows, while
Deming regression maintains better accuracy by appropriately weighting the uncertainties.
When x-uncertainty is small compared to y-uncertainty (σx ≪ σy), both methods converge
to the true slope as standard regression assumptions become valid.

limit.

First, we note that:

Syy − λSxx = λ

(
Syy

λ
− Sxx

)
(6.66)

The square root term can be rewritten as:

√
(Syy − λSxx)2 + 4λS2

xy =

√
λ2
(
Syy

λ
− Sxx

)2

+ 4λS2
xy (6.67)
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Factoring out λ from under the square root:

√
(Syy − λSxx)2 + 4λS2

xy = λ

√(
Syy

λ
− Sxx

)2

+
4S2

xy

λ
(6.68)

This allows us to express β̂ as:

β̂ =
Syy − λSxx +

√
(Syy − λSxx)2 + 4λS2

xy

2Sxy

(6.69)

β̂ =

λ

(
Syy

λ
− Sxx +

√(
Syy

λ
− Sxx

)2
+

4S2
xy

λ

)

2Sxy

(6.70)

For large λ, we can expand the square root using:

√
1 + ϵ ≈ 1 +

ϵ

2
(6.71)

where ϵ is a small term. In our case, we can rewrite the term under the square root as:

(
Sxx −

Syy

λ

)2

+
4S2

xy

λ
= S2

xx

(
1 +

(
− 2Syy

λSxx

+
S2
yy

λ2S2
xx

+
4S2

xy

λS2
xx

))
(6.72)

As λ→∞, the terms Syy

λSxx
and

S2
yy

λ2S2
xx

approach zero. Therefore,

ϵ = − 2Syy

λSxx

+
S2
yy

λ2S2
xx

+
4S2

xy

λS2
xx

≈ 4S2
xy

λS2
xx

(6.73)

which becomes small as λ becomes large. This gives us:

√(
Sxx −

Syy

λ

)2

+
4S2

xy

λ
≈ Sxx −

Syy

λ
+

2S2
xy

λSxx

(6.74)

Substituting back:

β̂ =
λ
[
−Sxx +

Syy

λ
+
(
Sxx − Syy

λ
+

2S2
xy

λSxx

)]

2Sxy

(6.75)
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The Sxx terms and Syy/λ terms cancel, leaving:

β̂ =
λ
(

2S2
xy

λSxx

)

2Sxy

=
Sxy

Sxx

=
Cov(xobs,yobs)

Var(xobs)
(6.76)

Thus, we’ve shown that in the limit where λ → ∞ (equivalently, when σx → 0), the

Deming regression slope converges to Sxy

Sxx
= Cov(xobs,yobs)

Var(xobs)
. This confirms our expectation that

when measurement errors in x become negligible, the Deming regression naturally reduces

to the maximum likelihood estimator we derived earlier for the case with uncertainty only

in y.

6.8 Extension to Heteroscedastic Uncertainties

So far, we’ve assumed that measurement uncertainties are homogeneous - that is, σx

and σy are constant across all observations. While this simplification helped us build intuition

and derive analytical results, real astronomical measurements often have uncertainties that

vary from point to point. For instance, in our M-σ example, velocity dispersion measurements

might be more precise for brighter galaxies, while black hole mass uncertainties could vary

based on the specific measurement technique used.

Extending our framework to handle heteroscedastic uncertainties (where σx,i and σy,i

vary with i) follows naturally from our previous derivation. Just as before, we start with the

likelihood function, but now each data point has its own uncertainties:

L(β, {xtrue,i}) =
N∏

i=1

N (xobs,i | xtrue,i, σ
2
x,i)N (yobs,i | βxtrue,i, σ

2
y,i) (6.77)

Taking the logarithm and dropping constant terms gives us the negative log-likelihood:

E({xtrue,i}, β) =
N∑

i=1

[
(xobs,i − xtrue,i)

2

2σ2
x,i

+
(yobs,i − βxtrue,i)

2

2σ2
y,i

]
(6.78)

Following our earlier approach of maximizing this likelihood, we first solve for each
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xtrue,i by taking the derivative with respect to xtrue,i and setting it to zero:

∂E

∂xtrue,i

= −(xobs,i − xtrue,i)

σ2
x,i

− β(yobs,i − βxtrue,i)

σ2
y,i

= 0 (6.79)

Rearranging:

xtrue,i

σ2
x,i

+
β2xtrue,i

σ2
y,i

=
xobs,i

σ2
x,i

+
βyobs,i

σ2
y,i

(6.80)

xtrue,i

(
1

σ2
x,i

+
β2

σ2
y,i

)
=

xobs,i

σ2
x,i

+
βyobs,i

σ2
y,i

(6.81)

Solving for xtrue,i:

xtrue,i =
σ2
y,ixobs,i + βσ2

x,iyobs,i

σ2
y,i + β2σ2

x,i

(6.82)

This expression is analogous to our homoscedastic result, but now the weighting

depends on the individual uncertainties σx,i and σy,i. We can interpret this as a weighted

average between the direct measurement xobs,i (weighted by σ2
y,i) and the model-inferred

value yobs,i/β (weighted by σ2
x,i). This weighting scheme ensures that when a measurement

has a large uncertainty in one dimension, the solution relies more heavily on information

from the other dimension.

When we substitute these optimal xtrue,i values back into our likelihood and differen-

tiate with respect to β, we get:

∂E

∂β
= −

N∑

i=1

xtrue,i(yobs,i − βxtrue,i)

σ2
y,i

= 0 (6.83)

Substituting our expression for xtrue,i:

−
N∑

i=1

1

σ2
y,i

(
σ2
y,ixobs,i + βσ2

x,iyobs,i

σ2
y,i + β2σ2

x,i

)
(yobs,i − βxobs,i) = 0 (6.84)
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This can be simplified to:

F (β) =
N∑

i=1

σ2
y,ixobs,i + βσ2

x,iyobs,i

σ2
y,i + β2σ2

x,i

(yobs,i − βxobs,i) = 0 (6.85)

Unlike our homoscedastic case where we found a neat quadratic equation for β, this

equation (which we define as our objective function F (β)) is more complex and generally

doesn’t have a simple closed-form solution. This is because each term in the sum has a

different weighting factor that depends on both β and the individual uncertainties. However,

we can solve this numerically through several approaches:

Grid Search The simplest approach is a grid search, where we evaluate F (β) for a range

of β values and find where it crosses zero. While computationally inefficient, this method is

robust and easy to implement.

Newton’s Method For faster convergence, Newton’s method uses the derivative of F (β)

to iteratively approach the solution:

βn+1 = βn −
F (βn)

F ′(βn)
(6.86)

This converges quadratically near the solution but requires computing the derivative of our

complex objective function.

Root-Finding Algorithms Standard numerical libraries provide robust root-finding al-

gorithms like Brent’s method, which combines bisection, secant, and inverse quadratic inter-

polation. These methods offer good convergence properties without requiring derivatives.

The heteroscedastic solution maintains all the key insights we developed in the ho-

moscedastic case while adding important nuances. It still corrects for attenuation bias, but

now the correction is specific to each data point based on its uncertainties. Data points with

smaller uncertainties naturally carry more weight in determining β, which is exactly what

we want in our parameter inference. When all σx,i approach zero, we recover ordinary least

squares, just as we showed analytically for the homoscedastic case. Throughout, the solution

represents a careful balance between the direct measurements and the constraints imposed

by our linear model.

This extension to heteroscedastic uncertainties is particularly important in astron-
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Figure 6.7: Demonstration of heteroscedastic Deming regression and its numerical solu-
tion. Panel (a) shows simulated data (orange points) with heterogeneous measurement
uncertainties (gray error bars) drawn from uniform distributions: σx ∼ U(0.5, 1.5) and
σy ∼ U(0.3, 0.7). The true relationship y = 3x (solid black line) is compared with ordinary
least squares (green dashed line) and heteroscedastic Deming regression (blue dashed line).
Panel (b) illustrates the numerical solution method: the objective function F (β) (solid blue
line) and its absolute value |F (β)| (dashed red line) are plotted against candidate slope val-
ues. The Deming regression slope is found where F (β) crosses zero, or equivalently where
|F (β)| reaches its minimum.

omy, where measurement uncertainties often vary by orders of magnitude within a single

dataset. For example, in the M-σ relation, nearby galaxies typically have much more precise

measurements than distant ones. The same pattern appears in many other astronomical

contexts: brighter objects generally have more precise measurements than fainter ones, and

different measurement techniques often have systematically different uncertainties. By prop-

erly accounting for these varying uncertainties, we can make optimal use of all our data while

ensuring that more precise measurements appropriately dominate our parameter inference.

6.9 Summary

In this chapter, we have focused on a critical challenge in astronomical inference:

accounting for uncertainties in both dependent and independent variables. We identified

attenuation bias (or regression dilution) as a systematic effect that leads to underestimation

of relationship strengths when input uncertainties are ignored.
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This bias becomes significant even in linear regression when input uncertainties reach

just 10% of the data’s range - a common scenario in astronomical measurements. Unlike

random errors that average out with more data, attenuation bias persists regardless of sample

size. The attenuation factor λ = 1/(1+(σx/σrange)
2) provides a precise quantification of how

measurement uncertainties dilute our parameter estimates.

We demonstrated that this issue affects all regression analyses in astronomy, from

stellar age-metallicity relations to black hole scaling relations, stellar population studies, and

cosmological parameter estimation. The tension between individual measurement precision

(often around 10%) and desired statistical inference precision (at the percent level) makes

proper treatment of input uncertainties essential for robust astronomical inference.

To address this challenge, we developed a hierarchical framework where the true

values of our independent variables are treated as latent variables to be inferred alongside

model parameters. This approach led us to Deming regression, which extends ordinary least

squares by properly accounting for uncertainties in both variables.

The key insights from our analysis include:

1. The optimal estimate of the true position xtrue,i is a weighted average between the direct

measurement and the value inferred from the model, with weights determined by the

relative uncertainties. This represents a principled approach to combining information

from multiple sources based on their reliability.

2. The slope estimator has a closed-form solution in the homoscedastic case, providing a

direct correction for attenuation bias. This analytical solution makes Deming regression

computationally tractable even for large datasets.

3. The method generalizes naturally to heteroscedastic uncertainties, though numerical

methods are required for the optimal slope. This extension is crucial for astronomical

applications where measurement uncertainties often vary by orders of magnitude.

4. When uncertainties in x approach zero, Deming regression converges to ordinary least

squares, maintaining consistency with our earlier work. This ensures that we can apply

these methods across the full spectrum of measurement uncertainty scenarios.

The hierarchical perspective introduced in this chapter extends beyond linear regres-

sion with input uncertainties. This approach - where we simultaneously infer both model

parameters and latent variables - is becoming increasingly important across astronomy and
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machine learning. Moreover, the hierarchical perspective will return in more advanced top-

ics like mixture models and Bayesian networks, highlighting the broad applicability of the

principles we’ve explored here.

In the next chapter, we will shift our focus from regression (modeling continuous

outputs) to classification (modeling discrete outputs). While classification presents new

challenges, it builds on the same statistical foundations we’ve established here. The con-

cepts of likelihood maximization, uncertainty quantification, and hierarchical modeling all

transfer directly to the classification domain. The proper treatment of input uncertainties

continues to be essential, especially in astronomical applications where measurement errors

are substantial.

Further Readings: The development of methods for handling measurement errors in both

variables has evolved through several historical contributions, beginning with early work by

Adcock [1878] who developed methods that would later be called orthogonal regression, and

Pearson [1901] who developed geometric frameworks for finding lines of closest fit when both

variables contain errors. Deming [1943] contributed a practical solution known as Deming

regression, providing a weighted least squares approach that accounts for known error vari-

ance ratios. The computational foundations were later advanced by Golub and Van Loan

[1980] who analyzed the total least squares problem using singular value decomposition, with

Van Huffel and Vandewalle [1991] providing treatment of computational aspects and numeri-

cal stability considerations. For readers interested in theoretical foundations of measurement

error models, Fuller [1987] covers estimation, identifiability, and asymptotic properties, while

Carroll et al. [2006] extends these methods to nonlinear models and modern applications

including semiparametric regression and survival analysis. The field has benefited from as-

tronomical applications that contributed to methodological development: Isobe et al. [1990]

provided comparison of various regression methods for astronomical data with measurement

errors, while Kelly [2007] developed Bayesian approaches that handle heteroscedastic errors,

intrinsic scatter, and selection effects. Connections to structural equation modeling were

explored by Bentler and Weeks [1980], demonstrating how latent variable methods provide a

unified framework for complex error structures. For practical guidance on implementation,

Carroll and Ruppert [1996] examined the use and misuse of orthogonal regression, highlight-

ing concerns about inappropriate applications when error variance ratios are unknown or

variable.



Chapter 7

Classification and Logistic Regression

In the previous chapters, we explored linear regression, where we built a linear model

to make inferences on continuous variable labels. We saw how linear regression emerged

naturally from probabilistic principles, allowing us to predict quantities like stellar masses,

luminosities, or temperatures from observable features. Now we turn to another major

category of supervised learning: classification.

Classification differs from regression in a key way. Rather than predicting continuous

values, we aim to categorize objects into discrete classes. When observing a celestial object,

we might want to determine whether it’s a star or a galaxy, classify a galaxy as spiral or

elliptical, or identify a variable star as a Cepheid or RR Lyrae. In each case, we assign

discrete class labels rather than continuous values.

This discrete nature creates a mathematical challenge. In linear regression, our model

could predict any real-valued output. But classification requires our model to output class

probabilities, which must lie between 0 and 1. This constraint means we cannot simply apply

linear regression techniques directly to classification problems. If we did, our model might

predict probabilities greater than 1 or less than 0, which would be meaningless.

Figure 7.1 illustrates the classification process. In this example, we have data points

representing stars (blue) and galaxies (red) plotted in a two-dimensional feature space. These

features might be photometric colors, morphological parameters, or astrometric measure-

ments. Logistic regression learns a decision boundary (green dashed line) that separates the

two classes. When a new object (yellow star) is observed, its position relative to this bound-

ary determines how the model classifies it. The further an object is from the boundary, the

195
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Figure 7.1: Demonstration of binary classification in a two-dimensional feature space. Stars
(blue) and galaxies (red) form distinct clusters based on two observable features. The dashed
green line shows the decision boundary learned by logistic regression, which separates the two
classes. A new object (yellow star) is classified based on its position relative to this bound-
ary, with the model assigning probabilities to each class membership. This illustrates how
classification algorithms learn to partition the feature space and make predictions for new
observations. The logistic regression—a linear classifier—assumes a linear decision boundary
as shown. The features could represent various astronomical measurements that help distin-
guish stars from galaxies, such as photometric colors, morphological parameters (comparing
PSF vs model magnitudes), or astrometric measurements from missions like Gaia (proper
motions and parallaxes).

more confident the classification.

Logistic regression addresses the challenge of classification by introducing a trans-

formation that maps unconstrained linear predictions to valid probabilities. Despite its

name, logistic regression is actually a classification technique, not a regression method. The

“regression” part refers to the linear combination of inputs, while “logistic” refers to the

transformation that ensures outputs are valid probabilities.

The need for classification methods is particularly acute in modern astronomy. With

large-scale surveys like Gaia, SDSS, and the upcoming Vera C. Rubin Observatory collecting
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data on billions of objects, automated classification has become essential. Astronomers

cannot manually examine every object, and telescope time for follow-up observations is

limited and expensive. Classification algorithms help prioritize targets efficiently.

For instance, when searching for rare metal-poor stars, we need to identify promising

candidates from photometric data before investing in high-resolution spectroscopy. Similarly,

identifying quasar candidates from millions of point sources requires effective classification

using features like photometric colors and variability patterns. In time-domain astronomy,

automatically classifying variable stars and transient events by their light curves is crucial

for timely follow-up of scientifically valuable phenomena.

In this chapter, we will develop logistic regression from first principles, following

a similar path to our treatment of linear regression. We’ll see how the method emerges

naturally from a probabilistic perspective, discover why the sigmoid function arises as a

key component, and derive the cross-entropy loss function as a consequence of maximum

likelihood estimation. We’ll also explore two complementary approaches to classification:

discriminative models, which directly learn to separate classes, and generative models, which

learn how to generate data from each class.

Through this exploration, we’ll gain both practical tools for astronomical classification

tasks and deeper insights into the probabilistic foundations of machine learning. Logistic

regression will serve as our entry point into classification, providing a foundation for more

complex techniques we’ll encounter in later chapters.

7.1 Binary Classification Fundamentals

We begin our exploration of classification by addressing a fundamental question: how

do we mathematically represent categorical class labels? Unlike regression problems where

our labels are naturally numeric (stellar mass in solar masses, luminosity in ergs per second,

or temperature in Kelvin), classification deals with categories that don’t inherently have nu-

merical values. For instance, galaxy morphology (spiral, elliptical, irregular), stellar spectral

types (O, B, A, F, G, K, M), or object types (star, galaxy, quasar) are categories without

natural numerical representations.

For binary classification—where we sort objects into one of two possible categories—the

standard approach is to encode our classes as 0 and 1. For example:

• Star (0) vs. Galaxy (1)
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• Non-variable (0) vs. Variable star (1)

• Non-transient (0) vs. Transient event (1)

This encoding is purely conventional—we could just as easily swap the assignments.

By convention, we typically assign 0 to what we might consider the “background” or “default”

class, and 1 to the “target” or “positive” class of interest. In a transient detection system,

for instance, assigning 1 to the rare transient events aligns with our focus on finding these

unusual objects among the vastly more common non-transient sources.

The binary encoding has a useful mathematical symmetry: if we swap our labels

(turning all 0s to 1s and vice versa), we can recover equivalent predictions by simply taking

1 minus our original prediction probability. For example, if our original model predicts a 0.8

probability of class 1 (transient), a model with swapped labels would predict a 0.2 probability

of class 0 (non-transient), since 1− 0.8 = 0.2. This symmetry means that whether we frame

our question as “what’s the probability this is a transient?” or “what’s the probability this

is not a transient?” we’re dealing with mathematically equivalent problems.

With our labels encoded as 0 and 1, a classification algorithm’s task is to predict

the probability that a given object belongs to class 1, which we denote as P (C1|x), where x
represents the object’s features (like colors, morphology, or astrometric measurements). Since

probabilities for all classes must sum to 1, we automatically know that P (C0|x) = 1−P (C1|x)
in binary classification. The decision boundary—the surface in feature space that separates

the two classes—occurs where P (C1|x) = P (C0|x) = 0.5.

Now that we’ve established how to represent class labels mathematically, the next

question is: how do we build a model that predicts these class probabilities? There are two

fundamental approaches to this problem, which we’ll explore in the next section.

7.2 Discriminative vs. Generative Models

When we perform classification, we ultimately want to determine the probability that

an object belongs to a particular class given its observed features—mathematically, we want

to model P (Ck|x). But there are two distinct paths to modeling this probability, both

connected through Bayes’ theorem:

P (Ck|x) =
P (x|Ck) · P (Ck)

P (x)
(7.1)
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This equation reveals two different approaches to classification, each with its own

perspective on the problem.

Discriminative approach The discriminative approach directly models P (Ck|x)—exactly

what we need for classification. This approach focuses on learning the boundary between

classes, essentially answering the question: “Given these features, what’s the probability this

object belongs to class k?”

When classifying stars versus galaxies, a discriminative model takes our input features

x (which might include dozens of measurements of the object) and directly outputs the

probability that the object belongs to each class—for example, “this object has an 80%

chance of being a galaxy.” The model learns to map from complex input data to these class

probabilities without explicitly modeling how the features are distributed within each class.
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Figure 7.2: Visualization of generative versus discriminative approaches in classification.
Panel (a) shows the generative model perspective: learning the class-conditional densities
p(x|Ck) for each class separately. This illustrates how generative models capture the full
complexity of feature distributions within each class, enabling tasks beyond classification
like anomaly detection (e.g., identifying quasars that don’t match either stellar or galactic
distributions) and synthetic data generation. Panel (b) shows the discriminative model
perspective: directly learning the posterior probabilities p(Ck|x) of class membership. The
vertical purple line indicates the decision boundary where the probabilities of both classes
are equal (p(C1|x) = p(C0|x) = 0.5). While simpler to learn, the discriminative approach
focuses solely on classification, potentially missing valuable information about the underlying
physical distributions that generative models preserve.

Generative Approach The generative approach takes the alternative path through Bayes’

theorem. Instead of directly modeling P (Ck|x), it models the components needed to compute
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it indirectly:

1. P (x|Ck) — the probability distribution of features for each class (likelihood)

2. P (Ck) — the prior probability of each class

Then, through Bayes’ theorem, we can compute P (Ck|x) by combining these compo-

nents and normalizing by P (x).

The generative approach gets its name because it models enough about each class

to theoretically generate new examples from them. For stars versus galaxies, this means

learning separately what stars look like (their colors, their point-like appearance, their proper

motions) and what galaxies look like (their extended shapes, their color distributions, their

lack of proper motion).

To understand the difference between these approaches, consider an analogy of lan-

guage identification. A discriminative approach to distinguishing German from Portuguese

would focus on specific distinguishing features—perhaps noting that German has more harsh

consonants while Portuguese has more nasal sounds. It learns just enough to tell the lan-

guages apart.

A generative approach, in contrast, would involve learning to speak both languages

— understanding their grammar, vocabulary, and pronunciation rules. This is much more

challenging, but also more powerful. Someone who speaks both languages can not only distin-

guish between them but can also generate new sentences, recognize dialects, and understand

why certain sound combinations are valid in one language but not the other.

One key advantage of generative models is their ability to detect outliers or novel

classes. Someone who only knows how to distinguish German from Portuguese (discrimina-

tive model) might confidently misclassify Spanish as one or the other. However, someone who

speaks both languages fluently (generative model) would immediately recognize that Span-

ish follows different patterns—mathematically, they would find that both P (x|German) and

P (x|Portuguese) are small, indicating this example doesn’t fit either known class.

In astronomy, this capability is particularly valuable. A discriminative model trained

only on stars and galaxies might confidently but incorrectly classify a quasar as one or

the other. A generative model would recognize that the quasar’s features don’t follow the

expected patterns of either known class, flagging it as something potentially new and inter-

esting.
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Having established these two approaches to classification—both connected through

Bayes’ theorem—we now turn to logistic regression, which takes the discriminative approach.

We’ll see that despite taking this direct path, logistic regression has a precise corresponding

generative model, providing a concrete example of how these two perspectives relate.

7.3 Logistic Regression and The Sigmoid Function

Logistic regression is a discriminative classification method that directly models P (C1|x).
Given our experience with linear regression, a natural first attempt might be to model this

probability as a linear function of our features:

P (C1|x) = wTx (7.2)

where w is our vector of model parameters and x is our vector of input features (with a

constant 1 appended to account for the bias term).

However, this straightforward approach encounters two critical problems:

First, linear models produce unbounded outputs. Our predicted value could be any

real number, taking values like -2.7 or 5.3, but probabilities must be confined to the range

[0, 1]. This mismatch causes conceptual and practical problems—a prediction of 1.5 cannot

be interpreted as a probability.

Second, treating classification as regression misrepresents the nature of our problem.

In regression, a prediction of 10.2 when the true value is 10.0 represents a small error. But

in classification, predicting a probability of 1.2 for a positive example isn’t just slightly

wrong—it’s fundamentally meaningless in a probabilistic framework.

Moreover, this unbounded behavior creates a serious problem for finding the optimal

decision boundary. Consider data points from class 1 that are far from the boundary—the

linear model might predict values like y = 2 for these points. When we try to minimize

prediction error (say, using least squares), these large deviations from the target value of 1

would dominate our error calculation. The model would focus more on reducing these large

errors far from the boundary rather than getting the boundary location correct, potentially

skewing the decision boundary away from its optimal position.

What we need is a “tapering” function—a mathematical transformation that takes

our linear predictor wTx and “squashes” it into the proper range for probabilities, while
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Figure 7.3: Illustration of the problem of simply treating classification as regression. Panel
(a) shows the 2D feature space with two classes (cyan and yellow) and the linear decision
boundary (purple dashed line) where y = 0.5. The weight vector w (red arrow) is perpen-
dicular to the decision boundary, determining its orientation. Gray lines show contours of
constant y values (-1, 0, 1, 2), demonstrating how the linear predictor continues to grow
indefinitely as we move away from the boundary. Panel (b) shows the same scenario in 3D,
where the vertical axis represents the raw output y = wTx of the linear model. While the
decision boundary at y = 0.5 appears reasonable, the unbounded nature of y means that
points far from the boundary receive predictions well outside the valid probability range of
[0,1], leading to potential issues in model fitting.

maintaining the linear nature of our decision boundary. The sigmoid function provides

exactly this transformation:

σ(z) =
1

1 + e−z
(7.3)

This S-shaped curve maps any real number to the range [0, 1], making it suitable

for representing probabilities. When z is very negative, σ(z) approaches 0; when z is very

positive, σ(z) approaches 1; and when z = 0, σ(z) = 0.5, marking the decision boundary.

But the sigmoid function isn’t just a convenient mathematical solution—it emerges

naturally from probabilistic reasoning. To understand why, let’s consider how we might

quantify our relative belief between two classes. For binary classification, the odds ratio

provides a natural measure:

odds =
P (C1|x)
P (C0|x)

=
P (C1|x)

1− P (C1|x)
(7.4)
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Figure 7.4: Illustration of how direct linear regression can lead to suboptimal decision bound-
aries in classification. Panel (a) shows the ideal decision boundary (purple line) that correctly
separates two classes when considering only the main clusters, with gray lines showing con-
tours of constant y values from the linear predictor wTx. Panel (b) demonstrates how the
boundary can be skewed (green line) when attempting direct linear regression with outliers:
because the linear predictor grows unboundedly, outlying points produce very large errors
(y ≫ 1) that dominate the least squares optimization. The model shifts the boundary to
reduce these large errors, even though this compromises the classification of the main clus-
ters. This illustrates why we need a tapering function like the sigmoid to ensure predictions
remain bounded between 0 and 1, preventing outliers from having undue influence on the
boundary placement.

This odds ratio is useful because while probabilities are bounded between 0 and 1,

the odds can range from 0 to infinity. Taking the logarithm of these odds—called the “logit”

transformation—extends the range further to the entire real line:

logit(P (C1|x)) = ln

(
P (C1|x)

1− P (C1|x)

)
(7.5)

This suggests that instead of modeling probabilities directly with our linear function,

we should model the logit:

logit(P (C1|x)) = wTx (7.6)

This approach makes sense because both our linear predictor wTx and the logit can

take any real value. To find the actual probability, we need to reverse the logit transforma-

tion:
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Figure 7.5: The sigmoid function and its role in logistic regression. Panel (a) shows the
sigmoid function σ(z) = 1/(1+ e−z), which “squashes” any real number into the range [0,1].
When z ≪ 0, the function approaches 0; when z ≫ 0, it approaches 1; and at z = 0, it takes
the value 0.5. Panel (b) shows how this creates probability contours in feature space: the
decision boundary (purple line) corresponds to σ(z) = 0.5, while the gray contour lines show
both the linear predictor z values and their corresponding sigmoid probabilities σ(z). This
demonstrates how the sigmoid function ensures predictions remain bounded between 0 and
1 regardless of distance from the decision boundary.

Starting with the logit equation and applying algebraic manipulations:

ln

(
P (C1|x)

1− P (C1|x)

)
= wTx (7.7)

P (C1|x)
1− P (C1|x)

= ew
Tx (7.8)

P (C1|x) = ew
Tx(1− P (C1|x)) (7.9)

P (C1|x) = ew
Tx − ewTxP (C1|x) (7.10)

P (C1|x)(1 + ew
Tx) = ew

Tx (7.11)

P (C1|x) =
ew

Tx

1 + ewTx
=

1

1 + e−wTx
= σ(wTx) (7.12)

This derivation reveals that the sigmoid function emerges naturally when we model

log-odds using a linear function. The name “logistic regression” now makes sense: we’re

performing linear regression in the log-odds (logit) space, which transforms to probabilities
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through the sigmoid function.
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Figure 7.6: Visualization of how logistic regression transforms unbounded linear predictions
into probabilities. Panel (a) shows the linear predictor log(p(C1|X)/p(C0|X)) = wTx+ b in
feature space, where the surface extends infinitely in the vertical direction. The purple dashed
line indicates the decision boundary where the log-odds ratio equals zero. Panel (b) shows
the same predictor after applying the sigmoid function, transforming the unbounded log-
odds into probabilities p(C1|X) bounded between 0 and 1. The sigmoid function “squashes”
the linear predictor while preserving the location of the decision boundary (where p(C1|X) =
0.5). Blue crosses and red circles represent two classes of data points, demonstrating how
points far from the boundary receive probability predictions close to 0 or 1, while points
near the boundary receive intermediate probabilities.

The linear decision boundary is preserved in this approach. The boundary occurs

where P (C1|x) = 0.5, which corresponds to σ(wTx) = 0.5, which happens precisely when

wTx = 0. This gives us a linear boundary in feature space, just as we wanted.

In astronomical terms, our linear predictor wTx now has a clear interpretation: it

represents the log-odds of an object belonging to one class versus another. For star-galaxy

classification, a log-odds of 2 means an object is e2 ≈ 7.4 times more likely to be a star than

a galaxy. The sigmoid function converts these log-odds into probabilities that we can use

for decision-making.

It’s worth noting that while we’ve formulated logistic regression as a discriminative

model that directly predicts P (C1|x), it has a precise corresponding generative model. In

the next section, we’ll explore this connection, showing that logistic regression with a linear

boundary emerges naturally when we assume our features follow Gaussian distributions with

equal covariance matrices across classes. This connection will provide deeper insight into the

strengths and limitations of logistic regression.
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7.4 From Discriminative to Generative

Our discussion thus far has focused on the discriminative approach to classification,

where we directly model P (Ck|x) through logistic regression. However, as we noted earlier,

Bayes’ theorem connects this discriminative perspective to its generative counterpart. In this

section, we’ll explore this connection in detail, showing how specific assumptions about the

underlying data distributions in a generative model can lead precisely to logistic regression.

Let’s start with what we know about logistic regression. In this discriminative ap-

proach, we made a key assumption: that the log-odds can be written as a linear function

wTx. This creates a hyperplane decision boundary in our feature space (a line in 2D, a plane

in 3D, etc.), where points on one side (where wTx > 0) are classified as class 1, and points

on the other side (where wTx < 0) are classified as class 0. The vector w determines the

orientation of this boundary, acting perpendicular to the dividing hyperplane.

This naturally leads to a key question: what assumptions about the underlying feature

distributions P (x|Ck) would give rise to such a linear boundary? In other words, if we were

to work backwards from our linear boundary to a generative model, what would the feature

distributions need to look like within each class?

It turns out that the linear boundary of logistic regression emerges naturally when

we assume our features follow multivariate Gaussian distributions with equal covariance

matrices across classes.

In mathematical terms, we assume that for each class k, the features follow a multi-

variate Gaussian distribution:

P (x|Ck) =
1

(2π)D/2|Σ|1/2 exp
(
−1

2
(x− µk)

TΣ−1(x− µk)

)
(7.13)

The dimensionality D represents how many features we’re working with. Each class has its

own mean vector µk, and the covariance matrix Σ. Here’s where we make a further crucial

assumption: we use the same Σ for all classes. This means that while different classes can

have different centers (means), they must have the same shape and orientation in feature

space.

Geometrically, this assumption means that each class forms a “cloud” of points in

our feature space, with these clouds having the same shape and orientation but centered

at different locations. While this may seem like a strong assumption—in our star-galaxy
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classification example, galaxies likely show more varied color distributions than stars due

to their more complex nature—it turns out to be mathematically necessary. As we will see

in the derivation below, having equal covariance matrices is crucial because it allows the

quadratic terms in our features to cancel out, leading to the linear decision boundary that

characterizes logistic regression.
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Figure 7.7: Illustration of how Gaussian generative models with equal covariance matrices
naturally lead to linear decision boundaries. The contour lines show the probability density
of two Gaussian distributions with means µ0 and µ1 (shown as larger markers) sharing
the same covariance matrix Σ. Sample points (crosses and circles) are drawn from each
distribution. The optimal decision boundary (purple dashed line) emerges naturally from the
equality of the covariance matrices and is perpendicular to the direction w ∝ Σ−1(µ1 − µ0).
This demonstrates how our assumptions about the generative model’s covariance structure
directly determine the form of the optimal classifier.

Let’s now show that if we assume the features follow multivariate Gaussian distribu-

tions with equal covariance matrices, the log-odds ratio will indeed be linear in the features.

Starting with Bayes’ theorem:

ln

(
P (C1|x)
P (C0|x)

)
= ln

(
P (x|C1)P (C1)

P (x|C0)P (C0)

)
(7.14)

Notice how the denominator P (x) from Bayes’ theorem cancels out in the ratio. Now,
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we can substitute our Gaussian assumption for P (x|Ck). The equation gets a bit lengthy,

but let’s break it down piece by piece:

ln

(
P (C1|x)
P (C0|x)

)
= ln

(
P (C1)

P (C0)

)
+ ln

(
exp(−1

2
(x− µ1)

TΣ−1(x− µ1))

exp(−1
2
(x− µ0)TΣ−1(x− µ0))

)
(7.15)

The first term, ln(P (C1)/P (C0)), represents our prior beliefs about the relative frequencies

of the classes. And the second term compares how well our features x match the Gaussian

distribution of each class.

Here’s where the equal covariance assumption shows its necessity. We begin with the

logarithm of the ratio of the Gaussian distributions:

ln

(
exp(−1

2
(x− µ1)

TΣ−1(x− µ1))

exp(−1
2
(x− µ0)TΣ−1(x− µ0))

)
(7.16)

Using the properties of logarithms, this becomes a difference rather than a ratio:

−1

2
(x− µ1)

TΣ−1(x− µ1) +
1

2
(x− µ0)

TΣ−1(x− µ0) (7.17)

Let’s expand each quadratic form. For the first term:

(x− µ1)
TΣ−1(x− µ1) = xTΣ−1x− xTΣ−1µ1 − µT

1Σ
−1x+ µT

1Σ
−1µ1 (7.18)

Note that xTΣ−1µ1 is a scalar, so it equals its transpose µT
1Σ

−1x. Similarly for the second

term. Substituting these expansions back into our difference equation:

−1

2
(xTΣ−1x− 2µT

1Σ
−1x+ µT

1Σ
−1µ1)

+
1

2
(xTΣ−1x− 2µT

0Σ
−1x+ µT

0Σ
−1µ0)

(7.19)

The terms with xTΣ−1x cancel out because they appear with opposite signs! This

cancellation is crucial—it eliminates the quadratic terms in x that would have prevented us

from getting a linear boundary. After the cancellation:

µT
1Σ

−1x− µT
0Σ

−1x− 1

2
µT
1Σ

−1µ1 +
1

2
µT
0Σ

−1µ0 (7.20)
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Figure 7.8: Illustration of how the covariance structure affects the optimal decision bound-
ary in Gaussian generative models. Both panels share the same class means µ0 and µ1 but
have different covariance matrices Σ. Panel (a) shows the case of correlated features, where
off-diagonal terms in Σ create tilted elliptical contours, resulting in a decision boundary that
accounts for this correlation. Panel (b) demonstrates uncorrelated features with different
variances in each direction, producing axis-aligned elliptical contours of varying spread. In
each case, the weight vector w ∝ Σ−1(µ1 − µ0) (black arrows) points in different direc-
tions because Σ−1 transforms the mean difference vector according to the feature covariance
structure. The shape of the contours directly visualizes the role of Σ in determining how the
features vary, while the decision boundaries (purple dashed lines) show how Σ−1 affects the
optimal classification rule.

We can factor out Σ−1x:

(µ1 − µ0)
TΣ−1x− 1

2
(µT

1Σ
−1µ1 − µT

0Σ
−1µ0) (7.21)

This gives us our final form:

ln

(
P (C1|x)
P (C0|x)

)
= wTx+ b (7.22)

where:

w = Σ−1(µ1 − µ0) (7.23)

b = ln

(
P (C1)

P (C0)

)
− 1

2
(µT

1Σ
−1µ1 − µT

0Σ
−1µ0) (7.24)

The weight vector w = Σ−1(µ1−µ0) has a clear geometric interpretation. Intuitively,
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Figure 7.9: Demonstration of how class priors affect the decision boundary in logistic re-
gression. Both panels show the same feature distributions (Gaussian contours) and weight
vector orientation (determined by w = Σ−1(µ1 − µ0)), but with different class priors. Panel
(a) shows the case of equal class priors (ln(P (C1)/P (C0)) = 0), where the decision boundary
(purple dashed line) is placed solely based on the feature distributions. Panel (b) shows
the effect when Class 1 is ten times more likely than Class 0 (ln(P (C1)/P (C0)) = ln(10)),
causing the boundary to shift towards Class 0 to reflect this prior knowledge. The number
of sample points (crosses for Class 0, circles for Class 1) also reflects this class imbalance.
This illustrates how the prior term in the intercept b can independently shift the decision
boundary without affecting its orientation, allowing the classifier to account for known class
imbalances in the training data.

we expect the decision boundary to lie somewhere between the two class centers, which

explains why (µ1 − µ0) forms the basis of our weight vector. However, this raw direction

alone isn’t enough—we need to account for how our data is distributed in feature space.

This is where Σ−1 comes in. It acts as a transformation matrix that adjusts the

direction of (µ1 − µ0) based on the covariance structure of our features. The exact effect of

this transformation depends on the relationship between the covariance structure and the

mean difference vector—in some cases preserving the original direction, in others rotating it

to better account for the natural variations in our data. This ensures our decision boundary

optimally separates the classes while accounting for their underlying distribution patterns.

Now let’s examine the bias term b more carefully. Including back the prior term that

we had temporarily set aside in our derivation, we see it has two distinct components:

b = ln

(
P (C1)

P (C0)

)
− 1

2
(µT

1Σ
−1µ1 − µT

0Σ
−1µ0) (7.25)
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The first term, ln(P (C1)/P (C0)), accounts for any class imbalance in our data. For

instance, if stars are ten times more common than galaxies in our survey, this term would be

ln(10), shifting our decision boundary to account for this prior knowledge. The second term,

−1
2
(µT

1Σ
−1µ1−µT

0Σ
−1µ0), works in conjunction with the weight vector w = Σ−1(µ1−µ0) to

define the decision boundary. When Σ changes, both w and b change in a coordinated way

to maintain the optimal decision boundary that accounts for both the feature covariance

structure and the class means.

Having derived the log-odds ratio ln(P (C1|x)/P (C0|x)) = wTx+b from our generative

model assumptions, we can now convert this back to actual class probabilities. Since we know

that P (C1|x) + P (C0|x) = 1 (the probabilities must sum to 1), and defining z = wTx + b,

we can solve:

ln

(
P (C1|x)

1− P (C1|x)

)
= z (7.26)

This gives us:

P (C1|x) = σ(z) =
1

1 + e−z
=

1

1 + e−(wTx+b)
(7.27)

where σ(z) is the sigmoid function. This transformation ensures our output is always between

0 and 1, as required for probabilities.

This derivation reveals the deep connection between generative and discriminative

approaches to classification. Starting from a simple assumption about how our features

are generated within each class (Gaussian distributions with equal covariance), we have

arrived exactly at the logistic regression model with a linear discriminant boundary which

we previously motivated from a discriminative perspective.

In other words, while logistic regression is typically presented as a discriminative

model that directly predicts P (C1|x), we’ve now shown that it has a precise corresponding

generative model: one where the features in each class follow Gaussian distributions with

different means but the same covariance matrix. This connection provides deeper insight

into why logistic regression works well in some situations but may struggle in others—if our

data’s true generative process differs significantly from these assumptions, logistic regression

might not be the optimal choice.

The connection also helps us interpret the parameters of logistic regression in terms of

the underlying data distributions. The weight vector w reflects both the difference between

class means and how features covary, while the bias term b accounts for both class priors and

the positions of class centers. This interpretation enriches our understanding of what logistic
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regression is actually modeling when we apply it to astronomical classification problems.

7.5 Limitations of Logistic Regression

The mathematical bridge we’ve built between generative and discriminative approaches

reveals several key insights about logistic regression and its inductive bias — the core assump-

tions that shape how the model learns and generalizes. When our features approximately

follow Gaussian distributions with similar covariance structures, logistic regression emerges

naturally as the optimal classifier. This isn’t just mathematical convenience, but rather rep-

resents the model’s inductive bias: it assumes our data classes can be separated by a linear

boundary in feature space, which is precisely what we get when our features follow these

Gaussian patterns.

The success of any machine learning method depends critically on how well its induc-

tive bias matches the true structure of our data. The model parameters (w and b) have clear

probabilistic interpretations tied to the means, covariances, and prior probabilities of our

classes—they aren’t arbitrary fitting parameters, but rather encode this Gaussian inductive

bias into the model’s structure. Understanding this bias helps us anticipate when logistic

regression will succeed (when our data approximately follows these Gaussian assumptions)

and when it might fail (when our data exhibits more complex, non-linear class boundaries).

However, we must ask: how realistic are these assumptions? In astronomy, differ-

ent classes often exhibit quite different covariance structures. When classifying galaxies by

morphology, spiral galaxies might show greater variance in certain color indices compared

to elliptical galaxies due to their more complex star formation histories. Similarly, in star-

galaxy separation, the spread of features for galaxies (with their diverse morphologies and

redshifts) typically differs from the tighter distribution of stellar features. Poor performance

with a linear boundary often indicates our features aren’t following these Gaussian patterns.

Another limitation becomes apparent when classes aren’t linearly separable in feature

space. Consider trying to separate type Ia supernovae from other transients using light curve

features. If the relationship between rise time, decay time, and supernova type forms a

complex nonlinear boundary, logistic regression with raw features will struggle regardless of

how much data we provide.

Despite these apparent limitations, logistic regression remains a powerful tool, largely

due to our ability to transform our input features. Just as we saw with linear regression,
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we’re not constrained to work with raw features X—we can apply transformations ϕ(X)

to create new features that better satisfy our assumptions. Consider a concrete example

from astronomy. Imagine trying to separate stars from galaxies using apparent magnitude

(m) and surface brightness (µ). A linear boundary in these raw features might perform

poorly because their distributions aren’t Gaussian. However, if we transform to log(m)

and log(µ), the distributions often become more Gaussian-like, making logistic regression

more appropriate. Similarly, when classifying objects that form circular or spiral patterns in

feature space, transforming from Cartesian to polar coordinates can often make the classes

linearly separable, even though they weren’t in the original space.
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Figure 7.10: Demonstration of how feature transformations can improve classification perfor-
mance. Panel (a) shows the original data in Cartesian coordinates, where two classes (blue
crosses for Class 0, red circles for Class 1) form curved, non-linearly separable patterns.
The purple dashed line shows the best linear decision boundary, which poorly separates the
classes. Panel (b) shows the same data transformed into polar coordinates (θ-r space), where
the classes become linearly separable. The contours show the Gaussian distributions fit to
each class in this transformed space, and the purple dashed line shows the optimal linear de-
cision boundary. This illustrates how appropriate feature transformations can make logistic
regression’s linear boundary assumption more valid by reshaping the data distribution.

This process of creating new, more informative features—known as feature engineer-

ing—has historically been crucial in astronomical classification. Common transformations

include taking logarithms of fluxes to work with magnitudes, computing color indices from

raw fluxes, creating concentration indices from different aperture measurements, and calcu-
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lating various morphological parameters. Each of these transformations represents domain

knowledge about what features might better separate our classes. When we write wTϕ(x)

instead of wTx, we’re essentially encoding our astronomical understanding into the model.

For instance, in photometric classification of quasars, simple color cuts in (u− g) vs.
(g − r) space can effectively separate quasars from stars at certain redshifts. This works

because these specific color combinations trace the distinctive spectral energy distributions

of quasars. The transformation from flux measurements to colors creates a feature space

where the classes become more separable.

One of logistic regression’s key advantages is its interpretability. Its linear form

wTϕ(x) provides immediate insight into how each feature contributes to the classification

decision. The weight vector w directly tells us the relative importance of each feature—a

larger absolute weight indicates that feature plays a more crucial role in the classification.

For instance, in star-galaxy separation using photometric features, if the weight for the g− r
color is larger than for r − i, we immediately understand that g − r is more important for

the classification. This transparency is particularly valuable in astronomy where we need to

verify that our model’s decisions align with physical understanding.

Moreover, because the decision boundary is linear, we can easily visualize and un-

derstand how the model makes its decisions. In a two-feature space, we can literally draw

the line that separates our classes. Even in higher dimensions, we can project onto the

most important feature directions to understand the model’s behavior. This geometric in-

terpretability means we can verify whether the model is using physically sensible criteria for

its classifications. For example, if we’re using concentration index and color to separate stars

from galaxies, we can directly verify that our model is placing the decision boundary where

we expect based on physical principles—stars being more point-like and following stellar

locus colors.

Understanding these limitations and extensions of logistic regression proves crucial in

practice. When our classes can be reasonably separated by a linear boundary in some feature

space, logistic regression offers an excellent combination of performance, interpretability, and

computational efficiency. When they cannot, we must either find better feature transforma-

tions or consider more flexible models. This understanding of inductive bias—what our

model assumes about the data—forms the foundation for making informed choices about

classification approaches in astronomy.
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7.6 Maximum Likelihood and Cross-Entropy Loss

Having established how logistic regression emerges naturally from our probabilis-

tic assumptions, we now turn to a crucial question: how do we actually find the opti-

mal parameters w and b for our model? In our earlier derivation of the generative ap-

proach, we saw that when our data truly follows Gaussian distributions with equal co-

variance matrices, the optimal parameters have an elegant form: w = Σ−1(µ1 − µ0) and

b = ln(P (C1)/P (C0))− (1/2)(µT
1Σ

−1µ1 − µT
0Σ

−1µ0).

However, this solution becomes problematic in practice. Real astronomical data rarely

follows exactly Gaussian distributions with equal covariances—consider how the spread of

features for spiral galaxies might differ dramatically from ellipticals. While these generative

models provide valuable intuition and help us understand the limitations of logistic regres-

sion, they shouldn’t constrain our approach. Even when the Gaussian assumptions fail, we

can still seek the best linear decision boundary directly through discriminative modeling,

letting the data itself guide us to the optimal separation between classes.

Just as we did with linear regression, we’ll approach this through the lens of maxi-

mum likelihood estimation—we want to find the parameters that maximize the probability

of observing our actual training data. This principle of maximizing the likelihood of our

observations underpins most optimization problems in machine learning.

Following the notation in linear regression, in our probabilistic framework, each ob-

servation (xi, ti) represents a data point with features xi and a binary label ti ∈ {0, 1}.
Recall from our extensive derivation above that our model predicts the probability of class

membership through the sigmoid function:

P (C1|xi,w) = yi = σ(wTxi) (7.28)

where, as in linear regression, we’ve absorbed the bias term b into w by augmenting our

feature vector with a constant 1. Following our earlier astronomical example, yi might

represent the probability that the ith object is a star rather than a galaxy.

The likelihood function represents the probability of observing our entire dataset

under our model. Assuming our observations are independent (a standard assumption,

though not always valid in astronomy where spatial and temporal correlations often exist),
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we can write the likelihood as a product:

L(w) =
N∏

i=1

P (ti|xi,w) (7.29)

For each observation, the contribution to this product depends on its true class:

• If ti = 1 (e.g., the object is actually a star), we want P (C1|xi,w) = yi

• If ti = 0 (e.g., the object is actually a galaxy), we want P (C0|xi,w) = 1− yi

We can combine these cases into a single expression:

L(w) =
N∏

i=1

ytii (1− yi)1−ti (7.30)

This compact form handles both classes through the exponents ti and (1 − ti). For stars

(ti = 1), the second term becomes (1 − yi)0 = 1, leaving just yi. For galaxies (ti = 0), the

first term becomes y0i = 1, leaving (1− yi).

This likelihood looks familiar—it’s precisely the Bernoulli likelihood we encountered

when discussing conjugate priors. However, there’s a crucial difference: while in the Bernoulli

case we directly optimized the probability parameter, now that parameter is determined by

our linear model through the sigmoid transformation:

yi = σ(wTxi) =
1

1 + e−wTxi
(7.31)

While the foundational principle remains the same—maximizing the likelihood of our obser-

vations.

Just as in linear regression, we’ll work with the negative log-likelihood to convert our

product into a sum and improve numerical stability. We take the negative here because most

optimization algorithms are designed to minimize rather than maximize. This transformation

serves multiple practical purposes: it converts products into sums which are computationally

easier to handle, prevents numerical underflow from multiplying many small probabilities,

and frames our problem as minimizing a loss:

E(w) = − lnL(w) = −
N∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] (7.32)
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To ensure that our loss function scales appropriately with the size of our dataset, we

typically divide by the number of samples N :

E(w) = − 1

N

N∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] (7.33)

This normalization is important because it ensures that the magnitude of the loss remains

roughly the same regardless of how many data points we have, which facilitates optimization

by keeping gradients at a consistent scale. Without this normalization, adding more data

would artificially inflate the loss value and potentially require adjustments to optimization

parameters like the learning rate.

This expression is known as the cross-entropy loss function, a name that comes from

information theory. The term “cross-entropy” arises because we’re measuring the difference

between two probability distributions: our model’s predictions (yi) and the true labels (ti).

In information theory, entropy measures the average information content or “surprise” in a

probability distribution, and cross-entropy measures how different two distributions are.

To understand why this is such a natural measure for classification, let’s examine

what happens for a single data point:

• For a star (ti = 1), if we correctly predict yi ≈ 1, then ln yi ≈ 0, implying little penalty

• But if we incorrectly predict yi ≈ 0, then ln yi → −∞, implying severe penalty

• Similarly for galaxies (ti = 0), predicting yi ≈ 0 gives small loss, while yi ≈ 1 is heavily

penalized

This behavior makes cross-entropy loss particularly effective for classification tasks—it

naturally enforces a strong penalty for confident but wrong predictions, while rewarding

accurate predictions with minimal loss. The asymmetric nature of the penalty (approaching

infinity for severe mistakes) helps push the model toward making careful predictions.

Writing out the full optimization problem we need to solve:

w∗ = argminw

{
− 1

N

N∑

i=1

[
ti lnσ(w

Txi) + (1− ti) ln(1− σ(wTxi))
]
}

(7.34)

Here, argminw means we want to find the value of w that minimizes the expression.



218 Statistical Machine Learning for Astronomy — Y.-S. Ting

Unlike linear regression, this optimization problem doesn’t have a closed-form solu-

tion. The nonlinearity introduced by the sigmoid function prevents us from solving for w

analytically by setting the derivatives to zero. Instead, we need computational optimization

techniques, particularly gradient descent, to iteratively find the optimal parameter values.

This marks an important transition in our exploration of machine learning methods—from

problems with analytical solutions to those requiring numerical optimization, a theme that

will continue as we explore more complex models in later chapters.

7.7 Gradient Descent for Logistic Regression

Having derived our cross-entropy loss function, we now face a challenge: how do we

find the weights w that minimize this loss? Unlike linear regression, we can’t solve this

analytically by setting derivatives to zero. Instead, we need to explore the loss landscape

and find its minimum through an iterative process.

The intuition behind gradient descent is straightforward. Imagine our loss function

E(w) creates a landscape in the space of possible weight vectors w. Each point in this

landscape represents a particular choice of weights, and the height at that point represents

the loss value—how poorly our model performs with those weights. Our goal is to find the

lowest point in this landscape, where our model performs best.

Think of yourself standing somewhere on this weight-space landscape, trying to reach

the valley. Your natural strategy would be to feel the steepness and direction of the slope,

take a step downhill proportional to how steep it is, and repeat this process until you reach

a flat spot, which hopefully corresponds to optimal weights.

This physical intuition translates into mathematics. The slope we feel at any point

w is the gradient ∇E(w)—a vector pointing in the direction of steepest ascent in weight

space. Since we want to go downhill, we move in the negative gradient direction. The size

of our step is controlled by a parameter η, called the learning rate:

w(new) = w(old) − η∇E(w) (7.35)

To use this approach, we need to compute the gradient of our cross-entropy loss with

respect to the weights. Let’s break down this calculation step by step.

First, let’s understand the nonlinearity in our model: the sigmoid function. Its deriva-
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Figure 7.11: Visualization of gradient descent optimization in weight space. The contours
represent the loss landscape E(w), with darker colors indicating higher loss values. The red
path shows the trajectory of gradient descent starting from a high-loss region (red star),
with arrows indicating the negative gradient direction −∇E(w) at each step. The learn-
ing rate η determines the step size along this path. The landscape illustrates common
optimization challenges: multiple local minima that could trap the optimization, varying
gradient magnitudes across the space, and plateau regions where gradients become small.
The global minimum (annotated) represents the optimal weight configuration, while local
minima demonstrate potential convergence points that may not be globally optimal.

tive turns out to have a simple form:

dσ(z)

dz
= σ(z)(1− σ(z)) (7.36)
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We can derive this directly. Recall that σ(z) = 1
1+e−z . Using the chain rule:

dσ(z)

dz
=

d

dz

(
1

1 + e−z

)

= −(1 + e−z)−2 · d
dz

(1 + e−z)

= −(1 + e−z)−2 · (−e−z)

=
e−z

(1 + e−z)2

=
1

1 + e−z
· e−z

1 + e−z

=
1

1 + e−z
·
(
1− 1

1 + e−z

)

= σ(z)(1− σ(z))

This simple form of the sigmoid derivative is convenient. For any given weight vector

w and input x, when we compute z = wTx and evaluate σ(z), we can simultaneously

evaluate the gradient by simply plugging the same σ(z) value into the derivative formula

σ(z)(1− σ(z)). This computational efficiency becomes crucial during optimization.

With the gradient of the sigmoid function, we are now set to tackle the gradient of

our loss function. Recall that the cross-entropy loss is:

E(w) = − 1

N

N∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] (7.37)

where yi = σ(wTxi). To find ∂E/∂wj, we need to carefully apply the chain rule. Let’s break

this down step by step:

First, consider how yi depends on wj:

∂yi
∂wj

=
∂

∂wj

σ(wTxi) = σ(wTxi)(1− σ(wTxi))xij = yi(1− yi)xij (7.38)
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Now, taking the derivative of our loss with respect to wj:

∂E

∂wj

= − 1

N

N∑

i=1

[
ti
∂

∂wj

ln yi + (1− ti)
∂

∂wj

ln(1− yi)
]

= − 1

N

N∑

i=1

[
ti
1

yi

∂yi
∂wj

+ (1− ti)
1

1− yi
∂(1− yi)
∂wj

]

= − 1

N

N∑

i=1

[
ti
1

yi

∂yi
∂wj

− (1− ti)
1

1− yi
∂yi
∂wj

]

Substituting our expression for ∂yi/∂wj:

∂E

∂wj

= − 1

N

N∑

i=1

[
ti
1

yi
− (1− ti)

1

1− yi

]
yi(1− yi)xij

= − 1

N

N∑

i=1

[ti(1− yi)− (1− ti)yi]xij

= − 1

N

N∑

i=1

(ti − yi)xij

Therefore, the gradient vector is:

∇E(w) = − 1

N

N∑

i=1

(ti − yi)xi =
1

N

N∑

i=1

(yi − ti)xi (7.39)

This gradient expression is insightful both in its mathematical compactness and its

interpretation. After the calculus manipulation, we arrive at a compact form that reveals

the learning mechanism of our model. Note that in the formalism above, we have absorbed

the bias term into the weight vector by augmenting our feature vectors with a constant term.

The gradient is driven entirely by the prediction error (yi− ti), scaled by the features

xi that led to that prediction. Let’s understand why this makes intuitive sense. When our

prediction matches the true label (yi = ti), that sample contributes nothing to the gradient.

This is exactly what we want—there’s no need to adjust weights that are already giving

correct predictions. But when we predict incorrectly (yi ̸= ti), the model updates its weights

in a very specific way. The magnitude of the update depends on two factors: how wrong we

were (the size of yi − ti), and the strength of the features that led to that mistake (xi).
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Figure 7.12: Visualization of gradient contributions in logistic regression. The plot shows
data points from two classes (blue circles for class 0, orange squares for class 1) along with
their gradient vectors. The dashed line represents the current decision boundary. Each
point’s gradient is represented by an arrow, with length proportional to both the prediction
error and feature magnitude. Correctly classified points have shorter, grey arrows, while
misclassified points have longer, colored arrows in their respective class colors. Note how the
“Extreme” point, being far from the decision boundary, contributes a large gradient due to
both its high prediction error and large feature magnitude. This visualization demonstrates
two key properties of logistic regression gradients: (1) misclassified points contribute larger
gradients than correctly classified ones, and (2) points with larger feature magnitudes gen-
erate proportionally larger gradients, as evidenced by the arrow lengths.

Consider classifying stars versus galaxies. If we misclassify an object that has very

clear stellar features (large values in the relevant components of xi), the gradient will push for

a larger correction than if we misclassify an ambiguous object with weak features. Similarly, a

confident wrong prediction (e.g., predicting yi = 0.9 for a galaxy) generates a larger gradient

than an uncertain wrong prediction (e.g., predicting yi = 0.6). The model automatically

prioritizes fixing its most egregious errors while being more cautious about borderline cases.

The computational efficiency of this gradient expression becomes crucial in practice.

At each step, we only need to:
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1. Compute current predictions yi = σ(wTxi)

2. Calculate prediction errors (yi − ti)

3. Scale our features by these errors

With this gradient in hand, we can now fully understand our gradient descent algo-

rithm. At each iteration t, we update our weights according to:

w(t+1) = w(t) − η 1

N

N∑

i=1

(y
(t)
i − ti)xi (7.40)

This update rule embodies the core principle of gradient descent—by taking steps in

the direction opposite to the gradient, we systematically descend the loss surface toward a

minimum.

7.7.1 Stochastic Gradient Descent

While the gradient expression is computationally straightforward, calculating it over

large astronomical datasets becomes impractical. Here, N represents the size of our training

set—the number of labeled examples we use to train our model. In modern astronomical

surveys, N can range from millions of objects to billions of measurements. Each weight

update requires a sum over all N training examples, making the computational cost per

iteration O(N).

The key insight of Stochastic Gradient Descent (SGD) is that we don’t need the exact

gradient—an approximation might be good enough. Just as we can estimate population

statistics using random samples, we can approximate the gradient using a small random

subset of data:

∇E(w) ≈ 1

M

M∑

i=1

(yi − ti)xi (7.41)

where M is our batch size (typically 32-128 samples), much smaller than N . This ap-

proximation works because, if our training examples are drawn from the same underlying

distribution, a random sample provides an unbiased estimate of the full gradient’s direction.

Think of it like taking a survey of galaxy properties. While measuring every galaxy

would give us the most accurate statistics, we can get reasonably good estimates from a

random sample, and we can take many such samples in the time it would take to measure
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the full population. Similarly, SGD lets us make rapid progress by taking many steps in

approximately the right direction, rather than fewer steps in exactly the right direction.

Like in bootstrapping discussed in Chapter 3, larger samples give us lower variance

estimates, but the key trade-off is different here. While our mini-batch gradients are noisier

than the full gradient, they allow us to make many more parameter updates for the same

computational cost.
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Figure 7.13: Comparison of Gradient Descent (GD) and Stochastic Gradient Descent tra-
jectories in weight space. The contour plot shows the loss landscape E(w), with darker
colors indicating lower loss values. The red path shows the deterministic GD trajectory,
which follows the exact gradient at each step. The blue paths demonstrate multiple possible
SGD trajectories, illustrating its stochastic nature. While GD follows a direct path toward
a local minimum, SGD’s added noise allows it to explore more of the parameter space and
potentially escape local minima. Starting from the same point (red star), GD converges to
a local minimum (green star), while SGD paths show more exploration and can potentially
find the global minimum.

An interesting and often beneficial aspect of SGD is that its inherent noise enables

broader exploration of the parameter space. While GD moves deterministically along the

steepest descent direction, SGD’s stochastic behavior can help avoid convergence to poor
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local minima, which is particularly important in non-convex optimization problems common

in machine learning. The trade-off between exploitation (following the gradient) and explo-

ration (random perturbations) is controlled by the noise magnitude in the gradient estimates,

which in practice is determined by the batch size—smaller batches typically introduce more

variance in the gradient estimates.

This stochastic approach thus transforms our update rule from processing the entire

dataset to working with mini-batches:

w(t+1) = w(t) − η · 1

M

M∑

i=1

(yi − ti)xi (7.42)

The benefits of SGD go beyond just computational efficiency. As we saw earlier, the

stochastic nature of mini-batch sampling provides a form of regularization and exploration

that can help avoid poor local minima. The frequent parameter updates also allow the model

to make rapid progress early in training when the initial parameters are far from optimal.

7.8 Hyperparameters and Regularization

Besides the mini-batch sampling discussed above which could help us navigate the

loss landscape more efficiently, equally crucial is how large a step we take in our chosen

direction. This is controlled by the learning rate η.

Learning rate considerations. Think of the learning rate like the size of a wheel rolling

down our loss landscape. A large wheel (large η) can roll over small bumps and valleys,

potentially helping escape local minima, but might also bounce erratically down steep slopes

and miss deeper valleys entirely. A small wheel (small η) follows the terrain more precisely

and can dig deep when needed to find better minima, but might get stuck in every minor

depression. In astronomical terms, it’s like the difference between slewing a telescope with

coarse or fine adjustments:

• Large η is like using coarse slewing—you can cover large distances quickly but might

overshoot your target

• Small η is like using fine adjustment knobs—precise but painfully slow for large move-

ments
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Both the learning rate η and batch sizeM are what we call hyperparameters—parameters

that control the learning process itself rather than being learned from the data. Unlike our

weights w which are optimized by gradient descent, hyperparameters must be chosen before

training begins. Their choice is particularly challenging because we typically don’t know

the shape of our loss landscape a priori—it’s like trying to choose the right wheel size for

navigating terrain we can’t fully see.

For simple problems, we might use a grid search to find good hyperparameter values.

We typically search learning rates on a logarithmic scale (e.g., {10−4, 10−3, 10−2, 10−1}) to

efficiently explore a wide dynamic range of values. This allows us to test learning rates

that differ by orders of magnitude with relatively few trials. Similarly, we might try batch

sizes that are powers of 2 (e.g., {32, 64, 128, 256}). While for our simple logistic regression

implementation this choice is not crucial, in more complex models trained on GPUs, powers

of 2 are preferred because GPU memory and compute architectures are optimized for such

sizes. While more sophisticated approaches exist for hyperparameter tuning, a simple grid

search often suffices for logistic regression.

Learning rate schedules. Using a fixed learning rate throughout training isn’t always

optimal. For more complex problems, we often want to start with larger steps to quickly

reach approximately the right region of parameter space, then gradually take smaller steps to

refine our solution. A simple but effective learning rate schedule that achieves this balance,

known as inverse time decay, is:

η(t) =
η0

1 + γt
(7.43)

where η0 is our initial learning rate and γ is the decay rate that controls how quickly the

learning rate diminishes over time.

This schedule has an intuitive analogy to our earlier wheel metaphor: initially, with

a large learning rate (η ≈ η0), we use a big wheel that can roll quickly across the loss land-

scape. As training progresses (t increases), the denominator grows and η shrinks, effectively

switching to a smaller wheel that can navigate the terrain more precisely. The decay param-

eter γ determines this transition—larger values favor quick refinement, while smaller values

maintain exploration longer.

Building on this concept of dynamic learning rates, more sophisticated approaches

like cosine annealing with warm-up have emerged. Drawing inspiration from metallurgy,

where careful heating and cooling creates stronger materials, we start by warming up the
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Figure 7.14: Comparison of Stochastic Gradient Descent behavior with different learning
rates η. Both panels show the same loss landscape E(w) with contours indicating level sets
of the loss function, where darker colors represent lower loss values. Left: With a small
learning rate (η = 0.05), the trajectories show more conservative exploration, following the
gradient more closely but potentially getting trapped in local minima. Right: With a
larger learning rate (η = 0.2), the paths exhibit more extensive exploration of the parameter
space, potentially escaping local minima but risking overshooting optimal points. Multiple
SGD paths (blue) starting from the same initialization point (red star) demonstrate how the
combination of stochastic gradients and learning rate affects the optimization dynamics. In
both cases, we observe the characteristic “noisy” trajectories of SGD compared to standard
gradient descent, arising from the stochastic gradient estimates. This visualization highlights
the crucial role of learning rate selection in balancing between exploitation and exploration.

learning rate from a small value to η0, then follow a cosine schedule:

η(t) = ηmin +
1

2
(η0 − ηmin)

(
1 + cos

(
tπ

T

))
(7.44)

where T is the total number of steps. Like the controlled cooling process in metallurgy that

allows atoms to find their optimal arrangement, this creates a smooth transition from high

to low learning rates.

In practice, we often run this schedule for only a quarter of the period (T/4) before

restarting back at η0. This cyclic pattern of exploration (high learning rate) followed by

exploitation (low learning rate) helps the model escape local minima while still allowing for

precise optimization—similar to how repeated heating and cooling cycles in metallurgy can

progressively refine a metal’s structure.
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Figure 7.15: Comparison of two learning rate scheduling strategies. Left: Inverse time
decay schedule with η(t) = η0

1+γt
, showing a monotonic decrease in learning rate that starts

rapid and becomes increasingly gradual. This schedule embodies the intuition that large
steps are most beneficial early in training, with progressively finer adjustments needed as
we approach convergence. Right: Cosine annealing schedule with restarts, where η(t) =
ηmin+

1
2
(η0− ηmin)(1+cos(tπ/T )). The cyclic nature of this schedule allows periodic returns

to higher learning rates, potentially helping escape local minima. Each cycle begins with
a phase of exploration (high learning rate) and ends with exploitation (low learning rate),
similar to the repeated heating and cooling cycles in metallurgical annealing processes.

Regularization. As we’ve seen in previous chapters, gradient descent alone doesn’t protect

against overfitting. Especially with high-dimensional feature spaces common in astronomy,

our model can easily fit noise in the training data rather than real patterns. Regularization

addresses this problem by adding a penalty for complex models to our loss function.

The standard approach, called L2 regularization or weight decay, adds a penalty

proportional to the squared norm of the weight vector:

Ereg(w) = E(w) + λ∥w∥2 = − 1

N

N∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] + λ
D∑

j=1

w2
j (7.45)

where λ is the regularization strength and D is the number of features. This modification

changes our gradient descent update:

∇Ereg(w) = ∇E(w) + 2λw =
1

N

N∑

i=1

(yi − ti)xi + 2λw (7.46)
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This new term 2λw in the gradient continuously pulls weights toward zero during

optimization, with strength proportional to λ. Intuitively, this prevents any single weight

from becoming excessively large, which would indicate that the model is overrelying on a

specific feature—a classic sign of overfitting.

From a Bayesian perspective, this regularization is equivalent to assuming a Gaus-

sian prior on the weights, just as we saw in linear regression. Recall that in the Bayesian

framework, the posterior distribution is proportional to the product of the likelihood and

the prior:

p(w|D) ∝ p(D|w)p(w) (7.47)

When we assume a Gaussian prior on the weights with zero mean and variance 1/2λ:

p(w) ∝ exp
(
−λ∥w∥2

)
(7.48)

maximizing the posterior becomes equivalent to minimizing the negative log-posterior:

− ln p(w|D) = − ln p(D|w)− ln p(w) = E(w) + λ∥w∥2 + const. (7.49)

This Bayesian interpretation helps us understand regularization as a way of navigat-

ing the bias-variance tradeoff. Without regularization, our model might fit training data

perfectly but fail to generalize to new observations (high variance). With very strong regu-

larization, our model might not even fit training data well (high bias). The optimal λ gives

us the right balance, and in a Bayesian framework, it corresponds to the correct strength of

our prior beliefs.

In practical astronomical applications, proper regularization is particularly important

when dealing with high-dimensional data like spectra, where the number of features can

exceed the number of training examples. For instance, when classifying stellar types based

on spectral features, regularization helps prevent the model from fitting to noise in specific

wavelengths, instead encouraging it to identify broader, more robust patterns across the

spectrum.
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7.9 Implementation Considerations

We now turn to several practical considerations that can make or break our training

process. Even with well-chosen learning rates and batch sizes, several pitfalls can derail

our optimization. The logistic regression implementation needs safeguards against various

numerical issues that can corrupt our results.

Numerical stability. The most fundamental challenge arises in computing our cross-

entropy loss:

E(w) = − 1

M

M∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] (7.50)

This expression becomes problematic when our predictions yi approach 0 or 1, as the

logarithm can lead to numerical overflow. To understand why, consider what happens when

yi ≈ 0: ln(yi) approaches negative infinity, potentially exceeding our computer’s numerical

limits. A simple but effective solution is to add a small constant ϵ (typically 10−7) to prevent

taking the logarithm of zero:

E(w) = − 1

M

M∑

i=1

[ti ln(yi + ϵ) + (1− ti) ln(1− yi + ϵ)] (7.51)

Similarly, we need a numerically stable implementation of the sigmoid function itself:

σ(z) =





1
1+e−z if z ≥ 0

ez

1+ez
if z < 0

(7.52)

This piecewise implementation avoids computing large exponentials that could overflow.

When z is large and positive, computing e−z is safer than ez, and vice versa for negative z.

Optimization pathologies. Beyond numerical stability, the training process can en-

counter two major pathologies. First, vanishing gradients occur when ∥∇E(w)∥ becomes

very small early in training, causing optimization to stall. This is particularly relevant with

sigmoid functions because their derivatives approach zero for large inputs.

To see why, recall that the derivative of the sigmoid is:

dσ

dz
= σ(z)(1− σ(z)) (7.53)
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When |z| is large, σ(z) approaches either 0 or 1, making this derivative vanishingly small.

This means that even if our model is making poor predictions, the gradient provides little

guidance for improvement. While we’re stuck with sigmoid for logistic regression (it’s baked

into our probabilistic model), we’ll see in neural networks how alternative activation functions

can help avoid this issue.

Second, exploding gradients can manifest when we encounter a “bad” batch of data

containing outliers, causing weights to grow uncontrollably large and leading to numerical

overflow. This is a common concern in astronomical applications where outliers frequently

arise from instrumental artifacts, cosmic rays, or rare astrophysical phenomena. Gradient

clipping has thus become standard practice, both for simpler models and when optimizing

more complex models like neural networks.

We can detect potential explosions by monitoring max(|w|) during training. When

we observe weights growing beyond reasonable bounds (say, 104), we can implement gradient

clipping—scaling down large gradients while preserving their direction:

∇Eclipped = min

(
1,

threshold

∥∇E∥

)
∇E (7.54)

This acts like a safety valve, allowing optimization to continue even when gradients tem-

porarily become very large due to outliers or other numerical instabilities that are more

common in complex models beyond logistic regression.

Monitoring and early stopping. Unlike linear regression which has a closed-form solu-

tion, logistic regression’s iterative optimization requires us to decide when to stop training.

Monitoring performance on a validation set provides our best defense against overfitting.

Rather than training for a fixed number of iterations, we should track model performance

on held-out test data after each epoch (a complete pass through the training data). When

validation performance stops improving, we’ve likely reached the limit of what can be learned

from our data. This “early stopping” strategy often proves more effective than fixed iteration

counts or gradient magnitude thresholds.

Several other practices can improve training robustness. Randomly shuffling data

between epochs prevents the model from learning spurious patterns based on data order

and helps ensure each batch represents the overall data distribution. This is particularly

important when dealing with astronomical data, where objects may be ordered by position,

brightness, or observation time. Without shuffling, the model could learn these ordering pat-
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terns rather than the true underlying relationships. Additionally, shuffling helps prevent the

model from getting stuck in local minima by introducing randomness into the optimization

process.

Class imbalance in astronomy. A critical issue in astronomical classification tasks is

severe class imbalance. Consider the challenge of detecting rare transient events like super-

novae or finding high-redshift quasars—the target class might represent less than 0.1% of

all objects. With such imbalance, a model that simply predicts “not a transient” for every

object would achieve 99.9% accuracy while completely failing at its primary task. This prob-

lem is particularly acute in survey astronomy, where we often search for rare objects among

millions of background sources.

To address class imbalance, we can modify our cross-entropy loss function to weight

the minority class more heavily:

Eweighted(w) = − 1

N

N∑

i=1

[w1ti ln yi + w0(1− ti) ln(1− yi)] (7.55)

where w1 and w0 are class weights. A common approach sets weights inversely proportional

to class frequencies. For example, if transients comprise only 1% of our dataset, we might

set w1 = 0.99 and w0 = 0.01, effectively making each transient count 99 times more than

each non-transient. This ensures that the rare class contributes meaningfully to the gradient

despite its scarcity.

7.10 Summary

In this chapter, we’ve introduced logistic regression—one of the most widely used

classification methods. Starting from the fundamental differences between classification and

regression, we discovered how the requirement for bounded outputs (probabilities) naturally

led us to a key insight: rather than linearly predicting probabilities directly, we should

predict log-odds (logit) between classes. This approach effectively imposes a linear decision

boundary in feature space, which we transform to probabilities through the sigmoid function.

A valuable aspect of our development has been the duality between generative and

discriminative approaches to classification. We discovered that the linear decision boundary

of logistic regression emerges naturally when we assume our features follow Gaussian distri-

butions with equal covariance structures for both classes. This connection not only provides



Statistical Machine Learning for Astronomy — Y.-S. Ting 233

deeper insight into why logistic regression works but also helps us understand its inductive

bias and limitations. When our data violates these Gaussian assumptions, as often happens

in astronomical applications, we can anticipate where and how the model might fail.

Throughout our exploration of implementation details, we’ve seen how theoretical

understanding meets practical challenges. The cross-entropy loss function, while mathemat-

ically natural, requires careful numerical treatment to avoid overflow. Despite the nonlinear-

ity introduced by the sigmoid function, we found that the gradient takes a simple form. This

mathematical convenience, combined with the sigmoid’s natural probabilistic interpretation,

helps explain why logistic regression has remained a cornerstone of classification even in the

era of deep learning.

The simplicity of this gradient expression enabled us to explore gradient descent—a

fundamental optimization technique that would later become crucial for training modern

neural networks. By approximating gradients using small random batches of data, stochastic

gradient descent allows us to make rapid progress in optimization while managing compu-

tational constraints. We discovered how careful choice of learning rates and batch sizes, far

from being mere technical details, controls how we explore the loss landscape. The develop-

ment of adaptive learning rates and principled scheduling strategies further showcases how

practical challenges drive technical innovations.

Despite its apparent simplicity, logistic regression required us to address several im-

plementation challenges, from numerical stability issues to class imbalance—a particular

concern in astronomy where we often search for rare objects among vast datasets. These

practical considerations highlight the gap between mathematical formulation and real-world

application that exists with all machine learning methods.

For all its advantages, logistic regression comes with a key limitation: it assumes

classes are linearly separable in feature space. However, as we’ve seen, we can often over-

come this limitation through feature transformations. Just as we transformed our probability

space using the sigmoid function, we can transform our input features using domain-specific

knowledge to create more linearly separable representations. This technique has proven par-

ticularly valuable in astronomy, where physical understanding guides our feature engineering.

In the next chapter, we’ll extend our framework to handle multi-class classification,

essential for many astronomical applications where binary classification is insufficient. We’ll

see how concepts from information theory, particularly mutual information, provide deeper

insight into classification performance.
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Further Readings: The development of classification methods emerged from parallel ad-

vances in biostatistics and discriminant analysis, with several foundational contributions

shaping modern approaches. Fisher [1936] developed linear discriminant analysis, contribut-

ing theoretical foundations for classification problems, while Bliss [1934] developed probit

analysis for binary responses, with this work later expanded by Finney [1947]. The logis-

tic approach was advanced through Berkson [1944] who developed logistic regression for

binary data, and Cox [1958] who extended this framework to handle multiple covariates.

Information-theoretic perspectives were contributed by Shannon [1948] through his develop-

ment of entropy theory, and Kullback and Leibler [1951] who connected information theory

to statistical inference through the KL divergence. For readers interested in theoretical com-

parisons between classification approaches, Efron [1975] analyzed the efficiency of logistic

regression versus discriminant analysis, Rubinstein and Hastie [1997] examined discrimi-

native versus informative learning trade-offs, and Ng and Jordan [2001] provided modern

comparison of discriminative and generative classifiers. The optimization foundations un-

derlying these methods trace to work by Cauchy [1847] who described gradient descent

mathematically, Curry [1944] who studied convergence properties for non-linear problems,

and Robbins and Monro [1951] who developed the stochastic approximation framework that

underlies modern stochastic gradient descent methods.



Chapter 8

Multi-Class Classification

In the previous chapter, we explored binary logistic regression as a classification tech-

nique. We learned that despite its name, logistic regression is fundamentally a classification

method that transforms probabilities through the log-odds (logit) function to create an un-

bounded range suitable for linear modeling. The sigmoid function then converts these values

back to probabilities. Through maximizing the joint likelihood of the Bernoulli distribution,

we derived the cross-entropy loss function for binary classification. Now, we extend these

concepts to tackle the more general challenge of multi-class classification.

Real-world classification problems often involve distinguishing between multiple cat-

egories rather than just two. In astronomy, for example, we frequently need to classify

celestial objects into various subtypes - not simply choosing between “star” or “galaxy”.

We might need to classify galaxies into categories like “elliptical galaxy,” “spiral galaxy,”

“irregular galaxy,” or “quasar.” Similarly, we might classify stars into spectral types such as

“O-type,” “B-type,” “red giant,” or “white dwarf.” This natural extension raises an impor-

tant question: how can we best adapt our binary classification framework to handle multiple

classes?

A seemingly straightforward approach would be to apply binary classification multiple

times, comparing each class against all others. However, this intuitive solution has limitations

that we’ll explore in detail. Understanding why this approach falls short will help us develop

the intuition needed for a more robust framework. We’ll see how properly formulating the

problem through maximum likelihood leads to a natural generalization of both the cross-

entropy loss function for multiple classes and the sigmoid function - what we call the softmax

235
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function - to convert multiple log-odds into their respective probabilities.

Additionally, we’ll discuss how to implement multi-class classification efficiently using

Stochastic Gradient Descent, addressing some of the subtle implementation challenges that

arise when extending optimization techniques from binary to multi-class scenarios. These

practical considerations are crucial for developing scalable classification systems that can

handle the complexity of real-world astronomical data.

We’ll also explore some connections between our classification framework and concepts

from information theory. The cross-entropy loss we’ll derive has ties to information-theoretic

measures like entropy, which helps us understand why this loss function is appropriate for

classification tasks. These concepts appear in various astronomical applications, such as

determining which observations might best distinguish between competing models. This

connection between classification methods and information theory provides context for our

approach and helps explain why the same mathematical framework used in relatively simple

classification tasks also serves as the foundation for more complex applications like large

language models, which can be viewed as sophisticated multi-class classifiers operating over

very large vocabularies.

8.1 Multi-Class Classification vs. Binary Classification

Building on our understanding of binary classification, let’s explore why extending

binary classification methods to multi-class problems requires careful consideration. The key

challenge is extending the binary framework to handle multiple categories simultaneously in a

mathematically consistent way. A seemingly intuitive first approach would be to decompose

the multi-class problem into multiple binary classifications, but as we’ll see, this creates

issues.

One-vs-Rest Limitations One common strategy for handling multi-class problems is the

One-vs-Rest (OvR) approach. In this approach, for each class Ck, we train a binary classifier

to distinguish between “class Ck” and “not class Ck” (all other classes combined).

However, this approach can lead to logical inconsistencies. Let’s examine this with a

concrete example in a three-class problem with classes C1, C2, and C3. One might think we

could simply train two binary classifiers: one separating C1 from everything else (C2 and C3

combined), and another separating C2 from everything else (C1 and C3 combined). Then, we

would assign points to C3 when both classifiers predict their negative class. Each classifier
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Figure 8.1: Illustration of pathological cases in One-vs-Rest (OvR) multi-class classification.
The plot shows two binary decision boundaries: a solid red line separating class C1 from
“not C1” and a dashed blue line separating class C2 from “not C2”. These boundaries
create four distinct regions: a green region where both classifiers claim the point (both
predict their positive class), a purple region where neither classifier claims the point (both
predict their negative class, implying C3 by default), a red region where only C1 is predicted,
and a blue region where only C2 is predicted. The ambiguous green region, where both
classifiers simultaneously predict their respective classes with high confidence, demonstrates
a fundamental limitation of the OvR approach and motivates the need for a unified multi-
class classification framework that ensures unambiguous class assignments.

establishes its own linear decision boundary, dividing the feature space into regions.

While the case where neither classifier claims a point is clearly resolved (it belongs

to C3), we can still have problematic regions in the feature space where the classifiers give

contradictory results. Consider a point where the C1 vs Rest classifier predicts it belongs to

C1 with high confidence, while simultaneously the C2 vs Rest classifier predicts it belongs

to C2 with high confidence. This creates a logical contradiction: how can a point belong to

both class C1 and class C2 simultaneously?

The problem here shows that we are treating the questions as two distinct classifica-

tions without interdependent relationships between them. This will be solved with a more
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probabilistic and unified framework later in this chapter.

One-vs-One Limitations One might think we could resolve the ambiguity by using a

One-vs-One (OvO) approach - where we train a separate binary classifier for each possible

pair of classes. For a problem with K classes, this approach requires training K(K − 1)/2

binary classifiers - one for each possible pair. For example, in our three-class problem,

we would need three binary classifiers: one comparing C1 vs C2, another comparing C2 vs

C3, and a third comparing C1 vs C3. While this approach might seem more natural since

it directly compares classes against each other rather than against aggregated groups, it

actually introduces its own set of problems.
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Figure 8.2: Illustration of the circular contradiction problem in One-vs-One classification
with three classes. The plot shows three decision boundaries: R1 (solid blue line) separating
C1 from C2, R2 (dashed green line) separating C2 from C3, and R3 (dash-dotted purple
line) separating C1 from C3. The pink shaded region highlights where the binary decisions
create a circular contradiction: points in this region are classified as C2 over C1 by R1, as
C3 over C2 by R2, but then as C1 over C3 by R3. This cyclic inconsistency (C1 → C2 →
C3 → C1) demonstrates why decomposing multi-class problems into independent binary
decisions is problematic. The perpendicular arrows on each boundary indicate the direction
of classification decisions, showing how the circular contradiction arises from the interaction
of these independent binary classifications.
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The key issue with the OvO approach is that it can lead to circular contradictions

in the classification decisions. Since each classifier makes its decision independently, we can

encounter situations where the binary decisions form an inconsistent chain. To understand

this intuitively, imagine three different experts each tasked with comparing only two classes

at a time. The first expert, looking at C1 and C2, decides a point belongs to class C2. The

second expert, examining C2 and C3, assigns that same point to class C3. But when the third

expert compares C1 and C3, they assign it to class C1. This creates a logical impossibility

- following the chain of decisions, we have C1 losing to C2, C2 losing to C3, but then C3

losing to C1, forming an irreconcilable loop of preferences where each class is simultaneously

preferred and not preferred over the others.

These logical contradictions are not merely theoretical concerns. In practical appli-

cations, they create regions where classification becomes arbitrary or dependent on imple-

mentation details rather than meaningful patterns in the data. We need a more coherent

approach that considers all classes simultaneously.

The core insight from examining these naive approaches is that a principled multi-

class classification framework must treat all classes simultaneously, rather than through

independent binary decisions. This unified approach is particularly important for astronom-

ical applications, where consistent and physically meaningful classification is essential. For

example, in galaxy morphology classification, stellar type identification, or exoplanet cate-

gorization, we need frameworks that provide coherent predictions without the contradictions

inherent in decomposed binary approaches.

8.2 One-Hot Encoding for Multi-Class Problems

Having seen the limitations of decomposing multi-class problems into binary classi-

fications, we need a more principled approach that treats all classes simultaneously. The

first step is to fundamentally rethink how we represent class labels in multi-class problems.

While binary classification could use a simple scalar label (typically 0 or 1), this representa-

tion breaks down when we move beyond two classes.

Let’s consider common astronomical classification tasks. In galaxy morphology clas-

sification, we need to categorize galaxies into several types: elliptical, spiral, irregular, and

so on. Similarly, stellar classification distinguishes between different spectral types (O, B, A,

F, G, K, M), each representing stars with distinct physical properties. Coming from binary

classification, our first instinct might be to simply use consecutive integers: 0 for elliptical
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galaxies, 1 for spiral, 2 for irregular, or 0 for O-type stars, 1 for B-type, and so forth.

However, this integer encoding introduces a fundamental flaw: it imposes an artificial

ordering on our classes. The numerical sequence 0, 1, 2 suggests that spiral galaxies (class 1)

are somehow “between” elliptical (class 0) and irregular (class 2) galaxies in terms of their

properties. In reality, these are simply different categories with no inherent ordering. The

numerical differences between these integers (1− 0 = 1, 2− 1 = 1) also falsely suggest equal

“distances” between classes. Furthermore, unlike binary classification where we could simply

take 1 minus the prediction probability to swap classes, there’s no simple mathematical

operation that would let us arbitrarily reorder multiple classes while preserving the model’s

predictions.

To address these issues, we need an encoding scheme that treats all classes equally

without suggesting any ordering or distance relationships. The solution lies in one-hot en-

coding, where we represent each class as a vector rather than a single number. Instead of

trying to encode class identity in a single dimension, we use multiple dimensions to represent

class membership, ensuring each class has equal status in our mathematical framework.

In one-hot encoding, we create a vector with as many dimensions as we have classes

(K), where each position in the vector corresponds to one class. To represent a particular

class, we put a 1 in the position corresponding to that class and 0s everywhere else. For

example, in a problem with K classes, our encoding vectors will have K dimensions:

• Class 1 (e.g., elliptical galaxy): [1, 0, 0, . . . , 0],

• Class 2 (e.g., spiral galaxy): [0, 1, 0, . . . , 0],

• Class 3 (e.g., irregular galaxy): [0, 0, 1, . . . , 0],

and so on.

Consider how this one-hot encoding treats our classes symmetrically. In the vector

space we’ve created, each class is represented by a unit vector pointing in a different coor-

dinate direction. For example, in our three-class galaxy problem, elliptical galaxies might

be [1, 0, 0], spirals [0, 1, 0], and irregulars [0, 0, 1]. This equal distance property reflects the

reality that in pure classification, no class is inherently “closer” to another.

From a geometric perspective, one-hot encoding represents each class as a point at

the corner of a K-dimensional hypercube. These points are equidistant from each other, all
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with the same Euclidean distance of
√
2 between any pair. This symmetry ensures that our

encoding doesn’t artificially suggest relationships between classes that don’t exist in reality.

This multi-class probabilistic framework we’ve developed for astronomical classifica-

tion extends far beyond astronomy - it forms the mathematical foundation for modern large

language models. In these models, the task of predicting the next word in a sequence is

fundamentally a massive multi-class classification problem. Instead of classifying galaxies

into a few morphological types, these models classify each position in the text into one of

tens or hundreds of thousands of possible words in their vocabulary. The principles remain

the same: each word in the vocabulary corresponds to a one-hot encoded vector, and the

model must predict a probability distribution over this entire vocabulary at each position in

the text sequence.

8.3 Multi-Class Logistic Regression

Having established one-hot encoding as our way to represent class labels as vectors

rather than scalars, we must now develop a model that can output vectors rather than

scalar values. This key difference from binary classification requires careful consideration -

our model needs to predict a probability for each class simultaneously, producing a vector

output that matches the dimensionality of our one-hot encoded labels.

Specifically, while our training labels are one-hot encoded vectors (containing only

0s and 1s, with exactly one 1 indicating the true class), our model will output probability

vectors p = [p1, p2, ..., pK ], where each pi represents the probability of belonging to class i.

These probabilities must satisfy two key constraints:

• each pi must lie between 0 and 1 (pi ∈ [0, 1])

• they must sum to 1 (
∑K

i=1 pi = 1)

To make this concrete, consider our galaxy classification example. While a training

label might be a strict one-hot vector like [1, 0, 0] (indicating an elliptical galaxy), our model

might output p = [0.70, 0.25, 0.05], representing probabilities of 70% elliptical, 25% spiral,

and 5% irregular. The key challenge is designing a model that can learn to map input features

to these probability vectors while respecting both their vector nature and the constraints on

probabilities.

This probabilistic framework proves particularly valuable in astronomy, where clas-
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sification confidence often varies with data quality. A bright, well-resolved galaxy might

receive a high-confidence classification like p = [0.95, 0.04, 0.01], where the 0.95 probability

strongly indicates an elliptical galaxy. In contrast, a faint or poorly-resolved galaxy might

get a more uncertain classification p = [0.45, 0.40, 0.15], where the similar probabilities re-

flect genuine uncertainty between elliptical and spiral classifications. Even more importantly,

this framework can naturally represent truly ambiguous cases - a galaxy showing both spiral

and irregular features might receive probabilities like p = [0.10, 0.45, 0.45], where the equal

probabilities capture its intermediate nature.

So how do we construct such a model? Recall that in binary classification, we couldn’t

directly apply linear regression to probabilities because they’re bounded between 0 and 1,

while linear functions are unbounded. We solved this through a transformation - taking the

ratio of probabilities and its logarithm (the log-odds), which mapped our bounded proba-

bilities to an unbounded space where linear modeling made sense. We expressed this using

vector notation wTx, where we absorbed the bias term into w by augmenting x with a 1,

making our equations more compact.

In the multi-class setting, we face a similar but more complex challenge. We need to

transform our vector of probabilities p(x) = [p1(x), p2(x), ..., pK(x)] in a way that preserves

the relationships between classes while allowing for linear modeling. Earlier, we saw that

naive approaches like One-vs-One or One-vs-Rest led to inconsistencies because they treated

each binary decision independently. Instead, we need a transformation that handles all

classes simultaneously while maintaining their interdependence.

The key insight is that we can create a coherent framework by comparing all classes

to a single reference class. Just as in binary classification where we express probabilities as

a ratio relative to class 0, we can extend this idea to multiple classes by choosing one class

as our reference. This choice reflects a fundamental property of probability normalization

- since probabilities must sum to one, we effectively reduce our degrees of freedom by one,

allowing us to express all probabilities relative to a single reference class. While this reference

class could be any of our classes - analogous to choosing an origin in a coordinate system

- the actual relationships between classes and our final predictions remain invariant to this

choice.

Let’s develop this mathematically. For K classes, we can construct K − 1 probability
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ratios by comparing each class to a reference class (which we’ll arbitrarily label as class K):

P (Ck|x)
P (CK |x)

=
P (x|Ck)P (Ck)

P (x|CK)P (CK)
for k = 1, ..., K − 1 (8.1)

Just as in binary classification, the log of these ratios can take any real value from

−∞ to ∞, making them suitable targets for linear modeling. Following our approach from

binary classification, and using the same augmented vector notation, we model each log-ratio

as:

ln

(
P (Ck|x)
P (CK |x)

)
= wT

k x (8.2)

This formulation introduces K − 1 weight vectors wk, one for each non-reference

class, which must be optimized simultaneously due to their interconnected nature through

the shared reference class. Unlike in OvR where each binary classifier operates independently,

when we adjust the weights w1 for class 1 versus the reference class, we’re implicitly affecting

the relationship between class 1 and all other classes through their common reference. This

coupling enables our model to discover complex decision boundaries that couldn’t be found

by independent binary classifiers.

For example, in our galaxy classification problem, adjusting the weights that dis-

tinguish elliptical galaxies from the reference class automatically influences how the model

distinguishes between elliptical and spiral galaxies, even without explicitly training a binary

classifier between these classes. This interconnected optimization ensures our model learns a

single, coherent decision boundary structure rather than multiple independent binary bound-

aries, thereby avoiding the contradictions we encountered in OvO and OvR approaches.

Having modeled our class relationships through log-ratios, we now face the same

challenge we encountered in binary classification: how do we convert these predictions in

the unbounded space back into probabilities? The multi-class setting makes this even more

challenging. While in binary classification we only needed to predict one probability (since

the second was determined by their sum equaling 1), we now need to recover K probabilities

from K − 1 log-ratios, while maintaining the relative relationships between all classes that

we’ve carefully modeled. This challenge will be addressed in the next section with the

softmax function.
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8.4 The Softmax Function

In binary classification, we solved the conversion problem using the sigmoid function

- the inverse of our log-odds (logit) transformation. This sigmoid function emerged naturally

from our probabilistic framework. Given a linear prediction wTx representing the log-odds,

the probability of class 1 was given by:

P (C1|x) =
1

1 + exp(−wTx)
(8.3)

The sigmoid function ensures our output is a valid probability between 0 and 1, and since

probabilities must sum to 1, we automatically have the probability of the reference class

P (C0|x) = 1− P (C1|x).

In our multi-class setting, we need an analogous transformation that can convert our

K − 1 linear predictions back into K valid probabilities. This generalization of the sigmoid

function to multiple classes is what we call the softmax function. Let’s derive it following

the same logic as our binary case.

We’ve modeled the log-ratios of probabilities as linear functions:

ln

(
P (Ck|x)
P (CK |x)

)
= wT

k x for k = 1, ..., K − 1 (8.4)

Now we need to solve for the individual probabilities. From our log-ratio equations:

P (Ck|x)
P (CK |x)

= exp(wT
k x) (8.5)

Therefore:

P (Ck|x) = P (CK |x) exp(wT
k x) (8.6)

Using our constraint that probabilities must sum to one:

K∑

k=1

P (Ck|x) = 1 (8.7)

Substituting our expressions:

P (CK |x) +
K−1∑

k=1

P (CK |x) exp(wT
k x) = 1 (8.8)
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P (CK |x)
(
1 +

K−1∑

k=1

exp(wT
k x)

)
= 1 (8.9)

Solving for P (CK |x):
P (CK |x) =

1

1 +
∑K−1

k=1 exp(wT
k x)

(8.10)

And consequently, for any class k ̸= K:

P (Ck|x) =
exp(wT

k x)

1 +
∑K−1

j=1 exp(wT
j x)

(8.11)

We can derive a more compact and symmetric form by introducing a weight vector

wK = 0 for our reference class. This isn’t a parameter we optimize - it’s a fixed constraint

that reflects our choice of reference class. With this definition, we can rewrite the probability

for the reference class as:

P (CK |x) =
1

1 +
∑K−1

j=1 exp(wT
j x)

(8.12)

=
exp(0)

1 +
∑K−1

j=1 exp(wT
j x)

(8.13)

=
exp(wT

Kx)

1 +
∑K−1

j=1 exp(wT
j x)

(8.14)

Now we can rewrite the denominator in a more symmetric form:

1 +
K−1∑

j=1

exp(wT
j x) = exp(wT

Kx) +
K−1∑

j=1

exp(wT
j x) (8.15)

=
K∑

j=1

exp(wT
j x) (8.16)

This gives us a more symmetric form for all classes k = 1, 2, . . . , K:

P (Ck|x) =
exp(wT

k x)∑K
j=1 exp(w

T
j x)

(8.17)

This function, which transforms a set of K linear predictors into a proper probability

distribution over K classes, is called the softmax function. It’s important to emphasize that
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we only optimize K − 1 weight vectors, with wK = 0 fixed by our choice of reference class.

This constraint reflects the fact that with probabilities summing to one, we only need K− 1

independent parameters to fully specify a K-class probability distribution.

While this may seem similar to the sigmoid function σ(z) = 1/(1+e−z) we encountered

in binary classification, there’s an important distinction: the sigmoid function maps a single

real number to a probability between 0 and 1, suitable for binary outcomes, while softmax

generalizes this to map a vector of real numbers to a probability distribution over multiple

classes.

To see how the binary case is a special case of our more general formulation, let’s

substitute K = 2 into our compact softmax formula. With two classes, we have:

P (C1|x) =
exp(wT

1 x)

exp(wT
1 x) + exp(wT

2 x)
(8.18)

Since we’ve defined w2 = 0 for our reference class, this becomes:

P (C1|x) =
exp(wT

1 x)

exp(wT
1 x) + 1

(8.19)

=
1

1 + exp(−wT
1 x)

(8.20)

This is exactly the sigmoid function we used in binary classification. Similarly, for

the reference class:

P (C0|x) =
exp(wT

2 x)

exp(wT
1 x) + exp(wT

2 x)
(8.21)

=
1

exp(wT
1 x) + 1

(8.22)

= 1− P (C1|x) (8.23)

Thus, our compact softmax formulation naturally reduces to the familiar sigmoid

when we have only two classes, confirming that multi-class logistic regression is indeed a

proper generalization of binary logistic regression.

Let’s understand the geometric interpretation of our model - specifically, how it divides

the feature space into regions for different classes. The boundaries between classes occur
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where the model is equally uncertain between two classes - that is, where their probabilities

are equal:

P (Cj|x) = P (Ck|x) (8.24)

Substituting our expressions in terms of the reference class K:

P (Cj|x)
P (CK |x)

=
P (Ck|x)
P (CK |x)

(8.25)

Since we model these ratios as:

P (Cj|x)
P (CK |x)

= exp(wT
j x) (8.26)

We get:

exp(wT
j x) = exp(wT

k x) (8.27)

Taking logarithms:

wT
j x = wT

k x (8.28)

This equation defines a hyperplane in feature space where classes j and k are equally

likely. For any K classes, we have
(
K
2

)
such hyperplanes - one for each possible pair of classes.

Each hyperplane wT
j x = wT

k x divides the space into two regions: one where class j is more

likely than k (wT
j x > wT

k x), and another where class k is more likely than j (wT
j x < wT

k x).

The hyperplane itself is characterized by the difference vector (wj −wk), which determines

both its orientation and position in feature space. The normal vector to this hyperplane is

parallel to this difference vector, meaning the boundary will be perpendicular to the direction

in which the difference between the linear predictors wT
j x and wT

k x changes most rapidly.

While this geometric interpretation might seem similar to the One-vs-One approach

we criticized earlier, there’s a crucial difference. Our multi-class model provides two comple-

mentary ways to understand the classification: First, at any point x in feature space, we can

compute the complete probability distribution over all K classes using the softmax function.

For any class k (including the reference class), we can write:

P (Ck|x) =
exp(wT

k x)∑K
j=1 exp(w

T
j x)

(8.29)

This gives us the probability for every class at any point in feature space.
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Figure 8.3: Visualization of how softmax-based multi-class classification ensures consistent
decisions without ambiguity. The left panel shows the probability surfaces P (Ck|x) for each
class k, demonstrating how the softmax function transforms linear predictions wT

k x into
proper probability distributions that sum to 1 at every point in feature space. The right panel
projects these surfaces onto the feature plane, where colored regions indicate the dominant
class (highest probability), solid lines mark decision boundaries where the highest probability
changes from one class to another, and dashed lines show where any two classes have equal
probabilities. Unlike the One-vs-One approach in Figure 2, there can be no ambiguity
because every point has a well-defined probability distribution over all classes through the
shared softmax denominator, with decision boundaries emerging naturally from comparing
these interdependent probabilities rather than from independent binary classifications.

Second, the
(
K
2

)
boundaries tell us precisely where any two classes are equally likely,

partitioning the space into regions where different classes dominate. To determine the pre-

dicted class at any point, we simply take

argmaxkP (Ck|x) (8.30)

This operation returns the class k that has the highest probability P (Ck|x) at that point.

While this gives us a definitive classification, we don’t have to discard the probability infor-

mation - we can use the full probability distribution to express our uncertainty about the

classification. For example, if two classes have similar probabilities, this tells us the model

is uncertain between those classes, even though argmax would still pick one of them.

The softmax function transforms a vector of K linear predictors into a probability
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Figure 8.4: Extension of the softmax visualization to four classes, demonstrating how the
framework naturally scales to higher dimensions. The left panel shows four probability
surfaces P (Ck|x) that sum to 1 at every point, while the right panel reveals the resulting
decision structure with

(
4
2

)
= 6 pairwise boundaries. Solid lines mark the actual decision

boundaries where the highest probability changes between classes, while dashed lines indicate
where pairs of classes have equal probabilities. The colored regions show where each class
achieves the highest probability. Despite the increased complexity with four classes, the
softmax function still ensures a consistent probability distribution everywhere in feature
space, eliminating any possibility of contradictory classifications. This window-pane pattern
of boundaries emerges naturally from comparing probabilities in our unified framework,
rather than from independent binary decisions.

distribution over K classes:

P (Ck|x) =
exp(wT

k x)∑K
j=1 exp(w

T
j x)

(8.31)

This formulation smoothly approximates the maximum operation - when one linear predic-

tion wT
mx is significantly larger than others, the exponential term exp(wT

mx) dominates both

numerator and denominator, causing P (Cm|x) to approach 1 while all other probabilities

approach 0. This is why it’s called “softmax” - it’s a smooth, differentiable version of the

maximum function.

These perspectives work together harmoniously - the boundaries emerge naturally

from comparing the probabilities, and crossing a boundary between classes j and k corre-

sponds exactly to the point where their probabilities become equal. When several linear

predictions wT
k x are similar in value, the softmax function expresses this uncertainty by
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distributing probability mass across the corresponding classes. This is fundamentally dif-

ferent from OvO, where independent binary classifiers can lead to contradictory predictions

because they lack this unified probabilistic framework.

In two dimensions, where x represents points in a plane, each hyperplane becomes a

line. For three classes (say A, B, and C), we get three boundary lines: one separating A

from B, another separating B from C, and a third separating A from C. These three lines

create regions where one class has the highest probability, and because all probabilities come

from the same probability expressions relative to our reference class, these regions never lead

to the ambiguous or contradictory classifications we saw with OvO. When the classes are

well-separated, these lines often form a pattern reminiscent of a Mercedes-Benz logo, with

three regions radiating from a central point where all three lines intersect.

With four classes, the geometry becomes richer still. We now have six boundary lines

(as
(
4
2

)
= 6), which can create patterns resembling a window pane as they partition the

space into regions for each class. The beauty of this framework is that despite the poten-

tially complex patterns of these boundaries, each point in space is assigned a well-defined

probability distribution over all classes through the softmax function, ensuring consistent

and meaningful classifications.

8.5 Multi-Class Cross-Entropy Loss

Now that we’ve derived the softmax function to convert our linear predictions into

proper probabilities, we need to determine how to find the optimal weight vectors {wk}K−1
k=1 .

Just as in binary classification, we’ll use maximum likelihood estimation - choosing the

weights that make our observed data most probable under our model.

The key difference here is that unlike binary classification, where the likelihood is

depicted by the Bernoulli distribution (as we only had two possible outcomes), we now

need to handle K possible outcomes. Let’s denote our true labels as t, a one-hot encoded

vector where tk = 1 if the example belongs to class k and 0 otherwise. For a single training

example, the likelihood - that is, the probability of observing this particular class label given

our model’s predictions and parameters - is:

L =
K∏

k=1

P (Ck|x, {wk}K−1
k=1 )

tk (8.32)
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Since t is one-hot encoded, only one term in this product will be non-zero - the term

corresponding to the true class. For example, if an object belongs to class 2, then t2 = 1

and all other tk = 0, so the likelihood for this single datum is L = P (C2|x, {wk}K−1
k=1 ). This

matches our intuition - the likelihood of observing this particular instance of class 2 under

our model is exactly the probability our model assigned to class 2.

For our full dataset of N examples, assuming independence between observations, the

joint likelihood is the product of individual likelihoods:

L =
N∏

i=1

K∏

k=1

P (Ck|xi, {wk}K−1
k=1 )

tik (8.33)

where i indexes over the N training examples and k indexes over the K possible classes.

The term tik is the (i, k) element of our one-hot encoded label matrix - it equals 1 if the

ith example belongs to class k, and 0 otherwise. Taking the negative logarithm of this joint

likelihood for numerical stability (just as we did in binary classification) and normalizing by

N to ensure consistent scale across different dataset sizes:

E({wk}K−1
k=1 ) = −

1

N
lnL = − 1

N

N∑

i=1

K∑

k=1

tik lnP (Ck|xi, {wk}K−1
k=1 ) (8.34)

This multi-class cross-entropy loss naturally generalizes our binary cross-entropy. To

see this connection explicitly, let’s first examine what happens when K = 2:

E = − 1

N

N∑

i=1

2∑

k=1

tik lnP (Ck|xi, {wk}1k=1) (8.35)

= − 1

N

N∑

i=1

[
ti1 ln

exp(wT
1 xi)

1 + exp(wT
1 xi)

+ ti2 ln
1

1 + exp(wT
1 xi)

]
(8.36)

Since each example belongs to exactly one class, ti1 + ti2 = 1. Using ti = ti1 (so ti2 = 1− ti),
this simplifies to:

E = − 1

N

N∑

i=1

[ti ln yi + (1− ti) ln(1− yi)] (8.37)

where

yi =
exp(wTxi)

1 + exp(wTxi)
(8.38)

is our predicted probability for class 1 - exactly the binary cross-entropy loss from Chapter
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7.

In our current multi-class setting with K classes, we can express our cross-entropy

loss more compactly. Using the softmax function to compute our predicted probabilities:

yik = P (Ck|xi) =
exp(wT

k xi)∑K
j=1 exp(w

T
j xi)

(8.39)

where we set wK = 0 for the reference class. It’s important to note that this additional

weight vector for the reference class is fixed at zero and is not optimized during training.

With this convention, our loss function becomes:

E({wk}K−1
k=1 ) = −

1

N

N∑

i=1

K∑

k=1

tik ln yik (8.40)

To find the optimal weight vectors {wk}K−1
k=1 , we will need to use gradient descent,

carefully considering how changes in each weight vector affect not just its own class prob-

abilities but all others through the normalization term. We’ll explore these optimization

details in Section 7. However, the form of our loss function - particularly terms like tik ln yik

- might remind you of expressions from information theory, such as entropy. This is not a

coincidence.

There are connections between our classification framework and fundamental concepts

from information theory that help explain why this loss function works well. Before diving

into the technical details of optimization, we’ll explore these connections in the next section,

which will provide valuable insight into why cross-entropy is a natural choice for our loss

function.

8.6 Information Theory and Cross-Entropy

The cross-entropy loss we derived for multi-class logistic regression has connections

to information theory that go beyond mere mathematical coincidence, which is why the loss

is called cross-entropy in the first place. A successful classification model should serve as a

useful compression of the data - if we have learned a good set of weights, we can predict class

labels from features without storing all the true labels. This connection between compression,

prediction, and information leads us to the concept of mutual information. Let’s explore these

relationships systematically.
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For any two random variables X and Y , their mutual information I(X;Y ) quantifies

how much knowing one tells us about the other:

I(X;Y ) =
∑

x∈X

∑

y∈Y

P (X = x, Y = y) log2

[
P (X = x, Y = y)

P (X = x)P (Y = y)

]
(8.41)

The ratio P (X,Y )
P (X)P (Y )

compares the joint probability P (X, Y ) to what we’d expect if X

and Y were independent (P (X)P (Y )). When X and Y are truly independent, this ratio

equals 1 and thus log2(1) = 0. However, when the variables are dependent, this ratio exceeds

1 in regions where they share information. Taking the logarithm converts this multiplicative

relationship to an additive one, and weighting by P (X, Y ) ensures we average over the actual

joint distribution of the variables.

The output is measured in bits because we use logarithm base 2 in the formula, where

each bit represents a binary decision that halves the uncertainty about one variable given

knowledge of the other. This choice of base 2 aligns with information theory’s fundamen-

tal unit of binary digits (bits), making the measure directly interpretable in terms of the

minimum number of yes/no questions needed to specify one variable.

One of the key advantages of mutual information is that it provides a more robust

measure of dependence than correlation by examining the full joint probability distribution

rather than just linear relationships. To understand this distinction, let’s first recall how

correlation measures relationships between variables.

From Chapter 3, recall that the correlation coefficient measures linear relationships

through:

ρXY =
Cov(X, Y )

σXσY
=
E[(X − µX)(Y − µY )]

σXσY
(8.42)

where µX and µY are the means of X and Y respectively, and σX and σY are their standard

deviations. This formula shows how correlation only captures linear trends through the

average product of deviations from the mean.

In contrast, mutual information measures general statistical dependence:

I(X;Y ) =
∑

x,y

p(x, y) log

(
p(x, y)

p(x)p(y)

)
(8.43)

To illustrate this difference, consider a circular relationship where points lie roughly
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on a circle centered at the origin. Despite the clear geometric pattern, the correlation coef-

ficient is near zero because the relationship isn’t linear - when we move right on the circle,

sometimes Y increases and sometimes it decreases, averaging out in the correlation calcula-

tion. However, knowing X clearly provides information about Y - for any given X value, Y is

constrained to be approximately ±
√
1−X2 on the unit circle. Mutual information captures

this structure by detecting that knowing X constrains the possible values of Y to specific

regions, making their joint distribution p(x, y) significantly different from the product of

their marginals p(x)p(y).
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Figure 8.5: Comparison of (Pearson) correlation and mutual information for detecting sta-
tistical dependence. Left panel: Scatter plot showing data points arranged in a circular
pattern. Despite the clear geometric structure, the correlation is nearly zero (ρ ≈ 0) because
the relationship is not linear - as X increases, Y sometimes increases and sometimes de-
creases, averaging out in the correlation calculation. Right panel: The product of marginal
distributions p(x)p(y) shows what we would expect if X and Y were independent. The
significant difference between this independent model and the actual circular pattern in the
data (left panel) leads to high mutual information (I(X;Y ) ≈ 1 bit), correctly identifying
the strong statistical dependence between the variables. This example illustrates how mutual
information can detect nonlinear relationships that correlation misses.

This example highlights why mutual information often serves as a better measure

of statistical dependence in machine learning applications. While correlation only detects

linear trends, mutual information can identify any systematic relationship where knowing

one variable provides information about the other, regardless of the relationship’s shape.

To better understand how mutual information is calculated in practice, let’s work
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through a concrete example. Suppose Y is a uniformly distributed number between 1 and

16, and X tells us whether Y is in the first half (1-8) or second half (9-16) of its range. The

probabilities are:

• P (Y = y) = 1/16 for each y (uniform distribution)

• P (X = first) = P (X = second) = 1/2

• P (Y |X = first) = 1/8 for y in 1-8, 0 otherwise

• P (Y |X = second) = 1/8 for y in 9-16, 0 otherwise

The key insight comes from rewriting the ratio inside the logarithm:

P (X, Y )

P (X)P (Y )
=
P (Y |X)

P (Y )
(8.44)

This ratio compares our knowledge of Y before and after knowingX. Initially, P (Y ) =

1/16 for any value. After knowing X, P (Y |X) = 1/8 for values in the correct half and 0

otherwise. When P (Y |X) > P (Y ), the logarithm becomes positive, indicating we’ve gained

information:

I(X;Y ) =
∑

x,y

P (X, Y ) log2

[
P (Y |X)

P (Y )

]
(8.45)

= 16 · 1
16

log2

[
1/8

1/16

]
(8.46)

= log2(2) = 1 bit (8.47)

The ratio 1/8
1/16

= 2 inside the logarithm shows that knowing X doubles our certainty

about Y (halves our uncertainty), corresponding to one bit of information gained. To fully

specify Y , we would need three additional bits to narrow down which of the eight remaining

values is correct, but X only provides us with that first bit of information.

Note that the factor P (X, Y ) in the summation serves to average this information

gain over all possible combinations of X and Y values according to their joint probability

distribution. In our case, since all valid combinations are equally likely (with probability

1/16), this averaging simply gives us the typical information gain of one bit.

Now that we understand how mutual information quantifies the information shared
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between variables in a simple numeric example, let’s see how this concept applies to our

classification problem. In our classification task, X represents input features (like a galaxy’s

concentration index or asymmetry) and Y represents class labels (such as elliptical, spiral, or

irregular). The mutual information I(X;Y ) quantifies how much our features tell us about

the class labels.

To make this connection precise, let’s first rewrite mutual information using condi-

tional probabilities. Starting from our earlier formula:

I(x;y) =
∑

x,y

p(x,y) log

[
p(y|x)
p(y)

]
(8.48)

Here, p(y|x) represents the probability of class y given features x. In our classifier,

this conditional probability is exactly what the softmax function computes when we write

P (Ck|x).

Now let’s examine our cross-entropy loss for multi-class classification averaged over

N training examples:

E({wk}) = −
N∑

i=1

K∑

k=1

tik
N

logP (Ck|xi) (8.49)

The term tik/N represents the empirical probability of observing class k with feature vector

xi in our training data. Therefore, this sum can be rewritten as an expectation over the

empirical joint distribution p(x,y) of our training data:

E({wk}) = −
∑

x,y

p(x,y) log p(y|x) (8.50)

Looking at these equations side by side, let’s expand the mutual information:

I(x;y) =
∑

x,y

p(x,y) log p(y|x)−
∑

x,y

p(x,y) log p(y) (8.51)

= −E({wk})−
∑

y

p(y) log p(y) (8.52)

The second term, −∑y p(y) log p(y), is the information entropy of our class distribution

H(y), which depends only on the frequencies of different classes in our dataset. Since this
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term is independent of our model parameters {wk}, we have a fundamental relationship:

E({wk}) = H(y)− I(x;y; {wk}) (8.53)

Thus, minimizing cross-entropy loss is equivalent to maximizing the mutual informa-

tion between our predictions and class labels! When we train our classifier by minimizing

cross-entropy loss, we’re actually finding the optimal linear combination of input features

that produces predictions sharing maximum mutual information with the true class labels.

Combinations of features that work well for classification must have high mutual infor-

mation with class labels. For galaxy classification, morphological features like concentration

index work well because they share significant mutual information with galaxy type - know-

ing a galaxy’s concentration index tells us a lot about its morphological class. Conversely, a

feature like absolute sky position typically has low mutual information with morphology.

Finally, let’s examine the entropy term H(y) that appeared in our derivation. While

this term doesn’t affect our optimization of weights, it reveals some insights about our

classification task. Recall that our cross-entropy loss is:

E({wk}) = −
N∑

i=1

K∑

k=1

tik
N

logP (Ck|xi) = H(y)− I(x;y) (8.54)

If we achieve perfect prediction where P (Ck|xi) = 1 exactly when tik = 1 for all data

points (meaning our model predicts probability 1 for the correct class and 0 for all others),

then E({wk}) = 0. This implies H(y) = I(x;y), meaning we’ve extracted all possible

information from our features about the class labels. Hence, optimizing cross-entropy loss

can be viewed as trying to get I(x;y) as close as possible to H(y). The remaining gap

represents the uncertainty in mapping features to class labels with our model.

In information theory, entropy quantifies uncertainty - specifically, how many bits we

need on average to encode different possibilities. For any random variable with probability

distribution p(y), its entropy is:

H(y) = −
∑

y

p(y) log p(y) (8.55)

To understand this concretely, imagine encoding different galaxy types in a catalog.



258 Statistical Machine Learning for Astronomy — Y.-S. Ting

If we have three types (elliptical, spiral, irregular) appearing with equal frequency, then

p(y) = 1/3 for each type, giving us:

H(y) = −3 · 1
3
log

1

3
= log 3 ≈ 1.58 bits (8.56)

This means we need about 1.58 bits per galaxy to encode its type in this idealized

case. To understand why we can do better than 2 bits, consider a simpler example: encoding

the letters ‘e’ and ‘z’ in English text. While we could use 1 bit per letter (0 for ‘e’, 1 for ‘z’),

this ignores that ‘e’ appears much more frequently in English. By using a shorter code for

‘e’ (say 0) and a longer code for ‘z’ (say 110), we can achieve an average bits-per-letter lower

than 1 when encoding lots of text. Similarly, if certain galaxy types appear more frequently

than others, we can use shorter codes for common types and longer codes for rare types,

achieving the theoretical minimum of 1.58 bits per galaxy on average.

In our case, spiral galaxies are more common than irregulars, so we need fewer bits

on average by using shorter codes for spirals. This is exactly what entropy captures - it’s

minimized when one class dominates (requiring fewer bits since most instances belong to the

same class) and maximized when classes are balanced (requiring more bits since we have

maximum uncertainty about class membership).

In our classifier, this entropy term comes from the empirical distribution of our train-

ing data:

H(y) = −
∑

y

Nk

N
log

Nk

N
(8.57)

where Nk is the number of examples of class k in our N total examples. This term is

completely determined by our class distribution - no amount of clever feature engineering or

weight optimization can change it.

Mathematically, if we achieved perfect prediction where features completely deter-

mined class labels, we would have I(x;y) = H(y) and thus zero loss. This would mean our

model’s predicted probabilities exactly match the true class indicators: P (Ck|xi) = tik for

all examples.

When our loss approaches zero, it indicates our classifier is approaching the best the-

oretically possible performance, extracting nearly all available information from the features.

At this point, we only need H(y) bits to encode the output class, as we can safely ignore

other information due to perfect prediction. The gap between our actual loss and zero tells
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us how far we are from this theoretical ideal. A large gap suggests room for improvement,

either in our choice of features or how to combine them.

8.7 Gradient Descent for Multi-Class Classification

Now that we’ve established the cross-entropy loss function for multi-class classifica-

tion, let’s extend our optimization approach to the multi-class setting. We’ll see how the

principles of gradient descent generalize to handle multiple classes, with some important

considerations specific to this more complex scenario.

Recall that our multi-class cross-entropy loss function is:

E({wk}K−1
k=1 ) = −

1

N

N∑

i=1

K∑

k=1

tik ln yik (8.58)

where yik is the predicted probability that the i-th example belongs to class k, and tik is the

corresponding element of the one-hot encoded true label.

To optimize this loss function using gradient descent, we need to compute the gradient

with respect to each weight vector wj for j = 1, 2, . . . , K − 1. This is more complex than

the binary case because changes in any weight vector affect the predicted probabilities for

all classes through the normalization term in the softmax function.

Let’s derive the gradients step by step. First, recall that we’ve simplified our softmax

expressions by setting wK = 0 for the reference class, giving us:

yik =
exp(wT

k xi)∑K
j=1 exp(w

T
j xi)

for k = 1, 2, . . . , K (8.59)

where wK = 0 implies exp(wT
Kxi) = 1.

We need to compute ∂E/∂wj for each j ∈ {1, 2, . . . , K − 1}. Using the chain rule:

∂E

∂wj

= − 1

N

N∑

i=1

K∑

k=1

tik
∂ ln yik
∂wj

(8.60)

The key challenge is determining how changes in wj affect each yik. There are two cases to

consider:
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1. How changes in wj affect the probability of class j itself (yij)

2. How changes in wj affect the probabilities of other classes (yik for k ̸= j)

Let’s start by examining the derivatives of yik with respect to the dot product zij =

wT
j xi. The key insight is that when k = j, both the numerator and denominator of the soft-

max function depend on wj, requiring the quotient rule. When k ̸= j, only the denominator

depends on wj.

For k = j (the same class as the weight vector we’re differentiating with respect to):

∂yij
∂zij

=
∂

∂zij

ezij∑K
l=1 e

zil
(8.61)

Here we need to apply the quotient rule

d

dx

(
f(x)

g(x)

)
=
f ′(x)g(x)− f(x)g′(x)

g(x)2
(8.62)

where:

f(zij) = ezij ⇒ f ′(zij) = ezij (8.63)

g(zij) =
K∑

l=1

ezil ⇒ g′(zij) = ezij (8.64)

Applying the quotient rule:

∂yij
∂zij

=
ezij ·∑K

l=1 e
zil − ezij · ezij

(
∑K

l=1 e
zil)2

(8.65)

=
ezij · (∑K

l=1 e
zil − ezij)

(
∑K

l=1 e
zil)2

(8.66)

=
ezij∑K
l=1 e

zil
·
∑K

l=1 e
zil − ezij∑K

l=1 e
zil

(8.67)

= yij ·
(
1− ezij∑K

l=1 e
zil

)
(8.68)

= yij · (1− yij) (8.69)
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For k ̸= j (different class), the numerator ezik is constant with respect to zij (since

k ̸= j), so we only need to consider how the denominator changes:

∂yik
∂zij

=
∂

∂zij

ezik∑K
l=1 e

zil
(8.70)

= ezik · ∂

∂zij

(
1∑K

l=1 e
zil

)
(8.71)

= ezik · −ezij
(
∑K

l=1 e
zil)2

(8.72)

= − ezik · ezij
(
∑K

l=1 e
zil)2

(8.73)

= − ezik∑K
l=1 e

zil
· ezij∑K

l=1 e
zil

(8.74)

= −yik · yij (8.75)

Now, using the chain rule to compute ∂ ln yik/∂wj, we need to recognize that yik depends

on all logits zil for l = 1, 2, . . . , K. Therefore, we should apply the chain rule across all these

dependencies:

∂ ln yik
∂wj

=
K−1∑

l=1

∂ ln yik
∂zil

· ∂zil
∂wj

(8.76)

However, only one term in this sum is non-zero: ∂zil/∂wj = xi when l = j, and

∂zil/∂wj = 0 when l ̸= j. This simplifies our calculation to:

∂ ln yik
∂wj

=
∂ ln yik
∂zij

· ∂zij
∂wj

(8.77)

=
∂ ln yik
∂zij

· xi (8.78)
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For k = j (same class):

∂ ln yij
∂wj

=
∂ ln yij
∂zij

· xi (8.79)

=
1

yij
· ∂yij
∂zij
· xi (8.80)

=
1

yij
· yij · (1− yij) · xi (8.81)

= (1− yij) · xi (8.82)

For k ̸= j (different class):

∂ ln yik
∂wj

=
∂ ln yik
∂zij

· xi (8.83)

=
1

yik
· ∂yik
∂zij
· xi (8.84)

=
1

yik
· (−yik · yij) · xi (8.85)

= −yij · xi (8.86)

Now we can substitute these results back into our gradient expression:

∂E

∂wj

= − 1

N

N∑

i=1

[
tij · (1− yij) · xi −

∑

k ̸=j

tik · yij · xi

]
(8.87)

= − 1

N

N∑

i=1

[
tij − tij · yij − yij ·

∑

k ̸=j

tik

]
xi (8.88)
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Since ti is a one-hot encoded vector,
∑K

k=1 tik = 1, and
∑

k ̸=j tik = 1− tij. Therefore:

∂E

∂wj

= − 1

N

N∑

i=1

[tij − tij · yij − yij · (1− tij)]xi (8.89)

= − 1

N

N∑

i=1

[tij − tij · yij − yij + tij · yij]xi (8.90)

= − 1

N

N∑

i=1

(tij − yij)xi (8.91)

=
1

N

N∑

i=1

(yij − tij)xi (8.92)

This gives us the final gradient formula:

∂E

∂wj

=
1

N

N∑

i=1

(yij − tij)xi (8.93)

The gradient for each weight vector wj is determined by the difference between the

predicted probability yij and the true label tij for class j, scaled by the feature vector xi.

This is exactly analogous to the binary case, with the key difference being that we now have

K − 1 separate weight vectors to update, one for each non-reference class.

The gradient formula reveals important insights into how multi-class logistic regression

learns from data. While superficially similar to the binary case, the multi-class gradient

introduces a different correction mechanism. In binary classification, when an example is

misclassified, there’s a single correction that moves the decision boundary in the appropriate

direction. In multi-class classification, a single misclassified example simultaneously affects

multiple decision boundaries through a coordinated push-pull dynamic.

Consider a galaxy that truly belongs to class j but is incorrectly assigned high proba-

bility for class k. For the true class j, the term (yij− tij) becomes (yij−1), which is negative

since yij < 1. When multiplied by −η in the gradient descent update, this results in adding

a positive multiple of xi to wj, effectively increasing the weight vector in the direction of

the galaxy’s features. Simultaneously, for the incorrect class k, the term (yik − tik) becomes

(yik − 0) = yik > 0, which leads to a subtraction from wk. This coordinated push-pull

dynamic, where multiple weight vectors are adjusted concurrently in response to a single

misclassification, creates significantly more complex learning behavior than in the binary
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classification case.

The magnitude of these corrections also differs meaningfully. In binary classifica-

tion, the largest corrections occur for high-confidence mistakes. In multi-class settings, the

correction magnitude depends on how the probability mass is distributed across all classes.

Mathematically, if yij ≈ 0 for the true class j, the update magnitude |yij − 1| ≈ 1 is at its

maximum. If this missing probability mass is concentrated in a single incorrect class k such

that yik ≈ 1, then |yik−0| ≈ 1 also approaches its maximum value, resulting in large updates

to both weight vectors. However, if the probability is spread across many incorrect classes,

each with small yik values, the individual updates to each incorrect class’s weight vector will

be smaller, though their cumulative effect remains significant.

This interdependence of updates has implications for the optimization landscape. The

complex loss surface requires SGD to navigate by systematically adjusting multiple decision

boundaries in a coordinated manner, with each update propagating effects throughout the

entire model structure.

Extending SGD to Multi-Class Problems Having derived the gradients for multi-class

logistic regression and understood their geometric interpretation, we can now extend our

SGD approach from the binary case. The core principle remains the same: we approximate

the full gradient using mini-batches and update the parameters iteratively.

For multi-class classification, the SGD update rule is:

w
(t+1)
j = w

(t)
j − η ·

1

M

M∑

i=1

(y
(t)
ij − tij)xi for j = 1, 2, . . . , K − 1 (8.94)

The key difference from binary classification is that we’re now updating K−1 weight

vectors simultaneously rather than a single weight vector. This parallel updating of multiple

weight vectors is crucial for maintaining consistency among the class probability estimates,

which must sum to 1 across all classes.

Many of the techniques discussed for binary classification—like mini-batching, learn-

ing rate scheduling, and regularization—apply directly to the multi-class case with minimal

modification. For example, we can still implement weight decay by adding the term −λwj

to each update, or use adaptive learning rates. The fundamental principles remain the same,

though the implementation must account for the additional weight vectors.
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It’s important to note that we only update the first K − 1 weight vectors, keeping

wK = 0 fixed throughout training as our reference class. This constraint reflects our param-

eterization choice and ensures that our model remains properly specified with the correct

degrees of freedom.

8.8 Implementation Considerations

The mathematical formulation of multi-class logistic regression with softmax is straight-

forward in theory, but several practical considerations become important when implementing

these models for real-world applications. These considerations can significantly impact model

performance, training stability, and computational efficiency.

Numerical Stability The softmax function involves exponentials, which can easily cause

overflow or underflow. While the binary logistic regression also uses an exponential function

in the sigmoid (σ(z) = 1/(1 + e−z)), the multi-class case is more susceptible to numerical

issues because we’re computing multiple exponentials across K classes. With more weight

vectors wj, there’s a higher chance that some logit values wT
j xi will be extremely large or

small, potentially causing numerical instability.

A standard practice to prevent numerical issues is to subtract the maximum logit

value before exponentiation:

yik =
exp(wT

k xi −maxj w
T
j xi)∑K

j=1 exp(w
T
j xi −maxj wT

j xi)
(8.95)

This normalization doesn’t change the resulting probabilities because the constant

factor exp(−maxj w
T
j xi) appears in both numerator and denominator and cancels out:

yik =
exp(wT

k xi −maxj w
T
j xi)∑K

j=1 exp(w
T
j xi −maxj wT

j xi)
(8.96)

=
exp(wT

k xi) · exp(−maxj w
T
j xi)∑K

j=1 exp(w
T
j xi) · exp(−maxj wT

j xi)
(8.97)

=
exp(wT

k xi)∑K
j=1 exp(w

T
j xi)

(8.98)

While mathematically equivalent, the normalized version prevents numerical issues by en-

suring the largest exponent is always 0, keeping all values in a manageable range.
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Parameter Initialization Parameter initialization plays a crucial role in multi-class set-

tings. A common approach is to initialize each weight vector with small random values

drawn from a multidimensional normal or uniform distribution, with the same dimensional-

ity as the feature space. This is particularly advantageous because both normal and uniform

distributions allow us to easily generate random values regardless of the dimensionality of

the feature space, making them practical choices even when dealing with high-dimensional

astronomical data.

This initialization strategy serves a vital purpose: it breaks the symmetry between

different weight vectors and ensures that they diverge during training to learn distinct pat-

terns. Without this random initialization, weight vectors might update identically and fail

to differentiate between classes, essentially defeating the purpose of having multiple classi-

fiers. The small magnitude of these initial values is also significant as it prevents the softmax

function from saturating at the beginning of training, allowing gradients to flow effectively

and enabling the model to learn more efficiently from early training examples.

Unlike binary logistic regression, which has a convex optimization landscape, multi-

class logistic regression does not necessarily present a convex optimization problem. This

non-convexity means that different initializations can lead to different local minima, poten-

tially resulting in varying model performance. For this reason, employing multiple random

initializations and selecting the best-performing model based on validation performance be-

comes a critical practice in multi-class settings.

This random restart approach can be implemented through the following steps:

1. Initialize R different models with random weight matricesW(1),W(2), . . . ,W(R), where

each W(r) ∈ RK×d. Here, K represents the total number of classes in our classification

problem, and d is the dimensionality of our feature space (i.e., the number of features

or predictors in our dataset). For each initialization, ensure that the last row wK

is set to zero, as this corresponds to our reference class. This constraint maintains

consistency with our mathematical formulation where we defined the reference class to

have zero weights.

2. For each initialization r = 1, 2, . . . , R:
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(a) Train the model using SGD with the update rule:

w
(t+1)
j = w

(t)
j − η ·

1

M

M∑

i=1

(y
(t)
ij − tij)xi for j = 1, 2, . . . , K − 1 (8.99)

where M is the mini-batch size. Note that we only update the first K − 1 weight

vectors, keeping wK = 0 fixed throughout training as our reference class.

(b) Evaluate the trained model on a validation set to obtain a performance metric

S(r) (e.g., accuracy, F1-score, or cross-entropy loss).

3. Select the best model r∗ according to:

r∗ = argmax
r
S(r) (8.100)

This identifies the index r∗ of the model that achieved the highest performance after

training.

4. Use the selected modelW(r∗) for final evaluation on the test set. Here, W(r∗) represents

the fully trained weight matrix that performed best on the validation set, containing

all the optimized weight vectors wj for j = 1, 2, . . . , K − 1 that define our optimal

multi-class logistic regression model.

The computational cost of this approach scales linearly with the number of initial-

izations R, but the benefits often outweigh this cost. In astronomical applications where

classification accuracy directly impacts scientific conclusions (such as galaxy morphology

classification or stellar type identification), this additional computational effort to find opti-

mal initializations is well justified by the improved classification performance. For example,

when classifying rare astronomical phenomena that may constitute only a small fraction

of the dataset, finding the optimal decision boundaries through multiple initializations can

significantly improve the detection rate of these important but infrequent objects.

Matrix Formulation for Efficiency For efficient implementation, we can organize the

weight vectors as rows of a matrixW ∈ RK×d (where d is the feature dimension). This matrix

formulation enables vectorized computation across all classes and examples simultaneously,

with the understanding that the last row wK is constrained to be zero:

1. Let X ∈ RN×d be the data matrix containing N examples, each with d features.
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2. The matrix multiplication Z = XWT ∈ RN×K computes all logits for all examples in a

single operation. Each element zij represents the logit for example i and class j where

j = 1, 2, . . . , K.

3. We ensure that wK = 0, which means the logits for the reference class K are always

zero: ziK = 0 for all i.

4. The softmax operation is then applied to compute all class probabilities:

yik =
exp(zik)∑K
j=1 exp(zij)

(8.101)

5. For numerical stability, we subtract the maximum logit in each row:

yik =
exp(zik −maxj zij)∑K
j=1 exp(zij −maxj zij)

(8.102)

This matrix formulation is particularly advantageous for mini-batch processing. If

Xbatch ∈ RM×d represents a mini-batch of M examples, we can compute all logits for this

batch as Zbatch = XbatchW
T ∈ RM×K . Modern linear algebra libraries are highly optimized

for such matrix operations. These libraries leverage parallel processing to achieve orders

of magnitude speedup compared to iterative implementations, making the matrix approach

both mathematically elegant and computationally efficient.

The gradient computation can also be expressed in matrix form. If Y ∈ RN×K

contains the predicted probabilities and T ∈ RN×K contains the one-hot encoded true labels,

the gradient matrix is:

∇W1:K−1
E =

1

N
(Y1:K−1 −T1:K−1)

TX (8.103)

where W1:K−1 represents the first K − 1 rows of W, and Y1:K−1 and T1:K−1 denote the

first K − 1 columns of Y and T respectively. This gradient matrix contains all the partial

derivatives ∂E/∂wj for j = 1, 2, . . . , K − 1 as its rows. During the update step, we only

modify the first K−1 rows of W, keeping the last row wK fixed at zero throughout training.

The application of multi-class logistic regression to astronomical data requires bal-

ancing theoretical considerations with practical implementation concerns. By addressing the

issues of numerical stability, parameter initialization, computational efficiency, and domain-
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specific challenges, we can develop robust classification models that provide reliable insights

into astronomical phenomena.

8.9 Summary

In this chapter, we’ve explored the extension of logistic regression from binary to

multi-class classification problems. We began by examining the limitations of one-vs-rest

and one-vs-one approaches, highlighting the potential inconsistencies that can arise. We

then introduced the multinomial logistic regression model, which provides a framework for

directly handling multiple classes.

The progression from binary to multi-class classification followed a natural path. We

first established the need for one-hot encoding to represent class labels without imposing

artificial ordering. Building on this representation, we extended our mathematical framework

by comparing each class to a reference class through log-ratios. This led to the softmax

function—a generalization of the sigmoid function—which transforms linear predictions into

proper probability distributions across all classes. We demonstrated that when K = 2, our

multi-class formulation reduces precisely to binary logistic regression, confirming that our

approach is a proper generalization.

A key strength of the multi-class logistic regression framework is its coherent proba-

bilistic interpretation. The model assigns a probability distribution over all classes, allowing

it to express both high-confidence predictions and genuine uncertainty. This property is par-

ticularly valuable in astronomy, where measurement quality varies substantially and many

objects exhibit genuinely intermediate characteristics between established classes. The prin-

cipled nature of this approach ensures that our decision boundaries remain consistent and

well-defined throughout the feature space, avoiding the contradictions that plagued the naive

decomposition approaches.

The cross-entropy loss function emerged naturally from maximum likelihood estima-

tion, just as in the binary case. However, our information-theoretic analysis revealed a deeper

insight: minimizing cross-entropy loss is mathematically equivalent to maximizing the mu-

tual information between our predictions and the true class labels. This perspective explains

why cross-entropy works well—it’s finding the combination of features that shares maximum

information with the classification target. Furthermore, we saw how entropy quantifies the

inherent uncertainty in our classification task, setting a theoretical limit on how well any

model can perform given the available features.
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The mathematics of multi-class logistic regression showed consistency with the bi-

nary case. The gradient of the cross-entropy loss with respect to the weight vectors takes a

simple form: the difference between predicted probabilities and true labels, scaled by the fea-

ture vectors. This pattern extends directly from binary classification, despite the increased

complexity of the multi-class setting. The simplicity of this gradient enables efficient opti-

mization through stochastic gradient descent, with each update adjusting multiple decision

boundaries in a coordinated manner.

Beyond the theoretical formulation, we addressed practical implementation consid-

erations essential for applying these methods to real astronomical data. These included

techniques for numerical stability, parameter initialization strategies, and efficient matrix

implementations. These practical aspects are crucial for developing robust classification

systems that can reliably analyze the massive datasets modern astronomy produces.

The multi-class framework we’ve developed has enhanced expressive power compared

to binary classification. With K classes, the model creates
(
K
2

)
distinct hyperplanes that

partition the feature space into regions for each class. This structure can model complex

decision boundaries that binary methods cannot, making it suitable for the nuanced classi-

fication tasks astronomers face when categorizing celestial objects.

While we’ve established a framework for multi-class classification, we’ve focused only

on the maximum likelihood solution. In Chapter 9, we’ll build upon these foundations to ex-

plore Bayesian treatments of logistic regression, which will allow us to quantify uncertainty in

our classifications. This extension is essential for scientific applications where understanding

confidence and error rates is crucial for drawing robust conclusions. The Bayesian approach

will require new techniques beyond those used for regression, as the non-Gaussian likelihood

introduced by the sigmoid/softmax function creates mathematical challenges not present in

linear regression.

As we move forward, the concepts from this chapter—particularly the information-

theoretic perspective and the probabilistic framework—will continue to inform our under-

standing of more advanced machine learning methods. The principles we’ve established

for multi-class classification serve as a foundation for sophisticated approaches to extract

meaningful patterns from astronomical data.

Further Readings: The development of multi-class classification methods represents an

important extension beyond binary approaches, with several key contributions shaping the
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field. Dietterich and Bakiri [1991] developed error-correcting output codes for multi-class

learning, with their treatment in Dietterich and Bakiri [1995] providing detailed theoretical

and practical guidance. The various decomposition methods, including One-vs-Rest and

One-vs-One approaches, were later unified by Allwein et al. [2001] who demonstrated their

connections within a margin-based framework. Fürnkranz [2002] contributed analysis of the

round robin approach, examining both computational and theoretical properties of pairwise

classification strategies. The theoretical foundations underlying the softmax function trace

to work by Luce [1959], whose choice axiom provided the probabilistic basis for modeling

multiple alternatives. McFadden [1973] made connections to econometric choice models,

contributing to the development of multinomial logistic regression, while Theil [1969] of-

fered alternative mathematical development of these concepts. For readers interested in

optimization approaches for these multi-class models, Dennis and Schnabel [1983] developed

numerical methods for the unconstrained optimization problems that arise, and Polyak and

Juditsky [1992] demonstrated how averaging in stochastic gradient methods could accelerate

convergence—work that proves particularly relevant for the large-scale multi-class problems

encountered in astronomical surveys.
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Chapter 9

Bayesian Logistic Regression

In previous chapters, we explored logistic regression for binary classification, learning

how to assign discrete class labels to astronomical objects. We discovered that the likeli-

hood function naturally transforms into cross-entropy loss, which we can optimize through

stochastic gradient descent to find maximum likelihood estimates of our model parameters.

This approach gives us a set of weights that convert input features into logits, which

in turn yield probabilities for class membership. These weights determine linear decision

boundaries between classes—for instance, separating stars from galaxies based on their pho-

tometric and morphological properties.

However, this maximum likelihood approach has a limitation that becomes particu-

larly problematic in astronomical applications. When we find the single “best” set of weights,

we’re assuming this decision boundary is optimal everywhere in feature space. But consider

what happens when two groups in our training data are well separated: based solely on this

training data, we could place the boundary anywhere in the gap between groups and achieve

similar performance on our training set.

This presents a serious issue when we encounter new objects that fall into these

sparsely sampled regions. The maximum likelihood solution might confidently classify an

unusual object, even though we have little evidence to support such confidence. In as-

tronomy, where we frequently encounter objects unlike anything in our training data, this

overconfidence can lead to systematic errors and missed discoveries.

The problem becomes more acute due to two constraints common in astronomical

273



274 Statistical Machine Learning for Astronomy — Y.-S. Ting

applications. First, we often have limited labeled data—obtaining spectroscopic classifica-

tions or detailed morphological labels requires expensive telescope time and expert analysis.

Second, our labeled data typically comes from biased sampling: astronomers naturally la-

bel objects that are easier to classify or more scientifically interesting, leaving gaps in our

coverage of transitional or unusual objects.

What we need is a classification method that expresses appropriate uncertainty when

it encounters data unlike what it was trained on. Rather than forcing confident predictions

in regions far from training examples, our model should indicate when it lacks sufficient

evidence for classification. This is where Bayesian logistic regression provides value.
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Figure 9.1: Comparison between standard and Bayesian approaches to logistic regression.
Left panel: The maximum likelihood solution produces a single confident decision bound-
ary that can lead to incorrect classifications in regions with sparse or no training data. The
yellow star indicates an object that is incorrectly classified with high confidence despite being
in a region without training examples. Right panel: The Bayesian approach acknowledges
uncertainty in the decision boundary, particularly in regions far from training data. The
purple contour lines show the predictive uncertainty (standard deviation), with higher val-
ues in areas where the model should be less confident. This illustrates how Bayesian logistic
regression naturally expresses uncertainty in regions of feature space that are poorly sam-
pled by training data, avoiding overconfident but incorrect classifications for novel objects.
This property is especially valuable in astronomical classification tasks where we frequently
encounter objects unlike anything in our training set.

The key insight is that instead of finding a single decision boundary, we should char-

acterize our uncertainty about where the boundary should be placed. This naturally leads
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to the Bayesian approach: rather than seeking point estimates of our model parameters, we

derive their full posterior distribution given the observed data.

You’ve seen this approach before in Chapter 5 with Bayesian linear regression. There,

we derived the posterior distribution of weights p(w|D) given the data D, which naturally

led to prediction uncertainties that grew larger for inputs far from our training data. The

same principle applies to classification: by sampling different decision boundaries from our

posterior, we can see how much our predictions vary in different regions of feature space.

However, Bayesian logistic regression presents new mathematical challenges that we

didn’t face in the linear case. The likelihood function involves the sigmoid transformation of

linear combinations of features, which creates a non-Gaussian posterior distribution. This

breaks the convenient conjugacy we enjoyed in Bayesian linear regression, where Gaussian

priors and likelihoods led to Gaussian posteriors with closed-form solutions.

We’ll address these challenges through a series of approximations that make the prob-

lem tractable while maintaining accuracy. First, we’ll use the Laplace approximation to rep-

resent the complex posterior as a Gaussian distribution centered at the maximum a posteriori

(MAP) estimate. Second, we’ll employ the probit approximation to compute predictive dis-

tributions analytically. While these might sound technical, we’ll develop them step by step,

showing how each approximation emerges naturally from the mathematical structure of the

problem.

The result is a classification framework that not only makes predictions but also

quantifies confidence in those predictions. This capability proves particularly valuable in as-

tronomical surveys, where understanding when our models are uncertain can be as important

as the classifications themselves.

9.1 Bayesian Logistic Regression: Mathematical For-

malism

To keep our mathematical development manageable, we’ll focus exclusively on binary

classification in this chapter. This allows us to build the core techniques and intuition without

the additional complexity of multi-class scenarios, which require more advanced methods like

Monte Carlo sampling that we’ll explore in later chapters.

Let’s begin by revisiting the standard binary logistic regression model, then see how
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the Bayesian perspective changes our approach.

Standard logistic regression review In binary logistic regression, we model the prob-

ability of class membership through the sigmoid function:

p(C1|x,w) = y = σ(wTx) =
1

1 + e−wTx
. (9.1)

The probability of the reference class follows automatically:

p(C0|x,w) = 1− p(C1|x,w) = 1− σ(wTx) =
e−wTx

1 + e−wTx
. (9.2)

Our likelihood function comes from the Bernoulli distribution:

p(t|w,X) =
N∏

n=1

ytnn (1− yn)(1−tn), (9.3)

where tn represents the true class label (0 or 1) for data point n, and yn = σ(wTxn) is our

model’s predicted probability.

In maximum likelihood estimation, we find the weights w that maximize this likeli-

hood, typically by minimizing the cross-entropy loss through gradient descent. This gives us

a single “best” set of weights that defines our decision boundary.

The Bayesian perspective The Bayesian approach fundamentally changes how we think

about the model parameters. Instead of seeking a single best model, we acknowledge that

given finite data, multiple decision boundaries could reasonably explain our observations.

Some boundaries might fit the training data slightly better, others slightly worse, but many

could be plausible given the evidence we have.

Consider an astronomical example: if our training data contains well-separated clus-

ters of stars and galaxies, many different linear boundaries could separate these clusters

perfectly. The maximum likelihood approach arbitrarily picks one, but the Bayesian ap-

proach asks: what’s the probability distribution over all reasonable boundaries?

This uncertainty in model parameters naturally propagates to our predictions. When

classifying a new object, rather than using a single boundary to make a confident predic-

tion, we should consider all plausible boundaries and see how much they agree. If they

largely agree, we can be confident in our classification. If they disagree, we should express
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uncertainty.

The mathematics of Bayesian inference provides a principled way to capture this

reasoning. We start by expressing our prior beliefs about the model parameters, update

these beliefs based on observed data, and use the resulting posterior distribution to make

predictions that appropriately reflect our uncertainty.

Prior specification To implement the Bayesian approach, we need to specify our prior

beliefs about the weights before seeing any data. A natural choice is a Gaussian prior:

p(w) = N (w|m0,S0), (9.4)

where m0 represents our prior belief about the most likely weight values, and S0 captures

our uncertainty in those beliefs.

This choice is mathematically convenient and often reasonable in practice. If we have

no strong prior knowledge about which features should be important, we might set m0 = 0,

expressing no preference for any particular decision boundary orientation. The covariance

matrix S0 then controls how strongly we believe in this neutrality—larger diagonal elements

indicate greater prior uncertainty about the corresponding weight values.

Posterior derivation Using Bayes’ theorem, we can compute the posterior distribution:

p(w|t,X) ∝ p(w) · p(t|w,X), (9.5)

which expands to:

p(w|t,X) ∝ N (w|m0,S0) ·
N∏

n=1

ytnn (1− yn)(1−tn). (9.6)

Here we encounter our first major challenge. In Bayesian linear regression, both

the prior and likelihood were Gaussian, leading to a Gaussian posterior with a closed-form

solution. But in logistic regression, the likelihood involves the sigmoid function, which

destroys this convenient mathematical structure.

The sigmoid function’s non-linear nature means our posterior is no longer Gaussian.

We can’t write down a simple formula for it, and we can’t easily sample from it or compute

predictions analytically. This is the price we pay for moving from regression (where outputs
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can be any real number) to classification (where outputs must be probabilities between 0

and 1).

Why the sigmoid breaks conjugacy To understand why this creates such a problem,

let’s compare the mathematical forms. In Bayesian linear regression, our posterior was

proportional to:

p(w|y,X) ∝ exp

(
−1

2
(w −m0)

TS−1
0 (w −m0)

)
·exp

(
− 1

2σ2
(y −Xw)T (y −Xw)

)
. (9.7)

Both terms are exponentials of quadratic forms in w, so their product is also an exponential

of a quadratic form—another Gaussian.

In logistic regression, our posterior is proportional to:

p(w|t,X) ∝ exp

(
−1

2
(w −m0)

TS−1
0 (w −m0)

)
·

N∏

n=1

σ(wTxn)
tn(1− σ(wTxn))

1−tn . (9.8)

The first term is still a quadratic form, but the second term involves products of sigmoid

functions—a much more complex expression that doesn’t reduce to any standard distribution.

This mathematical complexity is the central challenge of Bayesian logistic regression.

In the next section, we’ll see how the Laplace approximation provides a practical solution

by approximating this complex posterior with a Gaussian distribution.

9.2 Laplace Approximation: Intuition

The central insight of the Laplace approximation is surprisingly simple: near its peak,

any smooth probability distribution can be well-approximated by a Gaussian distribution.

This approximation becomes increasingly accurate as we gather more data, making it par-

ticularly valuable for Bayesian inference with moderate to large datasets.

Let’s build some intuition for why this works. Consider our complex posterior dis-

tribution p(w|t,X) with a peak at some location w0. If we zoom in closely enough around

this peak, the shape of the distribution begins to resemble a parabola in the log domain—or

equivalently, a Gaussian in the original domain.

A Gaussian distribution is completely characterized by its mean and covariance. In the

Laplace approximation, the mode of our posterior serves as the mean of our approximating



Statistical Machine Learning for Astronomy — Y.-S. Ting 279

−1 0 1 2 3 4 5
Parameter Value

0

1

2

3

4

P
os

te
ri

or
D

en
si

ty
True Posterior

Gaussian Approximation

Mode

Local Curvature

Figure 9.2: Visualization of the Laplace approximation principle. The true posterior distri-
bution (blue solid line) is non-Gaussian with asymmetric tails, which is typical for posteriors
in logistic regression with limited data. The Laplace approximation (orange dashed line)
produces a Gaussian that matches the true distribution at its mode (black dot) and captures
the local curvature around this peak. The approximation is determined by two key proper-
ties: (1) the location of the mode, which becomes the mean of the approximating Gaussian,
and (2) the curvature at the mode (second derivative of the log posterior), which determines
the variance of the Gaussian. This approach provides an excellent approximation near the
mode where most probability mass is concentrated, especially as the sample size increases
and the posterior becomes more concentrated.

Gaussian. The covariance is determined by the curvature at the peak—specifically, how

quickly the probability density falls off as we move away from the mode.

This curvature is measured by the second derivatives of the log posterior with respect

to the parameters. The sharper the peak (steeper curvature), the narrower our approximating

Gaussian will be. These two quantities—the location of the peak and the curvature at that

peak—fully capture the essential characteristics of our distribution near its maximum.

This approach works particularly well when two conditions are met:

• The true distribution has a single dominant mode (unimodal)
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• Most of the probability mass is concentrated near this mode

In the context of Bayesian logistic regression with a Gaussian prior, both conditions

are typically satisfied, especially as our dataset grows. With limited data, our posterior

might be quite diffuse, reflecting high uncertainty about model parameters. However, as we

gather more observations, the likelihood term representing our data increasingly dominates

the prior, causing our posterior to concentrate more tightly around its mode.

Consider how this applies to astronomical classification. With just a few observed

objects, many different decision boundaries could reasonably fit our data, resulting in a

spread-out posterior distribution. But with hundreds or thousands of classified objects, the

range of plausible boundaries narrows considerably. Our posterior becomes more concen-

trated and more Gaussian-like, making the Laplace approximation increasingly accurate.

Bernstein-von Mises Theorem This concentration effect reflects a deeper mathematical

principle known as the Bernstein-von Mises theorem. This result states that under mild

conditions, posteriors tend toward Gaussian distributions as sample size increases, regardless

of the chosen prior.

The theorem is closely related to the Central Limit Theorem. Just as the Central

Limit Theorem tells us that the sum of many independent random variables tends toward a

Gaussian distribution, the Bernstein-von Mises theorem shows that as we accumulate pos-

terior contributions from many data points, the resulting posterior distribution approaches

a Gaussian form centered at the true parameter value.

Each observation contributes information to our posterior, and the aggregate effect

of many observations produces a distribution that becomes increasingly Gaussian-shaped.

This property makes the Laplace approximation not just a mathematical convenience, but

a theoretically justified approach for Bayesian inference problems with substantial data.

The practical implication is encouraging: the more data we have, the more we can

trust our Laplace approximation. In astronomical surveys where we might have thousands

or millions of classified objects, this approximation becomes quite reliable. Even when

our data doesn’t perfectly follow the Gaussian assumptions we discussed in Chapter 7, the

Laplace approximation can still provide accurate uncertainty estimates for our classification

boundaries.

This sets up our approach for the remainder of the chapter. We’ll use the Laplace
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Figure 9.3: Visualization of the Bernstein-von Mises theorem, demonstrating why Laplace
approximation becomes increasingly accurate with larger sample sizes. Left panel: With
only 5 observations, the posterior distribution (blue) is noticeably asymmetric, and the
Gaussian approximation (orange dashed line) provides a poor fit, particularly in the tails.
Right panel: With 200 observations, the posterior becomes nearly indistinguishable from
a Gaussian distribution, making the Laplace approximation highly accurate. The vertical
green dashed line indicates the true parameter value. This convergence to normality occurs
regardless of the prior distribution, and extends to multivariate posteriors in models like
logistic regression.

approximation to convert our complex, non-Gaussian posterior into a tractable Gaussian

form. This will allow us to compute predictive distributions and quantify uncertainty in our

classifications, giving us the tools we need for responsible astronomical classification.

9.3 Laplace Approximation: Mathematical Formalism

Now let’s formalize our intuition mathematically. We’ll first develop the Laplace

approximation in general terms, then apply it specifically to our Bayesian logistic regression

problem.

Suppose we have a probability distribution p(z) that is complex and non-Gaussian,

but has a clear peak (mode). In Bayesian inference, we often encounter situations where we

only know this distribution up to a normalization constant:

p(z) =
f(z)

Z
, (9.9)

where f(z) is the unnormalized density and Z =
∫
f(z)dz is the normalization constant.
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This is particularly common in Bayesian statistics where, by Bayes’ theorem:

p(z|data) = p(data|z)p(z)
p(data)

. (9.10)

The denominator p(data), also known as the evidence, is often difficult or impossible to

compute analytically. The Laplace approximation allows us to work directly with the un-

normalized density f(z) = p(data|z)p(z), bypassing the need to calculate this normalization

constant.

The strategy is to approximate f(z) near its peak using a quadratic function in the

log domain. Since the logarithm of a Gaussian distribution has exactly this quadratic form,

our approximation will correspond to a Gaussian when we exponentiate back to the original

scale.

Finding the mode We begin by locating the mode of our distribution—the point where

the probability density reaches its maximum value. Mathematically, this is where the deriva-

tive of our function f(z) equals zero:

d

dz
f(z)

∣∣∣∣
z=z0

= 0. (9.11)

This is equivalent to finding where the derivative of the log-density equals zero:

d

dz
ln f(z)

∣∣∣∣
z=z0

= 0. (9.12)

Working with the logarithm is often more convenient, as it transforms products into sums

and simplifies our calculations.

Analyzing local behavior Once we’ve identified the mode z0, we want to understand

how the distribution behaves in its vicinity. The key insight is that near its peak, almost

any smooth function can be well-approximated by a quadratic function.

To formalize this, we use a second-order Taylor expansion of the log-density around

the mode:

ln f(z) ≈ ln f(z0) +
d

dz
ln f(z)

∣∣∣∣
z=z0

(z − z0) +
1

2

d2

dz2
ln f(z)

∣∣∣∣
z=z0

(z − z0)2. (9.13)
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Since z0 is a maximum, the first derivative term equals zero, simplifying our expression

to:

ln f(z) ≈ ln f(z0) +
1

2

d2

dz2
ln f(z)

∣∣∣∣
z=z0

(z − z0)2. (9.14)

At a maximum, the second derivative is negative, indicating the downward curvature

of our function. For convenience, we define:

A = − d2

dz2
ln f(z)

∣∣∣∣
z=z0

. (9.15)

This positive value A represents the sharpness of the peak. With this definition, our

approximation becomes:

ln f(z) ≈ ln f(z0)−
1

2
A(z − z0)2. (9.16)

Constructing the Gaussian approximation When we compare our quadratic approxi-

mation with the log of a Gaussian distribution, we notice that they have the same structure.

The correspondence becomes clear:

• The mode z0 corresponds to the Gaussian mean µ

• The curvature parameter A corresponds to the Gaussian precision 1/σ2

To convert our log-density approximation back to a density function, we exponentiate

both sides:

f(z) ≈ f(z0) exp

(
−1

2
A(z − z0)2

)
. (9.17)

This expression has the form of an unnormalized Gaussian distribution. The constant

factor f(z0) does not affect the shape of the distribution—it only scales the overall height.

When we normalize to obtain a proper probability distribution, this constant factor gets

absorbed into the normalization constant.

After normalization, we obtain:

q(z) = N (z|z0, A−1) =

√
A

2π
exp

(
−1

2
A(z − z0)2

)
. (9.18)

To summarize the Laplace approximation procedure:
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1. Find the mode z0 of the distribution (where the first derivative equals zero)

2. Calculate the second derivative at the mode to determine A = − d2

dz2
ln f(z)

∣∣∣
z=z0

3. Construct a Gaussian approximation with mean z0 and variance A−1

Multivariate Extension For our Bayesian logistic regression problem where we have

multiple weight parameters, we need to extend this approach to multiple dimensions. The

procedure remains conceptually the same, with vectors and matrices replacing scalars.

We begin by finding the mode z0 where the gradient of the log density vanishes:

∇ ln f(z)
∣∣∣
z=z0

= 0. (9.19)

Next, we approximate the log density around the mode using a second-order Taylor

expansion:

ln f(z) ≈ ln f(z0) + (z− z0)
T∇ ln f(z)

∣∣∣
z=z0

+
1

2
(z− z0)

T∇∇ ln f(z)
∣∣∣
z=z0

(z− z0). (9.20)

Since z0 is the mode, the gradient term vanishes, leaving us with:

ln f(z) ≈ ln f(z0) +
1

2
(z− z0)

TH(z− z0). (9.21)

The matrix H is the Hessian matrix of second derivatives:

H = ∇∇ ln f(z)
∣∣∣
z=z0

, (9.22)

where each element is:

Hij =
∂2 ln f(z)

∂zi∂zj

∣∣∣
z=z0

. (9.23)

This matrix captures the curvature of the log density in all directions. Since we’re at

a maximum, this Hessian matrix is negative definite, meaning the curvature is downward in

all directions.

Following our univariate approach, we define A = −H (the negative Hessian), which
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is positive definite at a maximum. Our approximation becomes:

ln f(z) ≈ ln f(z0)−
1

2
(z− z0)

TA(z− z0). (9.24)

Exponentiating both sides:

f(z) ≈ f(z0) exp

(
−1

2
(z− z0)

TA(z− z0)

)
. (9.25)

This is an unnormalized multivariate Gaussian. The complete normalized approxi-

mation becomes:

q(z) =
|A|1/2
(2π)d/2

exp

(
−1

2
(z− z0)

TA(z− z0)

)
= N (z|z0,A−1), (9.26)

where |A| is the determinant of A and d is the dimensionality of z.

The normalization constant ensures that the probability density integrates to one

over the entire parameter space, with the determinant term accounting for how the precision

matrix A scales volumes in this space.

Now that we have the general mathematical framework, we can apply it specifically

to our Bayesian logistic regression problem, which we’ll tackle in the next section.

9.4 Applying Laplace Approximation to Bayesian Lo-

gistic Regression

Now that we’ve established the general framework for Laplace approximation, let’s

apply it specifically to our Bayesian logistic regression problem. This application will allow us

to quantify uncertainty in our classification boundaries—a crucial capability when working

with astronomical data where observations may be sparse or unevenly distributed across

parameter space.

Setting up the correspondence We need to map our general Laplace approximation

framework to the specific case of logistic regression. The correspondences are:

• z corresponds to our weight vector w



286 Statistical Machine Learning for Astronomy — Y.-S. Ting

• f(z) corresponds to our unnormalized posterior p(w) · p(t|w,X)

• z0 corresponds to the maximum a posteriori (MAP) estimate wMAP

Before proceeding, let’s clarify what we mean by the MAP estimate. MAP stands

for Maximum A Posteriori, which extends the familiar concept of Maximum Likelihood

Estimation (MLE) by incorporating prior beliefs about the parameters. While MLE finds the

parameter values that maximize the likelihood function p(D|w), MAP finds the parameter

values that maximize the posterior probability:

wMAP = argmax
w

p(w|D) = argmax
w
{p(D|w)p(w)}. (9.27)

In other words, MAP balances the information from our data with our prior knowl-

edge. When the prior is uniform (expressing no preference for particular parameter values),

the MAP estimate reduces exactly to the MLE. However, with informative priors, MAP can

be particularly valuable when working with limited datasets.

Components of our posterior Our unnormalized posterior combines the prior and like-

lihood terms. For the prior, we assume a multivariate Gaussian distribution:

p(w) = N (w|m0,S0) =
1

(2π)d/2|S0|1/2
exp

(
−1

2
(w −m0)

TS−1
0 (w −m0)

)
. (9.28)

The likelihood from our binary classification model is:

p(t|w,X) =
N∏

n=1

σ(wTxn)
tn(1− σ(wTxn))

1−tn . (9.29)

Taking the logarithm of the posterior, we get:

ln p(w|t,X) = ln p(w) + ln p(t|w,X) (9.30)

= −1

2
(w −m0)

TS−1
0 (w −m0) +

N∑

n=1

[tn lnσ(w
Txn) + (1− tn) ln(1− σ(wTxn))].

(9.31)

Here m0 represents our prior belief about the most likely weight values, and S0 cap-
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tures our uncertainty in those beliefs before seeing any data. The second term is the familiar

cross-entropy term we encountered in maximum likelihood estimation.

Finding the MAP estimate Following our Laplace approximation procedure, we first

need to find wMAP, the weight vector that maximizes this log posterior. We compute the

gradient of the log posterior with respect to w and set it to zero.

The gradient combines contributions from the prior and likelihood:

∇ ln p(w|t,X) = ∇ ln p(w) +∇ ln p(t|w,X). (9.32)

For the Gaussian prior, the gradient is:

∇ ln p(w) = ∇
[
−1

2
(w −m0)

TS−1
0 (w −m0)

]
(9.33)

= −S−1
0 (w −m0). (9.34)

For the log likelihood, we can use our result from Chapter 7:

∇ ln p(t|w,X) =
N∑

n=1

(tn − σ(wTxn))xn. (9.35)

This is precisely the gradient we used in stochastic gradient descent for logistic regression,

where (tn − σ(wTxn)) represents the prediction error for each data point.

Combining these terms and setting the gradient to zero:

∇ ln p(w|t,X) = −S−1
0 (w −m0) +

N∑

n=1

(tn − σ(wTxn))xn = 0. (9.36)

This equation has an interesting interpretation. The left-hand side represents the

“pull” of the prior—how strongly our prior beliefs encourage the weights to stay close to

m0. The right-hand side represents the “pull” of the data, with each data point contributing

based on the prediction error (tn − σ(wTxn)) and its feature vector xn.

Unlike the linear regression case, this equation doesn’t have a closed-form solution

due to the nonlinearity introduced by the sigmoid function. We need to use gradient descent
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to find wMAP:

w(t+1) = w(t) + η∇ ln p(w(t)|t,X) (9.37)

where η is the learning rate. Note the positive sign before the gradient term, since we’re

climbing up the posterior distribution to find its maximum, rather than descending to find

a minimum.

Computing the Hessian Once we’ve found wMAP through gradient descent, we can

proceed with the Laplace approximation. This requires us to characterize the curvature of

the log posterior at this maximum point by computing the Hessian matrix.

The Hessian is the matrix of second derivatives with respect to the weights:

H = ∇∇ ln p(w|t,X) (9.38)

= ∇∇ ln p(w) +∇∇ ln p(t|w,X). (9.39)

For the prior term, the second derivative is straightforward:

∇∇ ln p(w) = ∇∇
[
−1

2
(w −m0)

TS−1
0 (w −m0)

]
(9.40)

= −S−1
0 . (9.41)

For the likelihood term, we need to compute the second derivative of:

∇ ln p(t|w,X) =
N∑

n=1

(tn − σ(wTxn))xn. (9.42)

Taking the derivative with respect to w again:

∇∇ ln p(t|w,X) =
N∑

n=1

[
−dσ(w

Txn)

d(wTxn)

d(wTxn)

dw
xn

]
(9.43)

=
N∑

n=1

[
−σ(wTxn)(1− σ(wTxn))xnx

T
n

]
(9.44)

= −
N∑

n=1

σ(wTxn)(1− σ(wTxn))xnx
T
n . (9.45)
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Combining the prior and likelihood terms, the Hessian of the log posterior is:

H = −S−1
0 −

N∑

n=1

σ(wTxn)(1− σ(wTxn))xnx
T
n . (9.46)

For the Laplace approximation, we need the negative of the Hessian evaluated at

wMAP:

A = −H|w=wMAP
= S−1

0 +
N∑

n=1

σ(wT
MAPxn)(1− σ(wT

MAPxn))xnx
T
n . (9.47)

Interpreting the precision matrix This matrix A represents the precision (inverse co-

variance) of our Gaussian approximation to the posterior. It consists of two terms: the

prior precision matrix S−1
0 , which represents our uncertainty before seeing any data, and a

data-dependent term that incorporates information from our observations.

Looking at the data-dependent term more closely, each data point contributes based

on its features xn and the term σ(wT
MAPxn)(1 − σ(wT

MAPxn)). This term has a maximum

value of 0.25 when σ(wT
MAPxn) = 0.5—precisely at the decision boundary where the model

is most uncertain about the classification.

This makes intuitive sense: points near the boundary provide the most information

about where exactly the boundary should be placed. Even small shifts in the boundary

would affect the classification of these points. In contrast, points far from the boundary

contribute little to pinpointing the exact boundary location—shifting the boundary slightly

wouldn’t change their classification.

The final approximation With wMAP and A determined, our Gaussian approximation

to the posterior becomes:

q(w) = N (w|wMAP,A
−1). (9.48)

This approximation gives us a tractable representation of the distribution over pos-

sible decision boundaries. The covariance matrix A−1 encodes our uncertainty about the

weights—larger values along the diagonal indicate greater uncertainty in the corresponding

parameters, while off-diagonal elements capture parameter correlations.

The magnitude of A reflects our overall confidence in the model parameters. As

we collect more data points near the decision boundary, the magnitude of A increases,
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Figure 9.4: Illustration of how boundary points affect uncertainty in Bayesian logistic regres-
sion. Left panel: With only the original data points, there is significant uncertainty in the
decision boundary, shown by the wide purple uncertainty region and the spread of possible
boundaries. Right panel: After adding data points specifically near the decision boundary
(triangular markers), the uncertainty region narrows significantly, and possible boundaries
become more tightly clustered. This demonstrates why points near the decision boundary
provide the most information about model parameters. The information value of a data point
is proportional to σ(wT

MAPxn)(1 − σ(wTxn)), which is maximized when σ(wT
MAPxn) = 0.5

(exactly at the boundary) and approaches zero for points far from the boundary.

corresponding to a smaller covariance matrix A−1 and less uncertainty in our parameters.

This relationship aligns with our intuition: the more informative data points we have, the

more confident we should be about our model parameters.

However, even with many data points, if they are all far from the boundary, we might

still have considerable uncertainty about the exact boundary location. This is why a well-

designed training set for astronomical classification should ideally include objects spanning

the full range of feature space, including those near potential boundaries between classes.

With our Gaussian approximation of the posterior in hand, we can now tackle the

final challenge: computing predictions that account for parameter uncertainty. This leads

us to the predictive distribution, which we’ll explore in the next section.
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9.5 Predictive Distribution of Bayesian Logistic Re-

gression

In the previous section, we developed the Laplace approximation for Bayesian logistic

regression, which allowed us to approximate the posterior distribution over our weights with

a Gaussian:

q(w) = N (w|wMAP,A
−1). (9.49)

This posterior distribution represents a key advantage of the Bayesian approach:

rather than committing to a single decision boundary as in traditional logistic regression,

we now have a distribution over possible boundaries. Each set of weights w sampled from

this posterior corresponds to a different decision boundary, and each will assign a different

probability to a new object belonging to a particular class.

Consider classifying a new astronomical object: one boundary might assign it a 70%

probability of being a star, while another might assign only 40%. This variation reflects our

uncertainty in the true decision boundary, especially in regions of feature space with sparse

training data. While we could examine the full distribution of these probability assignments,

our goal is usually to make a single prediction that accounts for this uncertainty.

Predictive distribution formulation This leads us to the predictive distribution—the

probability of a class label for a new input point, obtained by integrating over all possible

model parameters weighted by their posterior probability. Rather than arbitrarily selecting

one boundary, we consider all plausible boundaries simultaneously, with each contributing

according to its posterior probability.

For a new input x∗, the predictive distribution for class 1 is given by:

p(y∗ = 1|x∗,D) =
∫
p(y∗ = 1|x∗,w)p(w|D)dw. (9.50)

This integral represents a weighted average over all possible model parameters, with

each model’s prediction weighted by its posterior probability. The term p(y∗ = 1|x∗,w) is

our sigmoid function σ(wTx∗), while p(w|D) is our posterior distribution over weights.
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Using our Gaussian approximation to the posterior, we get:

p(y∗ = 1|x∗,D) ≈
∫
σ(wTx∗)N (w|wMAP,A

−1)dw. (9.51)
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Figure 9.5: Bayesian logistic regression illustrated through multiple decision boundaries
sampled from the posterior distribution. Each purple line represents a possible decision
boundary according to the posterior, while the bold black line shows the MAP estimate.
The yellow star indicates a test point in an uncertain region, with the inset histogram
displaying the distribution of predictions from all sampled models. Unlike standard logistic
regression which produces a single confident boundary, the Bayesian approach naturally
quantifies uncertainty through this distribution of predictions. Note how predictions span
both classes (blue for Stars, red for Galaxies), reflecting genuine ambiguity in regions far
from training data.

Let’s understand what this integral represents. For a new input point x∗, we want

to predict its probability of belonging to class 1. This probability depends on the sigmoid

function σ(wTx∗), which maps the linear combination of features and weights to a probability
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between 0 and 1.

Since we’re uncertain about the true weights w, we need to average this probability

over all possible weights, weighted by how likely each set of weights is according to our

posterior distribution. This averaging process is exactly what the integral accomplishes—it’s

a weighted average of the sigmoid function over all possible weight values from the posterior.

While we’ve made progress by approximating the posterior with a Gaussian, we now

face another challenge: this integral still doesn’t have a closed-form solution. The diffi-

culty arises from the sigmoid function σ(wTx∗)—its nonlinear form doesn’t combine with

Gaussians in a way that allows direct analytical integration.

However, there’s a strategy we can take. We can make this integral tractable by first

reducing its dimensionality, then approximating the sigmoid function with a closely related

function that does allow for analytical integration with Gaussians.

Dimensional reduction The predictive distribution requires integrating over the entire

high-dimensional weight space, but do we actually need all that information? For classifi-

cation, what truly matters is the logit value a = wTx∗. This single number determines the

class probability through the sigmoid function and represents the signed distance from the

point to the decision boundary.

Here’s the key insight: many different weight vectors w can produce exactly the same

logit value a for a given input x∗. Specifically, if we add any vector perpendicular to x∗ to

our weight vector, the logit value doesn’t change:

(w +w⊥)
Tx∗ = wTx∗ +wT

⊥x
∗ = wTx∗ = a, (9.52)

where wT
⊥x

∗ = 0 by definition.

This means that weight vectors forming a hyperplane perpendicular to x∗ all map to

the same logit value a. Since w follows a Gaussian distribution, and a = wTx∗ is a linear

combination of the components of w, we know that a also follows a Gaussian distribution.

The mean and variance of this Gaussian distribution for a are:

µa = wT
MAPx

∗, (9.53)

σ2
a = x∗TA−1x∗. (9.54)
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Figure 9.6: Visualization of the dimensionality reduction from weight space to logit space
in Bayesian logistic regression. Panel (a) shows the 2D weight space where each point
represents a possible weight vectorw. The blue arrow indicates the direction of the test point
x∗, while the green dashed arrow shows the direction perpendicular to x∗. The dashed lines
represent iso-a contours, where all weight vectors along a given contour yield the same value
of a = wTx∗. Panel (b) presents the same relationship as a 3D surface, where the height
corresponds to the value of a, with red dashed lines highlighting constant-a contours. This
geometric perspective explains why we can simplify the integration from the high-dimensional
weight space to a one-dimensional integral over a: many different weight vectors map to the
same scalar a value, and for logistic regression, the prediction depends only on this scalar.
This insight enables the mathematical transformation

∫
σ(wTx∗)p(w|D)dw =

∫
σ(a)p(a)da,

dramatically simplifying the computation of the predictive distribution.

Therefore, a ∼ N (µa, σ
2
a).

This is a powerful result: althoughw is a complex, high-dimensional Gaussian random

variable, the single quantity a = wTx∗ that determines our prediction follows a simple one-

dimensional Gaussian distribution.

Our original predictive distribution integral becomes:

p(y∗ = 1|x∗,D) ≈
∫
σ(a)N (a|µa, σ

2
a)da. (9.55)

This simplification is remarkable—we’ve reduced a potentially very high-dimensional

integral to a one-dimensional integral! The mean µa = wT
MAPx

∗ represents our best estimate

of the logit value, while the variance σ2
a = x∗TA−1x∗ quantifies our uncertainty about this
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estimate.

In practical applications, weight vectors might have hundreds or thousands of di-

mensions, making direct integration over the weight space computationally infeasible. By

reducing to a one-dimensional integral, we’ve made the problem tractable while preserving

all the information relevant for classification.

The remaining challenge Despite this dramatic simplification, we still face a challenge

because the sigmoid function σ(a) doesn’t combine with the Gaussian in a way that permits

analytical integration. Our remaining one-dimensional integral:

p(y∗ = 1|x∗,D) ≈
∫
σ(a)N (a|µa, σ

2
a)da (9.56)

represents our final computational hurdle.

If we can solve this integral, we’ll have a complete solution for the predictive distri-

bution in Bayesian logistic regression, allowing us to make predictions that properly account

for parameter uncertainty. The key insight, which we’ll explore in the next section, is to

replace the sigmoid function with a closely related function that does allow for analytical

integration with Gaussians: the probit function.

9.6 The Probit Approximation

In the previous section, we simplified our predictive distribution integral to a one-

dimensional form:

p(y∗ = 1|x∗,D) ≈
∫
σ(a)N (a|µa, σ

2
a)da. (9.57)

Despite this simplification, we still face a challenge: there is no analytical solution

for this integral. The sigmoid function σ(a) and the Gaussian distribution don’t combine

in a way that allows for direct integration. We need a creative approach to make further

progress.

The key insight is to replace the sigmoid function with a similar function that does

allow for analytical integration with a Gaussian. This function is the probit function, denoted

as Φ(x), which is the cumulative distribution function (CDF) of the standard Gaussian

distribution.
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Understanding the probit function While we typically work with probability density

functions (PDFs) that describe the relative likelihood of different values, the CDF gives us

the probability of observing a value less than or equal to x. The probit function is obtained

by integrating the standard normal PDF:

Φ(x) =

∫ x

−∞
N (t|0, 1)dt. (9.58)

We can scale this function with a parameter λ, giving us Φ(λx):

Φ(λx) =

∫ λx

−∞
N (t|0, 1)dt. (9.59)

This scaling is equivalent to working with a random variable Z ∼ N (0, 1/λ2), since:

P (Z < x) = P (X < λx) = Φ(λx) (9.60)

where X ∼ N (0, 1) and Z = X/λ.
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Figure 9.7: The probit function as the cumulative distribution function (CDF) of the stan-
dard normal distribution. Panel (a) shows the unit normal probability density function
(PDF) N (x|0, 1). The shaded orange area represents the cumulative probability up to x = 1,
which equals Φ(1) = 0.841. Panel (b) displays the probit function Φ(x), which is the CDF
of the standard normal distribution. For any value x, the probit function Φ(x) gives the
probability mass contained in the normal distribution up to that point.

The probit function shares several important properties with the sigmoid: both map

the real line to the interval (0, 1), both are monotonically increasing with an S-shaped curve,
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and both approach 0 as x → −∞ and 1 as x → ∞. Visually, they appear quite similar,

which suggests one might serve as a good approximation for the other.

Key mathematical property What makes the probit function particularly valuable for

our problem is a mathematical property: when multiplied by a Gaussian and integrated, it

yields another probit function:

∫
Φ(λa)N (a|µ, σ2)da = Φ

(
λµ√

1 + λ2σ2

)
. (9.61)

This result is exactly what we need to solve our predictive distribution integral.

Let’s understand where this identity comes from through an approach that uses prop-

erties of random variables. Consider two independent random variables:

• X ∼ N (0, 1/λ2) (a scaled standard normal distribution)

• Y ∼ N (µ, σ2) (our Gaussian from the integral)

We can express the identity in terms of the probability that X is less than Y . This

probability can be calculated in two different ways, which must give the same result.

First approach: We compute P (X < Y ) by looking at their difference X − Y . Since

X and Y are independent Gaussian random variables, their difference is also Gaussian:

• The mean of the difference is: E[X − Y ] = 0− µ = −µ

• The variance of the difference is: Var[X − Y ] = 1/λ2 + σ2

Therefore:

X − Y ∼ N (−µ, 1/λ2 + σ2). (9.62)

The probability that X − Y < 0 is:

P (X − Y < 0) = P (X < Y ) (9.63)

= Φ

(
µ√

1/λ2 + σ2

)
(9.64)

= Φ

(
λµ√

1 + λ2σ2

)
. (9.65)



298 Statistical Machine Learning for Astronomy — Y.-S. Ting

Second approach: We calculate the same probability by conditioning on the value of

Y . For each possible value y that Y could take:

• The probability that X < y is Φ(λy)

• We weight this by the probability density of Y being equal to y

• We integrate over all possible values of y

This gives us:

P (X < Y ) =

∫ ∞

−∞
Φ(λy)N (y|µ, σ2)dy. (9.66)

Since both approaches must yield the same probability, we can equate them:

∫
Φ(λa)N (a|µ, σ2)da = Φ

(
λµ√

1 + λ2σ2

)
. (9.67)

Sigmoid approximation Now that we have this powerful identity for integrating probit

functions with Gaussians, we can use it to solve our predictive distribution integral. However,

we first need to approximate the sigmoid function using a scaled probit function:

σ(a) ≈ Φ(λa). (9.68)

To determine the optimal value of λ, we can match the derivatives of the sigmoid and

probit functions at a = 0. The sigmoid function’s derivative is:

d

da
σ(a) = σ(a)(1− σ(a)) = e−a

(1 + e−a)2
. (9.69)

At a = 0, this equals 1/4. For the probit function:

d

da
Φ(λa) = λϕ(λa) =

λ√
2π
e−λ2a2/2. (9.70)

where ϕ(x) is the standard normal probability density function. At a = 0, this equals λ/
√
2π.

Equating these derivatives:
1

4
=

λ√
2π

=⇒ λ =

√
π

8
. (9.71)

This value of λ ensures that both functions have identical slopes at the decision bound-
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ary (a = 0), providing optimal local approximation where it matters most for classification.
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Figure 9.8: Comparison of the sigmoid function σ(x) with different scaled probit functions
Φ(λx). The optimal scaling factor λ =

√
π/8 ≈ 0.63 (red dashed line) provides the best

overall approximation to the sigmoid function (blue solid line). This scaling factor is derived
by matching the derivatives of both functions at x = 0, where they cross the probability value
of 0.5. The inset shows the absolute error for each approximation across the input range,
demonstrating that the optimal scaling minimizes the maximum error. Alternative scaling
factors that are either too small (λ = 0.4, green) or too large (λ = 0.9, orange) produce
poorer approximations. This optimal approximation enables us to transform the intractable
sigmoid-Gaussian integral in the predictive distribution into an analytically solvable probit-
Gaussian integral while maintaining high accuracy, particularly near the decision boundary.

The resulting approximation is:

σ(a) ≈ Φ

(√
π

8
a

)
. (9.72)

Solving the predictive distribution With our probit approximation in hand, we can

now tackle the predictive distribution integral. We substitute our scaled probit function for
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the sigmoid:

p(y∗ = 1|x∗,D) ≈
∫

Φ

(√
π

8
a

)
N (a|µa, σ

2
a)da. (9.73)

We can directly apply our integration formula with λ =
√
π/8:

∫
Φ

(√
π

8
a

)
N (a|µa, σ

2
a)da = Φ

( √
π/8 · µa√

1 + (π/8)σ2
a

)
. (9.74)

To maintain consistency with our original framework, we can convert this result back

to the sigmoid function. Using our approximation in reverse:

Φ

( √
π/8 · µa√

1 + (π/8)σ2
a

)
≈ σ

(
µa√

1 + πσ2
a/8

)
. (9.75)

This gives us our final expression for the predictive distribution:

p(y∗ = 1|x∗,D) ≈ σ

(
µa√

1 + πσ2
a/8

)
. (9.76)

The uncertainty factor To make this expression more intuitive, let’s define an “uncer-

tainty factor” κ(σ2
a) = (1 + πσ2

a/8)
−1/2. This allows us to write:

p(y∗ = 1|x∗,D) ≈ σ(κ(σ2
a) · µa). (9.77)

Substituting our original expressions for µa and σ2
a:

p(y∗ = 1|x∗,D) ≈ σ
(
κ(x∗TA−1x∗) ·wT

MAPx
∗) . (9.78)

This formula contains the key insight of Bayesian logistic regression. Compared to

standard logistic regression, which predicts σ(wT
MAPx

∗), the Bayesian approach introduces

the uncertainty factor κ(σ2
a) that modifies our prediction based on how uncertain we are

about the model parameters.

Since κ(σ2
a) is always between 0 and 1, it dampens the logit value before applying the

sigmoid function. When our uncertainty σ2
a is small (we’re confident about our parameters),
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κ(σ2
a) ≈ 1 and we recover the standard logistic regression prediction. When our uncertainty

is large, κ(σ2
a) becomes small, pushing our prediction toward 0.5 (maximum uncertainty).

This uncertainty factor provides exactly what we wanted: a principled way to express

less confidence when classifying objects in regions of feature space where we have little

training data. In the next section, we’ll explore the properties and implications of this result

for astronomical classification tasks.

9.7 Properties of Bayesian Logistic Regression

Now that we have derived the predictive distribution for Bayesian logistic regression,

let’s explore its properties and implications for astronomical applications. The formula we

derived provides a principled way to incorporate parameter uncertainty into our classifica-

tions, leading to more calibrated probability estimates.

Comparison with standard logistic regression Let’s begin by comparing our Bayesian

predictive distribution with standard logistic regression. In standard logistic regression, our

prediction is simply:

p(y∗ = 1|x∗,wMAP) = σ(wT
MAPx

∗). (9.79)

This gives a single prediction based on our best estimate of the model parameters.

In contrast, our Bayesian approach gives:

p(y∗ = 1|x∗,D) ≈ σ(κ(σ2
a) ·wT

MAPx
∗), (9.80)

where κ(σ2
a) = (1 + πσ2

a/8)
−1/2 and σ2

a = x∗TA−1x∗.

The key difference is the uncertainty factor κ(σ2
a), which modulates our prediction

based on our uncertainty about the model parameters. This seemingly small addition has

important implications for classification tasks.

Properties of the uncertainty factor Let’s examine the behavior of this uncertainty

factor:

First, κ(σ2
a) is always between 0 and 1. Since σ2

a is a variance term, it is always

non-negative, making the denominator always greater than or equal to 1. When σ2
a = 0 (no

uncertainty), κ(0) = 1, and our Bayesian prediction reduces exactly to the standard logistic
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regression prediction. As σ2
a increases, κ(σ2

a) decreases toward 0.

Second, the uncertainty factor decreases monotonically as our uncertainty increases.

This makes intuitive sense—the less certain we are about our model parameters, the more

we should temper our predictions.

Third, when κ(σ2
a) multiplies the logit value before applying the sigmoid function, it

pushes predictions toward 0.5 (maximum uncertainty). For example:

• If wT
MAPx

∗ = 2 (strong positive prediction), then σ(2) ≈ 0.88

• With κ(σ2
a) = 0.5, we get σ(0.5 · 2) = σ(1) ≈ 0.73

• With κ(σ2
a) = 0.2, we get σ(0.2 · 2) = σ(0.4) ≈ 0.60

As κ(σ2
a) approaches 0, our prediction approaches 0.5, reflecting maximum uncertainty.

This behavior is symmetric: if wT
MAPx

∗ is negative (favoring class 0), the uncertainty

factor will push the prediction upward toward 0.5. This ensures that uncertainty always

moves predictions toward the middle, regardless of which class is initially favored.

Geometric interpretation What determines the value of σ2
a = x∗TA−1x∗? Recall that

A is the precision matrix of our approximate posterior:

A = S−1
0 +

N∑

n=1

σ(wT
MAPxn)(1− σ(wT

MAPxn))xnx
T
n . (9.81)

The term σ(wT
MAPxn)(1 − σ(wT

MAPxn)) reaches its maximum of 0.25 when the pre-

dicted probability is 0.5, which occurs near the decision boundary. Therefore, training points

near the boundary contribute more strongly to A.

For a new point x∗, the value σ2
a represents a quadratic form with A−1. When x∗ is

far from the training data, it will have low similarity (as measured by inner products) with

the training points xn. Consequently, the contributions to A in the direction of x∗ will be

small, making the corresponding elements of A−1 large. This results in a larger value of σ2
a,

reflecting increased uncertainty in regions distant from training data.

Consider what this means geometrically. In a two-dimensional feature space with

separated clusters of training points, standard logistic regression gives us a linear decision
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Figure 9.9: Comparison of standard and Bayesian logistic regression predictions. Panel (a)
shows the standard logistic regression probability contours with a sharp decision boundary
and increasing confidence away from the boundary regardless of data density. Panel (b)
shows Bayesian logistic regression probability contours, which feature a more gradual tran-
sition between classes in regions far from training data. Panel (c) visualizes the difference
between Bayesian and standard predictions, with blue regions indicating where Bayesian
predicts lower probabilities (more likely to be stars) and red regions indicating higher prob-
abilities (more likely to be galaxies) compared to standard logistic regression. The white
regions in the center show where predictions are pulled toward 0.5 (maximum uncertainty).
This occurs in the sparse regions between and away from the training clusters, illustrating
how the uncertainty factor κ(σ2

a) naturally provides a measure of confidence that depends on
the distribution of training data. The decision boundary in Bayesian logistic regression (red
dashed line) is essentially identical to the standard approach (blue solid line) where data is
plentiful, but the confidence in predictions away from data is appropriately reduced.

boundary. As we move away from this boundary in either direction, our confidence in-

creases monotonically—even in regions far from any training data where such confidence is

unjustified.

Bayesian logistic regression behaves differently. Near the training data, where σ2
a

is small, predictions closely resemble standard logistic regression. But as we venture into

regions with little or no training data, σ2
a increases, causing κ(σ2

a) to decrease. This pushes

our predictions toward 0.5, appropriately reflecting our growing uncertainty.

The result is a more nuanced decision boundary that becomes increasingly “soft” as we

move away from the training data. Rather than a sharp boundary extending indefinitely into

unexplored regions of feature space, we have a boundary that acknowledges our uncertainty

about regions where evidence is scarce.
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Astronomical applications This behavior of Bayesian logistic regression proves partic-

ularly valuable in astronomical classification tasks, where we frequently encounter objects

outside the parameter ranges represented in our training data. Consider classifying galaxies

as either spiral or elliptical based on morphological features.

In traditional logistic regression, if our training set consists primarily of typical spiral

and elliptical galaxies, the model might assign high confidence to classifications of unusual or

intermediate objects, even though such confidence is unwarranted. A model might classify

a peculiar galaxy with 99% confidence, even if nothing remotely similar appeared in the

training data.

Bayesian logistic regression naturally avoids this pitfall. When presented with a

galaxy unlike any in the training set, the model’s uncertainty will increase, reflected in a

prediction closer to 0.5. This uncertainty signal is valuable for astronomers, as it highlights

objects that merit closer inspection or might represent new or transitional types.

Beyond identifying unusual objects, this approach offers several advantages for astro-

nomical applications:

First, it prevents overconfident classifications for novel objects. This is crucial in sur-

vey science, where we often need to classify millions of objects automatically. Overconfidence

can lead to systematic biases in derived statistics or hide interesting outliers. By express-

ing appropriate uncertainty for novel objects, Bayesian logistic regression helps astronomers

identify where manual follow-up is needed versus where automated classification is reliable.

Second, it helps identify boundary cases that may represent transitional or new ob-

ject types. Many astronomical discoveries occur at the boundaries between established cat-

egories—galaxies in transformation, stars in unusual evolutionary states, or entirely new

classes of objects. By highlighting regions of parameter space with high uncertainty, Bayesian

logistic regression can help identify these scientifically valuable boundary cases.

Third, it provides a principled way to handle class overlap. In many astronomical

classification problems, categories aren’t strictly separable—there may be genuine overlap

or ambiguity. Rather than forcing hard classifications in these regions, Bayesian logistic

regression expresses the inherent uncertainty, which more accurately reflects the underlying

physical reality.

This approach aligns with the scientific principle that uncertainty quantification is
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as important as the predictions themselves. In astronomy, understanding the limitations of

our knowledge is crucial for drawing valid scientific conclusions. Bayesian logistic regression

provides a framework where uncertainty is an integral part of the classification process, rather

than an afterthought.

Practical implications The uncertainty factor provides exactly what we sought at the

beginning of this chapter: a method that expresses appropriate uncertainty when encoun-

tering data unlike what it was trained on. This capability proves especially valuable in

astronomical surveys where:

• Training data is often limited and expensive to obtain

• The labeled data comes from biased sampling (easier or more interesting objects)

• We frequently encounter objects in unexplored regions of parameter space

• Overconfident misclassifications can lead to missed discoveries

By naturally detecting and highlighting regions of feature space that are poorly sam-

pled by training data, Bayesian logistic regression not only makes better predictions but also

guides us toward where additional labeled examples would be most valuable for improving

our models.

9.8 Summary

The Bayesian approach to logistic regression addresses a limitation of standard max-

imum likelihood methods: the tendency to make overconfident predictions in regions of

feature space poorly represented by training data. By treating model parameters as uncer-

tain quantities rather than fixed values, we can make predictions that appropriately express

our confidence or lack thereof.

The mathematical development required two key approximations to make the problem

tractable. First, we used the Laplace approximation to represent the complex, non-Gaussian

posterior distribution over weights as a Gaussian centered at the maximum a posteriori

(MAP) estimate. This approximation becomes increasingly accurate as we gather more

data, thanks to the Bernstein-von Mises theorem, which guarantees that posteriors converge

to Gaussian distributions for large sample sizes.
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Second, we employed the probit approximation to compute the predictive distribution

analytically. By replacing the sigmoid function with a scaled probit function, we could

evaluate the integral over parameter uncertainty in closed form. The combination of these

approximations yields a practical algorithm that scales well to real astronomical datasets.

The resulting predictive formula contains an uncertainty factor κ(σ2
a) = (1+πσ2

a/8)
−1/2

that automatically modulates our confidence based on the distance from training data. This

factor has an intuitive interpretation: it dampens predictions in regions where we have little

evidence, pushing them toward maximum uncertainty (0.5 probability). Near our training

data, where we have more evidence, the uncertainty factor approaches 1, and our predictions

resemble standard logistic regression.

This behavior provides exactly what we sought: a classification method that avoids

unjustified confidence when encountering novel objects. In astronomical applications, where

we frequently classify objects unlike anything in our training set, this appropriate expression

of uncertainty helps identify where manual follow-up is needed versus where automated

classification is reliable.

The Bayesian approach aligns with broader scientific principles we’ve encountered

throughout this course. Just as Bayesian inference naturally incorporates the principle that

extraordinary claims require extraordinary evidence, Bayesian logistic regression embodies

the idea that confidence should be proportional to evidence. When we have abundant, rele-

vant training data, the model expresses high confidence. When we venture into unexplored

regions of parameter space, it appropriately expresses uncertainty.

This concludes our exploration of supervised learning methods. We have now devel-

oped both linear and logistic regression through the lens of Bayesian inference, seeing how

principled uncertainty quantification emerges naturally from probabilistic reasoning. These

supervised learning techniques—mapping inputs to specific outputs based on labeled training

data—represent one major branch of machine learning applications in astronomy.

However, many astronomical problems involve datasets without predefined target

variables to predict. We might have measurements of thousands of galaxies without knowing

in advance what patterns or groupings exist among them. Or we might have spectra from

a survey without predetermined classifications, seeking to discover natural categories within

the data.

This leads us to unsupervised learning—the discovery and characterization of struc-
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ture within data without the guidance of labels. Rather than learning to map inputs to

known outputs, unsupervised methods seek patterns, clusters, and reduced representations

that reveal the underlying organization of our observations.

In Chapter 10, we will begin exploring these unsupervised learning methods, starting

with Principal Component Analysis (PCA) for dimensionality reduction. This technique

helps us identify the most important directions of variation in high-dimensional data, pro-

viding both computational advantages and scientific insights. Just as supervised learning

proved valuable for classification and regression tasks, unsupervised learning will open new

possibilities for exploratory data analysis and discovery in astronomical research.

Further Readings: The Bayesian treatment of logistic regression extends the regression

framework through probabilistic modeling of binary outcomes, with Zellner and Rossi [1984]

providing analysis of dichotomous quantal response models within the Bayesian paradigm.

For readers interested in Bayesian approaches to binary and polychotomous response data,

Albert and Chib [1993] develop computational methods including data augmentation tech-

niques for such models. The computational challenge of non-conjugate posteriors in Bayesian

logistic regression is addressed through approximation methods, with Tierney and Kadane

[1986] offering systematic treatment of the Laplace approximation for posterior moments

and marginal densities. The theoretical foundations for Gaussian approximations to poste-

rior distributions build on asymptotic theory, with Walker [1969] examining the behavior

of posterior distributions and Le Cam [1986] providing fundamental results including the

Bernstein-von Mises theorem. For readers seeking modern machine learning perspectives,

MacKay [2003] demonstrates how Bayesian logistic regression integrates with the evidence

framework for hyperparameter selection, while Bishop [2006] provides treatment connecting

Bayesian methods with contemporary machine learning practice. The broader framework of

Bayesian Generalized Linear Models, which encompasses logistic regression as a special case,

receives thorough theoretical treatment in McCullagh and Nelder [1989]. Model comparison

within the Bayesian framework relies on marginal likelihood computation, with Kass and

Raftery [1995] providing review of Bayes factors and computational methods that enable

principled selection among competing models.
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Chapter 10

Principal Component Analysis

Throughout our exploration of machine learning techniques, we’ve focused primarily

on supervised learning methods—from linear regression to classification algorithms. These

approaches all share a common characteristic: they learn to map from input features x

to target outputs y. When we predict stellar ages from spectra or classify galaxies into

morphological types, we work with clear target variables that guide our learning process.

But consider the astronomical data we encounter daily. A single stellar spectrum

contains measurements at thousands of wavelength bins. A galaxy image consists of millions

of pixels. Even a “simple” stellar dataset might include dozens of elemental abundances.

Despite this apparent complexity, we often suspect that the underlying physics operates

with far fewer parameters than our measurements suggest.

This intuition proves correct remarkably often in astronomy. Stellar spectra, with

their thousands of wavelength points, are primarily determined by just a few physical prop-

erties: effective temperature, surface gravity, and metallicity. Galaxy morphologies, while

visually complex, often reflect a small number of formation and evolution processes. The

chemical compositions of stars in a cluster, though measured across many elements, typically

follow patterns determined by just a few nucleosynthetic pathways.

This observation raises a natural question: can we automatically discover these un-

derlying patterns? Can we find the small number of parameters that explain most of the

variation in our high-dimensional data without knowing the target variables in advance?

This question leads us into unsupervised learning—the discovery and characterization

309
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of structure within data without the guidance of labels. Rather than learning to map inputs

to known outputs, unsupervised methods seek patterns, clusters, and reduced representations

that reveal the underlying organization of our observations.

Principal Component Analysis (PCA) provides one answer to our question about

discovering underlying patterns. PCA seeks to find a lower-dimensional representation of

high-dimensional data while preserving as much information as possible. The technique

builds upon the same linear algebraic foundations we established in earlier chapters, but

applies them to a different problem: identifying directions of maximum variation in our

data.

The core insight behind PCA is straightforward. If our high-dimensional data is

governed by a smaller number of underlying factors, then most of the variation in our mea-

surements should occur along a few specific directions in the data space. PCA systematically

identifies these directions of maximum variation, allowing us to represent our data using far

fewer dimensions while retaining most of the original information.

This dimension reduction capability addresses several challenges that arise frequently

in astronomical data analysis. High-dimensional data becomes difficult to visualize beyond

2-3 dimensions, making pattern identification through direct inspection nearly impossible.

Computational requirements scale dramatically with dimensionality, as processing and an-

alyzing high-dimensional data demands substantial resources. The curse of dimensionality

makes statistical inference increasingly difficult as the number of dimensions grows, since

available data becomes sparse relative to the volume of the space.

Perhaps most importantly, dimension reduction can reveal the underlying physical

parameters that govern complex astronomical phenomena. Rather than working with thou-

sands of spectral measurements, we might discover that just three components capture the

essential stellar properties. Instead of analyzing millions of pixels in galaxy images, we might

find that a handful of components describe the key morphological features.

In this chapter, we will develop PCA from first principles, showing how it emerges

naturally from constrained optimization. We’ll discover that principal components are the

eigenvectors of the data covariance matrix, ordered by their corresponding eigenvalues. This

connection provides both theoretical insight and computational efficiency, especially when

we introduce Singular Value Decomposition as an alternative approach for high-dimensional

datasets.



Statistical Machine Learning for Astronomy — Y.-S. Ting 311

Our mathematical journey will reveal that what initially appears as a complex prob-

lem—finding optimal lower-dimensional representations—reduces to familiar linear algebra.

The eigenvectors that seemed abstract in our mathematical background become the concrete

directions of maximum variation in our astronomical data.

10.1 Principal Component Analysis Fundamentals

Principal Component Analysis seeks to find a lower-dimensional representation of

high-dimensional data while preserving as much of the original information as possible. To

understand the mathematical foundation of this approach, we need to establish what we mean

by “information” and how we can systematically identify the most informative directions in

our data.

Consider a dataset consisting of N astronomical objects, each characterized by D

measurements. We represent this as a data matrix X ∈ RN×D, where each row corresponds

to one object and each column corresponds to one measured feature. For stellar spectroscopy,

N might represent the number of observed stars whileD represents the number of wavelength

bins. For galaxy photometry, the features might be magnitudes in different bands.

The central insight behind PCA lies in recognizing that not all directions in this D-

dimensional space are equally informative. Some directions exhibit large variations across

our sample—these directions reveal how objects differ from one another. Other directions

show little variation—these might represent measurement noise, redundant information, or

simply aspects of the data that don’t distinguish between objects.

Two Perspectives on Dimensionality Reduction The objective of PCA can be formu-

lated through two complementary approaches that lead to identical mathematical solutions.

Variance Maximization: From this perspective, we seek directions in our high-

dimensional space along which our data varies the most. We project our data onto these

high-variance directions to create our lower-dimensional representation. The rationale is that

directions with greater variance contain more information about the structure of our data.

This approach proves particularly relevant for astronomical applications. In stellar

spectroscopy, directions of maximum variance often correspond to physically meaningful

variations such as differences in temperature, metallicity, or surface gravity. In galaxy pho-

tometry, they might capture variations in mass, star formation rate, or morphology.
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Reconstruction Error Minimization: Alternatively, we can view PCA as finding

a lower-dimensional representation that, when mapped back to the original space, minimizes

the average squared distance between original data points and their reconstructions. This

approach focuses on preserving the overall structure of the data cloud.

The mathematical equivalence of these perspectives provides insight into what PCA

accomplishes: it finds the most informative lower-dimensional representation possible under

linear constraints.

Mathematical Framework We begin by establishing our notation and making a sim-

plifying assumption that will prove mathematically convenient. Let our dataset consist of

samples X = {x1, . . . ,xN}, where each xi ∈ RD represents a D-dimensional observation.

To streamline our mathematical development, we assume our data is centered with

zero mean:

E[x] = x =
1

N

N∑

i=1

xi = 0. (10.1)

In practice, astronomical data rarely has a natural zero point. We center our data by

subtracting the sample mean from each observation:

x′
i = xi − x. (10.2)

This centering step proves crucial because it allows us to interpret variance directly

as a measure of information content. With centered data, values represent deviations from

the mean, with positive and negative values indicating position relative to the center of the

distribution.

Vector Projections and Basis Decomposition The mathematical foundation of PCA

rests on the concept of vector projection. When we project a vector x onto a unit vector b

in a D-dimensional space, we compute:

x̂ = (xTb)b. (10.3)

The scalar value xTb measures how much of vector x points in the direction of b.

When we multiply this scalar by b itself, we obtain a vector that points in the direction of

b with magnitude proportional to the projection of x onto that direction.
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Figure 10.1: Vector projection in 2D space, illustrating a key mathematical concept for PCA.
The figure shows an original vector x (blue), a unit vector b (red), and the projection x̂ of
x onto b (green). The equation x̂ = (xTb)b shows how we compute this projection: first
calculating the scalar projection xTb (which measures how much of x extends in direction
b), then multiplying by b to get a vector with the appropriate magnitude in the direction of
b. The dashed line represents the perpendicular distance from x to its projection, which is
minimized by this projection. This minimization property is crucial to PCA, where we seek
basis vectors that minimize the sum of squared projection errors across all data points.

This concept extends to multiple dimensions through basis decomposition. When we

have a complete set of orthonormal basis vectors {b1,b2, . . . ,bD}, we can decompose any

vector x as:

x =
D∑

d=1

(x · bd)bd. (10.4)

This decomposition is central to dimensionality reduction. It shows that we can

represent anyD-dimensional vector usingD coefficients, each corresponding to the projection

onto one basis vector. In PCA, we seek a special set of orthonormal vectors where most of

the variance in our data is captured by projections onto just the first few vectors.

For mathematical convenience, we can express this decomposition in matrix form.
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Let BM contain the first M basis vectors as columns:

BM =
[
b1 b2 · · · bM

]
(10.5)

and BR contain the remaining vectors:

BR =
[
bM+1 bM+2 · · · bD.

]
(10.6)

Similarly, we define vectors containing the projection coefficients:

zM =




xTb1

xTb2

...

xTbM



, zR =




xTbM+1

xTbM+2

...

xTbD



. (10.7)

Since x is a random vector representing our data points, the projection coefficients

zM and zR are also random vectors. Each component zi = xTbi represents how much our

data varies along direction bi. Because we have centered our data so that E[x] = 0, the

projections also have zero expectation:

E[zi] = E[xTbi] = E[x]Tbi = 0Tbi = 0. (10.8)

This zero-mean property allows us to interpret the variance of these projections di-

rectly as a measure of information content.

With this notation, our complete decomposition becomes:

x = BMzM +BRzR. (10.9)

In PCA, we retain only the first term, giving us our lower-dimensional approximation:

x̂ = BMzM . (10.10)

This approximation introduces a reconstruction error—the difference between the
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original data and its approximation:

x− x̂ = BRzR. (10.11)
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Figure 10.2: Visualization of Principal Component Analysis (PCA) for dimension reduction.
Left panel: Original 3D data with the principal component plane. Blue points show the
original data distributed around a 2D plane in 3D space. Orange arrows represent the
first two principal components (PC1 and PC2), which define the optimal projection plane.
Dashed lines connect original points to their projections (hollow orange circles) on the PC
plane. Right panel: The reduced 2D representation of the data after projection onto the
principal component plane. Points are colored by their original Z-value in 3D space, showing
how the dimensionality reduction preserves the structure of the data. This illustrates how
PCA identifies the lower-dimensional manifold that best preserves the information content
of high-dimensional data.

Equivalence of the Two Perspectives The relationship between variance maximization

and reconstruction error minimization emerges from considering the total variance in our

data. For our centered dataset, the total variance equals:

Total Variance = E[∥x∥2] = E[xTx]. (10.12)

When we express our data in terms of the orthonormal basis {b1,b2, . . . ,bD}, the
total variance can be written as:

Total Variance = E

[
D∑

m=1

z2m

]
=

M∑

m=1

E[z2m] +
D∑

j=M+1

E[z2j ]. (10.13)



316 Statistical Machine Learning for Astronomy — Y.-S. Ting

The first term represents the variance captured by our M principal components,

while the second term equals the expected reconstruction error. Since the total variance

is fixed for any dataset, maximizing the variance captured by our principal components is

mathematically equivalent to minimizing the reconstruction error.

10.2 PCA: Mathematical Formalism

Having established that PCA seeks to maximize variance while minimizing recon-

struction error, we now formulate this goal mathematically as an optimization problem. Our

theoretical framework has shown us what we need to find—the basis vectors b1, . . . ,bM that

capture maximum variance while maintaining orthonormality—but we need a systematic

approach to determine these vectors.

Let’s begin with the simplest case: finding the first principal component. This single

direction should capture more variance than any other possible direction in our data. Once

we solve this fundamental case, we can extend our approach to find subsequent components.

Formulating the First Principal Component Consider the projection of our data onto

a unit vector b1. For any data point xn, the projection coefficient is z1n = xT
nb1 = bT

1 xn.

Our objective is to find the direction b1 that maximizes the variance of these projection

coefficients:

Var[z1] =
1

N

N∑

n=1

z21n. (10.14)

To connect this variance to our covariance matrix, we employ the multivariate exten-

sion of variance concepts we developed in Chapter 3. Recall that for centered data where

E[x] = 0, the covariance matrix becomes the second moment:

S = Cov(x) = E[xxT ] =
1

N

N∑

n=1

xnx
T
n =

1

N
XTX. (10.15)

For the projection z1 = bT
1 x, we apply the linear transformation property of variance

from Chapter 3. When we transform a random vector x using a matrix A to obtain y = Ax,

the covariance of the result is:

Cov(y) = A · Cov(x) ·AT . (10.16)
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In our case, z1 = bT
1 x represents such a transformation with A = bT

1 . Since z1 is a

scalar, its variance becomes:

Var[z1] = bT
1 · Cov(x) · b1 = bT

1 Sb1. (10.17)

This expression connects the variance of our projected data directly to the covariance

matrix S. Finding the direction of maximum variance reduces to finding the vector b1 that

maximizes the quadratic form bT
1 Sb1.

The Need for Constraints Without constraints, this optimization problem becomes ill-

defined. To understand why, consider what happens if we take any vector b1 and multiply

it by a constant c > 1. The resulting vector cb1 would yield a variance of:

Var[z′1] = (cb1)
TS(cb1) = c2bT

1 Sb1 = c2Var[z1]. (10.18)

We could make the variance arbitrarily large simply by increasing the magnitude of

b1, without changing its direction. Since only the direction matters for identifying the axis

of maximum variation, we need to constrain our search to make the problem well-defined.

The natural constraint requires b1 to be a unit vector:

∥b1∥2 = bT
1 b1 = 1. (10.19)

This normalization puts all possible directions on equal footing for comparison. Our

optimization problem becomes:

max
b1

bT
1 Sb1 subject to bT

1 b1 = 1. (10.20)

We have arrived at a constrained optimization problem—finding the direction that

maximizes variance while having unit length. This type of problem appears frequently across

physics, engineering, and economics, and is typically solved using the method of Lagrange

multipliers.
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10.3 Lagrange Multipliers

Now that we’ve formulated PCA as a constrained optimization problem, we need a

mathematical tool to solve it. The method of Lagrange multipliers provides a systematic

approach for finding extrema of a function subject to constraints. This technique transforms

what appears to be a difficult constrained problem into a more tractable unconstrained

problem.

The Challenge of Constrained Optimization In unconstrained optimization problems,

we find extrema by identifying where the gradient equals zero: ∇f(x) = 0. This approach

works because at critical points, the function stops changing in all directions. We applied

this technique throughout our course when solving various maximum likelihood estimation

problems.

However, in constrained optimization, we are restricted to points that satisfy one or

more constraints, typically expressed as g(x) = 0. Most practical constraints can be written

in this form—for example, a constraint like h(x) = c becomes g(x) = h(x) − c = 0. While

inequality constraints also exist in optimization problems, they don’t concern us for PCA.

Instead of freely exploring the entire domain, we must stay on the “constraint surface”

defined by g(x) = 0. This changes the nature of the problem fundamentally. In our PCA

case, we have the constraint g(b1) = bT
1 b1 − 1 = 0, which restricts our optimization to unit

vectors. This constraint surface is the unit sphere in our parameter space, removing one

degree of freedom from our optimization.

Geometric Intuition To develop intuition for the Lagrange multiplier method, consider

a function f(x, y) that we want to maximize, subject to a constraint g(x, y) = 0. We can

visualize f as a landscape with hills and valleys, while the constraint g(x, y) = 0 represents

a path on this landscape.

This is a one-dimensional path because the equation g(x, y) = 0 removes one degree

of freedom from our two-dimensional space. For example, if g(x, y) = x+ y − 1 = 0, we get

a straight line—a one-dimensional object embedded in our two-dimensional space. Our goal

is to find where along this constraint path the function f reaches its extremum value.

At a constrained extremum, if we were to move along the constraint path, the func-

tion value should not increase or decrease to first order—otherwise, we have not found an

extremum. This means that the gradient of f must be perpendicular to the constraint path
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at that point.

To understand why, recall that the gradient ∇f points in the direction of steepest

ascent of the function. If this gradient had any component tangent to our constraint path,

we could move in that direction to increase f while still satisfying the constraint. Since we

are at an extremum, no such movement is possible, so ∇f must be perpendicular to the

constraint path.

But what direction is perpendicular to the constraint path? Since g is constant

(equal to zero) along our constraint path, its gradient must be perpendicular to the path.

The gradient ∇g at any point gives the direction of steepest ascent of the function g. If

we were to move infinitesimally in the direction of ∇g, we would see the maximum possible

increase in the value of g. Conversely, if we move perpendicular to ∇g, the value of g doesn’t
change to first order.

Therefore, any movement along the constraint path must be perpendicular to the

direction that would change g most rapidly (which is ∇g). This is why the gradient ∇g is

always perpendicular to the level curves of g, including our constraint path where g = 0.

Putting these observations together, we arrive at the key insight of Lagrange multi-

pliers: at a constrained extremum, the gradients of f and g must be parallel to each other.

Mathematically:

∇f(x) = λ∇g(x), (10.21)

where λ is the Lagrange multiplier—a scalar that gives the proportionality between the two

gradients.

The Lagrangian Formulation The Lagrangian approach transforms our constrained

optimization problem into an unconstrained one in a higher-dimensional space that includes

the Lagrange multipliers. When we have a constraint g(x) = 0, we’re restricting our search

space, effectively reducing the dimensionality of our problem. The Lagrangian formulation

introduces an additional parameter λ that acts as a mathematical force keeping our solution

on the constraint surface.

To implement this approach, we introduce the Lagrangian function:

L(x, λ) = f(x)− λg(x). (10.22)
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Figure 10.3: Geometric intuition of Lagrange multipliers. The contour lines represent the
function f(x, y) = x2 + y2, with the constraint g(x, y) = x+ y − 1 = 0 shown as the colored
line. Colors along the constraint indicate function values, with warmer colors representing
higher values. At the constrained extremum (red dot), the gradient ∇f (blue arrow) is
perpendicular to the tangent of the constraint (green arrow). This illustrates a key insight of
Lagrange multipliers: at a constrained extremum, moving along the constraint path doesn’t
change the function value to first order. The figure also shows the unconstrained minimum
(purple dot) at the origin, which is inaccessible due to the constraint.

This transformation is powerful because instead of directly solving the difficult con-

strained problem, we solve an unconstrained problem in a slightly larger space. The critical

points of this Lagrangian function correspond precisely to the solutions of our original con-

strained problem, plus the constraint itself.

To find these critical points, we take partial derivatives with respect to all variables

and set them equal to zero. Taking the gradient with respect to x:

∇xL = ∇f(x)− λ∇g(x) = 0. (10.23)
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Rearranging, we get our earlier condition:

∇f(x) = λ∇g(x). (10.24)

This confirms our geometric intuition that at a constrained extremum, the gradient of the

objective function must be parallel to the gradient of the constraint function.
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Figure 10.4: Perpendicularity of the constraint gradient. This figure illustrates why the gra-
dient of the constraint function ∇g (blue arrows) is always perpendicular to the constraint
path g(x, y) = 0 (red line). The contour lines represent different values of the constraint
function g(x, y) = x + y − 1, with the zero-valued contour highlighted in red. Green ar-
rows show tangent vectors to the constraint path at various points. Because the gradient of
any function points in the direction of maximum increase, and the constraint function must
remain constant (equal to zero) along the constraint path, the gradient ∇g must be perpen-
dicular to any movement along the constraint. This property explains why, at a constrained
extremum, the condition ∇f = λ∇g ensures that ∇f is perpendicular to the constraint
path, which is necessary for a constrained extremum.
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Taking the derivative with respect to λ and setting it to zero:

∂L
∂λ

= −g(x) = 0⇒ g(x) = 0. (10.25)

This simply enforces our original constraint, ensuring that any solution we find satisfies the

constraint equation.

By solving the system of equations formed by these conditions, we can identify all

critical points that might be constrained extrema of our original problem.

A Simple Example Let’s illustrate the Lagrange multiplier method with the example

shown in Figure to solidify our understanding. Consider finding the minimum value of

f(x, y) = x2 + y2 subject to the constraint g(x, y) = x+ y − 1 = 0.

The Lagrangian is:

L(x, y, λ) = x2 + y2 − λ(x+ y − 1). (10.26)

Taking partial derivatives and setting them to zero:

∂L
∂x

= 2x− λ = 0⇒ x =
λ

2
, (10.27)

∂L
∂y

= 2y − λ = 0⇒ y =
λ

2
, (10.28)

∂L
∂λ

= −(x+ y − 1) = 0⇒ x+ y = 1. (10.29)

From the first two equations, we see that x = y. Substituting into the constraint:

x+ x = 1⇒ x = y =
1

2
. (10.30)

The minimum value is f(1/2, 1/2) = (1/2)2 + (1/2)2 = 1/2.

Note that the Lagrange multiplier method provides necessary conditions for finding

constrained extrema—all constrained extrema must satisfy these conditions, but not all

points satisfying these conditions are necessarily extrema. In this simple example, we found

only one critical point (1/2, 1/2) that satisfies our conditions. Since we know there must be a

minimum value of our objective function along the constraint path (which is a bounded line
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segment), and we’ve found only one candidate point, this point must indeed be the minimum

we’re seeking. In more complex problems with multiple critical points, additional analysis

would be required to determine which critical point gives the actual extremum value.

Multiple Constraints The method extends naturally to multiple constraints. If we have

constraints g1(x) = 0, g2(x) = 0, . . . , gm(x) = 0, the condition becomes:

∇f(x) = λ1∇g1(x) + λ2∇g2(x) + . . .+ λm∇gm(x). (10.31)

With multiple constraints, we’re restricted to the intersection of all constraint surfaces,

which forms a lower-dimensional manifold. At a constrained extremum, the gradient ∇f(x)
must be perpendicular to this manifold. Since any direction tangent to this manifold must be

simultaneously tangent to all constraint surfaces, it must be perpendicular to all constraint

gradients ∇gi(x). Therefore, ∇f(x) must lie in the span of these constraint gradients.

Mathematically, this means ∇f(x) can be expressed as a linear combination of the

constraint gradients, with the Lagrange multipliers λi serving as the coefficients. If this were

not true, ∇f(x) would have a component tangent to the constraint manifold, allowing us to

move along the manifold to increase or decrease the function value while still satisfying all

constraints.

The Lagrangian formulation captures this relationship:

L(x, λ1, . . . , λm) = f(x)− λ1g1(x)− . . .− λmgm(x). (10.32)

Taking partial derivatives with respect to each variable and setting them to zero yields

precisely our constraint equations and the gradient relationship above.

10.4 Solving PCA with Lagrange Multipliers

Having established our constrained optimization problem and introduced the tech-

nique of Lagrange multipliers, we can now directly apply this method to find the first prin-

cipal component. Recall that our objective is to maximize the variance of projected data:

max
b1

bT
1 Sb1 subject to bT

1 b1 = 1 (10.33)
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This application will reveal a connection between PCA and linear algebra that makes

the method both theoretically elegant and computationally tractable.

Formulating the Lagrangian To solve this using Lagrange multipliers, we form the

Lagrangian function:

L(b1, λ1) = bT
1 Sb1 − λ1(bT

1 b1 − 1). (10.34)

Now, we optimize this function by taking partial derivatives with respect to both b1

and λ1 and setting them equal to zero.

First, differentiating with respect to λ1:

∂L
∂λ1

= −(bT
1 b1 − 1) = 0 (10.35)

This simply gives us back our original constraint that b1 is a unit vector:

bT
1 b1 = 1 (10.36)

Next, differentiating with respect to b1. When differentiating vector expressions, we

need to be careful with the matrix calculus. For the quadratic form bT
1 Sb1 where S is

symmetric, the gradient with respect to b1 is 2Sb1. Similarly, the gradient of bT
1 b1 with

respect to b1 is 2b1. Therefore:

∂L
∂b1

= 2Sb1 − 2λ1b1 = 0 (10.37)

Rearranging this equation by dividing by 2:

Sb1 = λ1b1 (10.38)

The Eigenvalue Equation This last equation reveals something remarkable: the critical

point b1 must satisfy a special criterion. When we apply the covariance matrix S to b1, the

result is proportional to b1 itself, with λ1 as the proportionality constant.

In linear algebra, a vector that satisfies this property is called an “eigenvector” of the

matrix, and the proportionality constant λ1 is called the corresponding “eigenvalue.” When

a matrix transforms an eigenvector, the result points in the same direction as the original
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vector—it just gets scaled by the eigenvalue.

The eigenvalue equation Sb1 = λ1b1 is central to understanding PCA. It tells us

that the principal components we seek are intimately related to the eigenstructure of our

covariance matrix.

Since the covariance matrix S is a real symmetric matrix, it has several crucial prop-

erties that make PCA particularly tractable:

1. All eigenvalues are real numbers

2. Eigenvectors corresponding to distinct eigenvalues are orthogonal to each other

3. The matrix can be diagonalized by an orthogonal matrix composed of its eigenvectors

These properties guarantee that we can find a complete set of orthonormal eigenvec-

tors that span the entire space. This means we can decompose our covariance matrix as

S = BΛBT , where B is a D ×D orthogonal matrix whose columns are the eigenvectors of

S, and Λ is a diagonal matrix containing the eigenvalues. This spectral decomposition is

central to PCA and ensures that our principal components will form an orthogonal basis.

Connecting Eigenvalues to Variance The eigenvectors of a covariance matrix have an

important geometric interpretation. When we apply the covariance matrix to vectors on

a unit circle, most vectors change both their direction and length. However, eigenvectors

maintain their original direction—they’re simply scaled by their eigenvalues.

This is precisely what the equation Sb1 = λ1b1 tells us: applying S to b1 results in

the same vector, just scaled by λ1. This property makes eigenvectors ideal candidates for our

principal components. But the covariance matrix typically has multiple eigenvectors—one

for each dimension of our data. Which one should we choose to maximize variance?

To answer this question, let’s substitute what we now know about b1 back into our

original variance expression. If b1 is an eigenvector of S with eigenvalue λ1, then:

Var[z1] = bT
1 Sb1 (10.39)

= bT
1 (λ1b1) (10.40)

= λ1b
T
1 b1 (10.41)

= λ1 (10.42)
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Figure 10.5: Geometric visualization of how eigenvectors maintain their direction under
covariance transformation. The figure shows vectors on a unit circle (black dashed line)
and their transformation by a covariance matrix, resulting in an ellipse (blue solid line).
Eigenvectors (red and orange) preserve their directions exactly when transformed (shown in
lighter shades), being scaled by their respective eigenvalues but not rotated. In contrast, non-
eigenvectors (blue) change both direction and length when transformed (light blue). This
property makes eigenvectors uniquely valuable for PCA: they represent invariant directions in
the data space where the covariance transformation produces pure scaling without rotation,
corresponding precisely to the principal axes of variation in the data.

In the last step, we used our constraint that bT
1 b1 = 1, since b1 is a unit vector.

This result shows that the variance of our data when projected onto an eigenvector of

the covariance matrix equals exactly the corresponding eigenvalue. This connection between

statistical variance and algebraic eigenvalues provides a clear mathematical justification for

our approach to PCA.

Since we want to maximize variance, we should choose the eigenvector corresponding

to the largest eigenvalue. By choosing the eigenvector with the largest eigenvalue, we identify

the direction along which our data exhibits the most variation. This eigenvector is what we

call the first principal component.
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Figure 10.6: Visualization of how PCA identifies principal components using the covariance
matrix. The blue points represent the original data, and the light blue ellipse shows the
covariance structure (at 2σ). The red and orange arrows represent the eigenvectors of the
covariance matrix, with their lengths scaled proportionally to their corresponding eigenvalues
(λ1 and λ2). The first principal component (red arrow) points in the direction of maximum
variance in the data, while the second principal component (orange arrow) is orthogonal to
the first and captures the remaining variance. The percentages shown in the figure indicate
the amount of total variance explained by each principal component. This illustrates how
PCA decomposes the covariance structure of data to find an optimal lower-dimensional
representation that preserves maximum variance while reducing dimensionality.

10.5 Higher-Order Principal Components

Now that we’ve successfully derived the first principal component, we turn our at-

tention to finding additional components. Dimensionality reduction typically requires more

than one component to effectively represent high-dimensional data. To build a more complete

representation, we need to find additional principal components that capture the remaining

variance.

For the second principal component, we seek another direction b2 that satisfies two



328 Statistical Machine Learning for Astronomy — Y.-S. Ting

key criteria:

1. It captures the maximum variance in our data that hasn’t already been explained by

the first principal component

2. It is orthogonal to b1 (i.e., bT
1 b2 = 0), ensuring that it provides new information

The orthogonality constraint represents an inductive bias of PCA. This assumption

makes PCA mathematically tractable while ensuring each principal component captures a

unique aspect of the data’s variation.

Formulating the Second Principal Component We can formulate this as another

constrained optimization problem:

max
b2

bT
2 Sb2 subject to bT

2 b2 = 1 and bT
1 b2 = 0 (10.43)

To solve this problem, we again use Lagrange multipliers, but now with two con-

straints. We introduce two Lagrange multipliers: λ2 for the unit vector constraint and µ for

the orthogonality constraint:

L(b2, λ2, µ) = bT
2 Sb2 − λ2(bT

2 b2 − 1)− µ(bT
1 b2) (10.44)

Taking the partial derivative with respect to b2 and setting it to zero:

∂L
∂b2

= 2Sb2 − 2λ2b2 − µb1 = 0 (10.45)

To solve this equation, let’s multiply both sides by bT
1 from the left:

bT
1 (2Sb2 − 2λ2b2 − µb1) = 0 (10.46)

Since bT
1 b2 = 0 by our orthogonality constraint, and bT

1 b1 = 1 since b1 is a unit vector, this

simplifies to:

2bT
1 Sb2 − µ = 0 (10.47)

Now, recall that b1 is an eigenvector of S with eigenvalue λ1, so Sb1 = λ1b1. Taking

the transpose of this equation, we get bT
1 S = λ1b

T
1 (since S is symmetric). Substituting this
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into our equation:

2λ1b
T
1 b2 − µ = 0 (10.48)

But bT
1 b2 = 0 by our orthogonality constraint, so µ = 0. Substituting this back into our

derivative equation:

2Sb2 − 2λ2b2 = 0 (10.49)

Simplifying:

Sb2 = λ2b2 (10.50)

This is another eigenvector equation! The second principal component b2 is also an

eigenvector of the covariance matrix S. With the orthogonality constraint, it must be a

different eigenvector than b1.

Following the same reasoning as before, the variance captured by projecting our data

onto b2 is equal to the eigenvalue λ2. To maximize this variance, we should choose b2 to be

the eigenvector corresponding to the second largest eigenvalue of S.

General Pattern The pattern we’ve observed extends naturally to all subsequent principal

components. For the general case of finding the m-th principal component, we would need

to solve:

max
bm

bT
mSbm subject to bT

mbm = 1 and bT
i bm = 0 for all i < m (10.51)

One might imagine that if we were to solve this optimization problem directly for

each value of m, we would find that the m-th principal component is the eigenvector of S

corresponding to the m-th largest eigenvalue. This intuition is correct! However, attempting

to verify this by explicit calculation for each m would be tedious and impractical.

Instead, we can establish this result rigorously using mathematical induction—a tech-

nique for proving statements that hold for all positive integers. This approach allows us to

prove our claim once and for all, rather than verifying it separately for each principal com-

ponent.
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10.6 A Proof by Induction

To establish the general result rigorously without resorting to repetitive calculations,

we can use mathematical induction—a technique for proving statements that hold for all

positive integers. This approach allows us to prove our claim once and for all, rather than

verifying it separately for each principal component.

Mathematical induction consists of three key steps:

1. Base Case: Prove that the statement is true for the first value (typically m = 1).

2. Inductive Hypothesis: Assume the statement is true for some arbitrary valueM−1.

3. Inductive Step: Prove that if the statement is true for M − 1, then it must also be

true for M .

If we can complete these three steps, then by the principle of induction, the statement

is true for all positive integers. Intuitively, this is like setting up a row of dominoes: if you

ensure the first one falls (base case), and that each falling domino knocks over the next one

(inductive step), then all dominoes will eventually fall.

In our PCA context, we’ve already established that the first principal component

corresponds to the eigenvector with the largest eigenvalue of the covariance matrix S. The

induction proof will show that if the first (M − 1) principal components correspond to the

eigenvectors with the (M − 1) largest eigenvalues of S, then the M -th principal component

must correspond to the eigenvector with theM -th largest eigenvalue. Without loss of gener-

ality, we assume the eigenvalues of S are arranged in descending order, λ1 ≥ λ2 ≥ . . . ≥ λD.

Base Case We’ve already proven that the first principal component b1 is the eigenvector

of S corresponding to the largest eigenvalue λ1.

Inductive Hypothesis Assume that for all m < M , the m-th principal component bm is

the eigenvector of S corresponding to the m-th largest eigenvalue λm.

Inductive Step We need to prove that the M -th principal component bM is the eigen-

vector of S corresponding to the M -th largest eigenvalue λM .

First, let’s clarify what we mean by the M -th principal component. Finding the M -

th principal component is equivalent to finding the direction of maximum variance in the
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residual data that remains after removing the projections onto the first (M − 1) principal

components.

Let’s denote our original data matrix as X, where each row represents a data point

and each column represents a feature. The matrix has dimensions N × D, where N is the

number of data points and D is the number of features. To find the projection of this data

onto the firstM−1 principal components, we recall that for any unit vector bi, the projection

of a vector x onto bi is given by (xTbi)bi. When we apply this projection to each row of

X, we get Xbib
T
i , which represents the projection of all data points onto the i-th principal

component.

The total projection onto the subspace spanned by the first M − 1 principal compo-

nents is:
M−1∑

m=1

Xbmb
T
m (10.52)

The residual data—the part not explained by these components—is:

X̂ = X−
M−1∑

m=1

Xbmb
T
m (10.53)

This can be written more compactly using matrix notation. LetBM−1 = [b1,b2, . . . ,bM−1]

be the matrix whose columns are the first M − 1 principal components. Then:

X̂ = X−XBM−1B
T
M−1 (10.54)

This expression has an important interpretation: BM−1B
T
M−1 is a projection matrix

that projects onto the subspace spanned by the first M − 1 principal components. When

we multiply X by this projection and subtract from X, we get the component of X that is

orthogonal to this subspace—precisely the residual that we’re interested in.

To find the direction of maximum variance in this residual data, we need to compute

its covariance matrix:

Ŝ =
1

N
X̂T X̂ (10.55)
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Figure 10.7: Visualization of residual data after extracting the first principal component.
Blue points represent the original centered data, while red points show the residual data X̂
after projecting out the component along the first principal component b1 (orange arrow).
Dashed lines indicate the projection process. The semi-transparent orange plane represents
the hyperplane orthogonal to b1, where all residual data points lie. This illustrates a key
concept from the induction proof: after removing the first principal component, the residual
data has zero variance in the b1 direction. The residual covariance matrix Ŝ has the first
eigenvector b1 with eigenvalue zero, while subsequent eigenvectors maintain their original
eigenvalues. This demonstrates why the largest eigenvalue of Ŝ corresponds to the second
largest eigenvalue of the original covariance matrix, proving that successive principal com-
ponents are eigenvectors with decreasing eigenvalues.

Substituting our expression for X̂ and expanding:

Ŝ =
1

N
(X−XBM−1B

T
M−1)

T (X−XBM−1B
T
M−1) (10.56)

=
1

N
(XT −BM−1B

T
M−1X

T )(X−XBM−1B
T
M−1) (10.57)

=
1

N
(XTX−XTXBM−1B

T
M−1 −BM−1B

T
M−1X

TX+BM−1B
T
M−1X

TXBM−1B
T
M−1)

(10.58)
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Recognizing that 1
N
XTX = S (our original covariance matrix), we can rewrite this

as:

Ŝ = S− SBM−1B
T
M−1 −BM−1B

T
M−1S+BM−1B

T
M−1SBM−1B

T
M−1 (10.59)

Since S is symmetric and BM−1 contains the firstM −1 eigenvectors of S, we can use

the relationship SBM−1 = BM−1ΛM−1, where ΛM−1 is a diagonal matrix with the firstM−1
eigenvalues. After algebraic manipulation using the symmetry of S and the orthonormality

of the eigenvectors, this simplifies to:

Ŝ = S−
M−1∑

m=1

λmbmb
T
m (10.60)

This calculation demonstrates that the covariance matrix of the residual data Ŝ equals

the original covariance matrix S minus the variance explained by the first M − 1 principal

components.

To understand the implications of this relationship, let’s examine how Ŝ acts on the

eigenvectors of the original covariance matrix S. For any of the firstM−1 eigenvectors (i.e.,

bk for k < M):

Ŝbk = Sbk −
M−1∑

m=1

λmbmb
T
mbk (10.61)

= λkbk − λkbk = 0 (10.62)

where we used the orthonormality of eigenvectors.

For any other eigenvector of S (i.e., bj for j ≥M):

Ŝbj = Sbj −
M−1∑

m=1

λmbmb
T
mbj (10.63)

= λjbj − 0 = λjbj (10.64)

We’ve established two important properties of Ŝ:

1. The eigenvectors b1,b2, . . . ,bM−1 have eigenvalue 0 in Ŝ.
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2. The eigenvectors bM ,bM+1, . . . ,bD have the same eigenvalues in Ŝ as they do in S.

The spectrum of Ŝ consists of:

{0, 0, . . . , 0, λM , λM+1, . . . , λD} (10.65)

where the firstM−1 eigenvalues are zero, and the remaining eigenvalues retain their original

values from S.

Since the M -th principal component is defined as the direction that maximizes vari-

ance in the residual data, it must be the eigenvector corresponding to the largest eigenvalue

of Ŝ. We’ve just shown that this is bM , the eigenvector corresponding to the M -th largest

eigenvalue of our original covariance matrix S.

This completes our induction proof. We’ve shown that each principal component, in

sequence, is the eigenvector of the original covariance matrix corresponding to the eigenvalue

in decreasing order of magnitude.

10.7 Implementing PCA

Having established the theoretical foundation of PCA through our induction proof,

we can now turn to its practical implementation. While the mathematical derivation may

seem involved, the actual implementation of PCA is straightforward. The process can be

distilled into just a few steps:

1. Begin with your centered data matrix X of size N ×D.

2. Calculate the covariance matrix S = 1
N
XTX.

3. Compute the eigendecomposition of S to obtain its eigenvectors and eigenvalues.

4. Sort the eigenvectors according to their corresponding eigenvalues in descending order.

5. Select the first M eigenvectors to form your basis matrix BM = [b1,b2, . . . ,bM ] for

the lower-dimensional space.

6. Project your data onto this basis to obtain the lower-dimensional representation Z =

XBM , where Z is an N ×M matrix whose rows correspond to the original data points

represented in the new coordinate system.
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The matrix Z contains the coefficients of our data points in the new principal com-

ponent coordinate system. These coefficients represent our data in the reduced-dimensional

space. If needed, we can also reconstruct approximations of the original data using X̂ =

ZBT
M = XBMBT

M , where X̂ is the projection ofX onto theM -dimensional subspace spanned

by the principal components. This reconstruction allows us to compare our dimensionally-

reduced representation with the original data in theD-dimensional observation space, helping

us assess how much information is preserved or lost through the dimensionality reduction.

Selecting the Number of Components While the basic PCA algorithm is straightfor-

ward, a crucial question arises: how many principal components should we retain? If we

choose M = D (the original dimensionality), we’re not reducing dimensions at all. Con-

versely, ifM is too small, we might lose important information from our data. This trade-off

between dimensionality reduction and information preservation is at the heart of PCA’s

practical utility.

Our theoretical analysis provides a natural criterion for selecting M . From our in-

duction proof, we established that each principal component corresponds to an eigenvector

of the covariance matrix S, with the variance captured along that component equal to its

corresponding eigenvalue. This direct relationship gives us a quantitative way to measure

the importance of each component.

Since the variance captured by the m-th principal component equals the m-th eigen-

value λm, we can express the total variance in our data as the sum of all eigenvalues:

Total Variance =
D∑

i=1

λi (10.66)

Similarly, the variance captured by retaining the first M principal components is:

Captured Variance =
M∑

i=1

λi (10.67)

The fraction of total variance explained by our M -component approximation becomes:

Explained Variance Ratio =

∑M
i=1 λi∑D
i=1 λi

(10.68)

This ratio provides a quantitative measure of how much information we’re retaining
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Figure 10.8: Scree plot for selecting the optimal number of principal components. The blue
bars and orange line show the individual explained variance percentage for each principal
component, demonstrating how the contribution of successive components diminishes. The
green line displays the cumulative explained variance, reaching thresholds of 90%, 95%,
and 99% (gray horizontal lines) at different component numbers. This visualization guides
dimension selection by revealing the trade-off between dimensionality reduction and infor-
mation preservation. The steep initial decline followed by flattening curve is characteristic of
datasets with a few dominant modes of variation, typical in astronomical applications where
high-dimensional data often arises from a smaller number of underlying physical processes.

after dimension reduction. When implementing PCA, a common approach is to choose M

such that this ratio exceeds a desired threshold, typically 0.90, 0.95, or 0.99, depending on

the application’s requirements for information preservation.

To visualize this decision process, analysts often use a scree plot, which displays the

eigenvalues (or explained variance ratios) against their indices. A typical scree plot shows a

steep decline initially, followed by a gradual flattening. The “elbow” in this plot—where the

slope changes markedly—can indicate a natural cutoff point for the number of components
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to retain.

Physical Interpretation of Components The output of PCA provides valuable insights

beyond mere dimensionality reduction. The eigenvalues tell us how much variance each

component captures, allowing us to assess the effectiveness of the reduction and understand

the relative importance of different modes of variation in our data.

The eigenvectors (principal components) themselves often admit physical interpreta-

tion in terms of the original features. In astronomical applications, examining the principal

components can reveal which combinations of measurements contribute most to the observed

variation. For stellar spectra, the first principal component might represent the overall flux

level or temperature variations, while subsequent components could capture metallicity ef-

fects or specific absorption line patterns.

This interpretation capability makes PCA particularly valuable for exploratory data

analysis in astronomy. Rather than simply reducing dimensions, PCA can help identify

the underlying physical processes that drive the observed variations in our data. When

we find that just a few components explain most of the variance, we’re discovering that

the complex, high-dimensional astronomical phenomena are indeed governed by a smaller

number of underlying parameters—exactly what our physical intuition suggests.

10.8 SVD for Efficient PCA

The basic PCA algorithm we’ve developed works well for datasets with a moderate

number of features, but computational considerations become important when dealing with

high-dimensional astronomical data. To perform PCA, we need to calculate the data co-

variance matrix and then diagonalize it. This matrix is D × D, where D is the number of

features.

As we’ve seen, diagonalizing a D×D matrix has computational complexity of O(D3),

which becomes prohibitively expensive as D increases. In astronomical applications where

D can be extremely large—a single spectrum might have 10,000 wavelength bins, an image

from a modern telescope could contain millions of pixels, and time series data might include

measurements at thousands of time points—this approach quickly becomes impractical.

For example, diagonalizing a covariance matrix for data with 10,000 features would

require on the order of 1012 operations, making the computation not just slow but potentially
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impossible on standard computing hardware.

In this section, we explore how Singular Value Decomposition (SVD) provides a com-

putationally efficient approach to implementing PCA, particularly for the high-dimensional

datasets common in astronomy. SVD produces identical results to standard PCA while

dramatically reducing computational complexity.

The SVD Decomposition The Singular Value Decomposition theorem states that any

matrix X ∈ RN×D can be factorized into the product of three matrices:

X = UΣVT (10.69)

The matrices in this decomposition have specific properties and interpretations:

• U ∈ RN×N contains orthonormal columns called the left singular vectors. These vectors

form an orthogonal basis for the column space of X and can be interpreted as the

principal directions in the sample space. Each column of U represents a pattern across

samples.

• Σ ∈ RN×D is a rectangular “diagonal” matrix with non-negative entries σ1 ≥ σ2 ≥
. . . ≥ σmin(N,D) ≥ 0 along its main diagonal, called singular values. These values

represent the importance or strength of each corresponding pattern in the data. Larger

singular values correspond to directions with greater variance in the data.

• V ∈ RD×D contains orthonormal columns called the right singular vectors. These

vectors form an orthogonal basis for the row space of X and represent the principal

directions in the feature space. Each column of V describes a pattern of relationships

among features.

Geometrically, we can interpret SVD as decomposing any linear transformation into

three simpler operations:

1. A rotation or reflection in the input space (represented by VT )

2. A scaling along coordinate axes (represented by Σ)

3. A rotation or reflection in the output space (represented by U)
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Computational Efficiency The computational complexity of calculating the full SVD of

a matrix X ∈ RN×D is approximately O(min(ND2, N2D)). This complexity depends on the

rectangular shape of the matrix:

• When N > D (tall matrix): The complexity is O(ND2) operations

• When N < D (wide matrix): The complexity is O(N2D) operations

Modern SVD implementations automatically optimize based on the matrix shape, tak-

ing the square of the smaller dimension and multiplying by the larger dimension: O((min(N,D))2·
max(N,D)).

This represents a significant improvement over the O(D3) complexity of traditional

PCA when dealing with high-dimensional data. For a typical astronomical spectroscopy

dataset with N = 1, 000 spectra and D = 10, 000 wavelength bins:

• Traditional PCA: O(D3) = O(1012) operations

• SVD-based PCA: O(N2D) = O(1010) operations

The advantage becomes even more pronounced with fewer samples. For instance,

with only N = 100 galaxy spectra and D = 10, 000 wavelength bins:

• Traditional PCA: Still O(D3) = O(1012) operations

• SVD-based PCA: O(N2D) = O(108) operations

This four-order-of-magnitude improvement transforms a calculation that might take

days into one that completes in seconds.

Connection to PCA Let’s now see how SVD provides a direct approach to performing

PCA. With our centered data matrix X ∈ RN×D, traditional PCA requires calculating the

covariance matrix:

S =
1

N
XTX (10.70)
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By substituting the SVD decomposition X = UΣVT into this expression, we get:

S =
1

N
XTX (10.71)

=
1

N
(UΣVT )T (UΣVT ) (10.72)

=
1

N
VΣTUTUΣVT (10.73)

Since U has orthonormal columns, UTU = I, allowing us to simplify:

S =
1

N
VΣTΣVT (10.74)

Note that ΣTΣ is a diagonal matrix with entries σ2
i along the diagonal, where σi are

the singular values from the diagonal of Σ. This is because Σ is a rectangular diagonal

matrix where only the diagonal entries are non-zero. Therefore:

S = V

(
1

N
ΣTΣ

)
VT (10.75)

= V

(
1

N
Σ2

)
VT (10.76)

= V

(
1

N
diag(σ2

1, σ
2
2, . . . , σ

2
D)

)
VT (10.77)

This is precisely the eigendecomposition of S, revealing the connection between SVD

and PCA:

• The columns of V are the eigenvectors of S—these are our principal components

• The eigenvalues of S equal λi = σ2
i /N , where σi are the singular values

Most SVD algorithms naturally return the singular values σi in descending order, so

that σ1 ≥ σ2 ≥ . . . ≥ σD ≥ 0. This ordering corresponds exactly to the ordering of principal

components by explained variance, with the first component capturing the most variance,

the second component capturing the second most, and so on.

Practical Implementation This relationship allows us to implement PCA using SVD

without ever explicitly forming the covariance matrix. The procedure is straightforward:
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1. Center the data matrix X

2. Compute its SVD: X = UΣVT

3. Use the columns of V as our principal components

4. Project the data onto these components to obtain the lower-dimensional representation

For dimensionality reduction, we typically select only the first M principal compo-

nents, where M < D. Let VM consist of the first M columns of V. The projection of our

data onto this reduced space is:

Z = XVM (10.78)

Interestingly, we can compute this projection more efficiently using the SVD compo-

nents directly. Starting with our projection formula and substituting X = UΣVT :

Z = XVM = (UΣVT )VM (10.79)

Since V is orthogonal, VTV = I. When we multiply VT by VM (the firstM columns

of V), we get a matrix where the first M diagonal elements are 1 and all other elements are

0. This effectively selects the first M columns of UΣ, giving us:

Z = UMΣM (10.80)

where UM consists of the first M columns of U and ΣM is the diagonal matrix containing

the first M singular values.

This calculation is particularly advantageous when the number of samples N is less

than the number of features D (i.e., N < D), which is common in astronomical datasets.

While both approaches give mathematically equivalent results, using Z = UMΣM offers

computational benefits:

1. When N < D, computing XVM requires multiplying an N ×D matrix with a D×M
matrix, resulting in O(NDM) operations.

2. In contrast, computing UMΣM only requires multiplying an N ×M matrix with an

M ×M diagonal matrix, resulting in just O(NM) operations.

This computational advantage becomes even more important with astronomical data,
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where D might represent thousands of wavelength bins in a spectrum or millions of pixels

in an image.

Data Reconstruction A key strength of PCA is that it allows us to reconstruct our origi-

nal data from the reduced-dimensional representation. This reconstruction follows naturally

from the PCA decomposition. If we denote our original data matrix as X ∈ RN×D, the

mean-centered data as X̃ = X−µ (where µ is the mean vector), and the matrix of principal

components as VM ∈ RD×M (where M is the number of components we retain), then:

1. The projection onto the principal component space is given by: Z = XVM (or equiv-

alently, Z = UMΣM)

2. The reconstruction back to the original space is: X̂ = ZVT
M + µ = (UMΣM)VT

M + µ

To determine the appropriate number of principal components to retain, we can use

the singular values to calculate the proportion of variance explained by each component. For

the i-th principal component, the proportion of total variance explained is:

Explained Variance Ratioi =
σ2
i∑D

j=1 σ
2
j

(10.81)

This ratio provides the same information as the eigenvalue-based explained variance

ratio discussed earlier, but calculates it directly from the singular values. By examining the

cumulative explained variance as we add more components, we can determine how many

components are needed to capture a desired percentage of the total variance in our data.

This SVD-based approach to PCA is not only computationally efficient but also nu-

merically stable. By avoiding the explicit formation of the covariance matrix, we reduce both

the computational complexity and the potential for numerical errors in the eigendecompo-

sition. This makes SVD the method of choice for implementing PCA in practice, especially

for the high-dimensional datasets commonly encountered in astronomical research.

10.9 Limitations of PCA

While PCA provides a powerful tool for dimension reduction, it has important lim-

itations that affect its applicability to astronomical data. Understanding these constraints

helps determine when PCA is appropriate and when alternative methods might be more

suitable.
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Orthogonality Constraint The requirement for orthogonal basis vectors poses challenges

for astronomical applications. In reality, physical processes in astronomical phenomena are

rarely perfectly orthogonal to each other. For example, in stellar spectra, temperature and

metallicity effects can be entangled in complex ways that don’t align neatly with orthogonal

axes.

This orthogonality constraint means that while the first few principal components

capture the maximum variance, they may represent mixtures of physical parameters rather

than isolated processes. The principal components might combine effects from multiple

physical processes, making direct interpretation challenging. Consequently, astronomers

must exercise caution when attempting to assign direct physical meaning to individual prin-

cipal components, as the orthogonality constraint may force artificial separations between

naturally correlated physical processes.

Unimodal Assumption Another limitation of PCA stems from its reliance on the covari-

ance matrix, which inherently assumes a single mode or unimodal distribution in the data.

By optimizing for directions of maximum variance, PCA effectively treats the entire dataset

as having a single central tendency. This assumption becomes problematic for astronomical

datasets that exhibit multimodal distributions.

Consider galaxy populations that naturally cluster into distinct types (spiral, ellipti-

cal, irregular), or stellar populations that form separate groups in parameter space. When

applied to such multimodal data, PCA will attempt to find a single set of principal com-

ponents that spans the entire dataset, potentially missing the natural clustering structure.

The resulting principal components may cut across multiple clusters rather than identifying

the meaningful differences between them.

This limitation is particularly evident when the variance within clusters is smaller

than the variance between clusters. In such cases, the first principal component will pri-

marily capture the separation between clusters rather than the meaningful variation within

each cluster. This can obscure important physical relationships that exist within individual

populations.

Alternative Approaches Addressing these limitations often requires more advanced meth-

ods. Independent Component Analysis (ICA), which we touched on in our discussions of

mutual information in Chapter 9, offers one alternative. Unlike PCA, which uses variance

as its optimization criterion, ICA maximizes statistical independence between components,
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Figure 10.9: Illustration of PCA’s limitation with multimodal data. Left panel: Bimodal
data with two distinct clusters (blue and orange), each with its own internal structure and
major axis (shown as dashed arrows). Notice how the first principal component (PC1, green
arrow) does not align with the major direction of either cluster. Instead, PC1 points be-
tween the clusters to maximize global variance across the entire dataset. This misalignment
occurs because PCA treats all data points as samples from a single distribution rather than
recognizing the bimodal structure. Right panel: Data projected onto the principal com-
ponents, showing how PC1 primarily captures the between-cluster variation rather than
the within-cluster structure. This demonstrates why PCA can be inappropriate for astro-
nomical datasets with natural clustering, such as distinct galaxy types or separate stellar
populations. For such multimodal astronomical data, techniques that first identify clusters,
as we will discuss in the next chapter, before performing dimensionality reduction often yield
more physically meaningful representations.

often yielding more physically interpretable results when underlying processes are truly in-

dependent but not necessarily orthogonal. This makes ICA particularly useful for signal

separation problems in astronomy, such as disentangling different physical sources in mixed

signals.

Neural network autoencoders represent another approach, functioning as nonlinear

generalizations of PCA. These techniques relax the orthogonality constraint and can capture

more complex relationships in the data, potentially providing more physically interpretable

representations. However, they come with their own challenges, including increased compu-

tational complexity and potential overfitting.
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For astronomical datasets with natural clustering, a two-step approach often proves

more effective: first identify distinct populations using clustering methods, then apply di-

mensionality reduction within each cluster. This approach respects the multimodal nature

of astronomical data while still providing the benefits of dimension reduction for analysis

within each population.

Sensitivity to Outliers PCA’s reliance on variance maximization makes it sensitive to

outliers in the data. A few extreme data points can disproportionately influence the direc-

tions of maximum variance, potentially causing the principal components to be dominated

by outlier behavior rather than the typical patterns in the data.

In astronomical applications, outliers are common and often scientifically interest-

ing—they might represent rare object types, measurement errors, or genuinely unusual phe-

nomena. However, their presence can skew PCA results, making it important to consider

robust variants of PCA or careful outlier treatment before applying standard PCA tech-

niques.

Scale Dependence PCA is sensitive to the relative scales of different features in the

dataset. Features with larger numerical ranges will naturally contribute more to the covari-

ance matrix, potentially dominating the principal components even if they are not the most

scientifically important variables.

In astronomical data, different measurements often have vastly different scales — mag-

nitudes might range from 10 to 30, while parallaxes might range from 0.001 to 0.1. Without

proper scaling or standardization, the larger-scale features may dominate the principal com-

ponents, obscuring potentially important relationships in the smaller-scale variables.

10.10 Summary

In this chapter, we have explored Principal Component Analysis as a method for

discovering structure in high-dimensional data without target variables. This represents

our first step into unsupervised learning, where the goal shifts from predicting outcomes to

understanding the patterns hidden within observations.

We began by establishing the central problem: high-dimensional astronomical data

often contains redundant information, with most variation occurring along a few key di-

rections. PCA addresses this by finding lower-dimensional representations that preserve
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maximum variance while enabling more tractable analysis and visualization.

Our development proceeded through two complementary perspectives that lead to the

same mathematical solution. The variance maximization approach seeks directions along

which data varies most, while the reconstruction error minimization approach finds repre-

sentations that best preserve the original data structure when projected back to the full

space. The mathematical equivalence of these perspectives provided insight into what PCA

accomplishes: it identifies the most informative lower-dimensional representation possible

under linear constraints.

The mathematical foundation rested on constrained optimization using Lagrange mul-

tipliers. This technique transformed our intuitive goal of finding maximum variance direc-

tions into a tractable optimization problem. The solution revealed that principal components

are eigenvectors of the data covariance matrix, with the variance along each component equal

to its corresponding eigenvalue. This connection between statistical concepts and linear al-

gebra provided both theoretical understanding and computational approaches.

We established this result through mathematical induction, proving that successive

principal components correspond to eigenvectors with decreasing eigenvalues. This proof

demonstrated that despite the seemingly complex sequential extraction process, the end

result reduces to eigendecomposition of the covariance matrix—a single computation that

yields all principal components simultaneously.

The computational advantages of Singular Value Decomposition became crucial for

high-dimensional astronomical data. SVD avoids explicit covariance matrix formation, re-

ducing complexity from O(D3) to O(min(ND2, N2D)). For typical astronomical datasets

where features outnumber samples, this often provides orders of magnitude speedup, making

PCA practical for modern survey data with thousands or millions of dimensions.

PCA represents more than just a dimension reduction technique; it provides a prin-

cipled approach to discovering structure in complex data. For astronomical applications

where understanding patterns and correlations is crucial for physical insight, PCA offers a

mathematically rigorous foundation that connects data analysis to underlying science.

While PCA assumes continuous variation well-captured by linear combinations, clus-

tering explicitly identifies discrete groupings within data. Rather than forcing all data

through a single covariance structure, clustering techniques recognize and model the mul-

timodal nature of astronomical phenomena. Together, dimension reduction and clustering
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provide comprehensive approaches to discovering structure in astronomical data without pre-

determined categories. Chapter 11 will address PCA’s limitation with naturally clustered

data by exploring clustering as the complementary task in unsupervised learning.

Further Readings: The development of Principal Component Analysis builds upon foun-

dational work in multivariate statistics, with early contributions from Pearson [1901] who

investigated methods for finding lines and planes of closest fit to systems of points in space.

The formal statistical treatment emerged through the work of Hotelling [1933], with devel-

opment of principal components as linear combinations of original variables that capture di-

rections of maximum variance within the data. The mathematical connections between PCA

and matrix decomposition were illuminated by Eckart and Young [1936], who explored the

relationship between principal components and low-rank approximations through Singular

Value Decomposition. For readers interested in computational implementation, numerically

stable algorithms for SVD computation were developed by Golub and Kahan [1965], with

subsequent advances by Golub and Reinsch [1970] that remain influential in modern PCA

implementations. The theoretical properties of PCA within multivariate statistical theory

are treated in Anderson [1958], while Murtagh and Heck [1987] offers discussion of PCA’s

role in exploratory data analysis. Jolliffe [2002] provides comprehensive coverage of PCA

theory, variants, and applications across diverse fields. For readers interested in addressing

PCA’s limitations, Comon [1994] offers treatment of Independent Component Analysis as an

alternative for non-Gaussian data, while Hinton and Salakhutdinov [2006] explore nonlinear

dimensionality reduction through neural network autoencoders that extend beyond PCA’s

linear assumptions.



348 Statistical Machine Learning for Astronomy — Y.-S. Ting



Chapter 11

K-means and Gaussian Mixture Mod-

els

In our exploration of Principal Component Analysis, we discovered how to identify

the most informative directions in high-dimensional data. PCA provided a method for

finding continuous lower-dimensional representations that preserve the essential variations

in complex datasets.

This success with dimension reduction reveals a broader insight: high-dimensional

data often contains structure that can be discovered without labeled examples. The same

principle that makes PCA effective—that complex data is often governed by simpler under-

lying patterns—suggests another type of structure we might seek. Rather than continuous

variations captured by PCA, we might want to identify discrete groups within our data.

This leads us to clustering, the second major approach in unsupervised learning.

Unlike PCA, which seeks continuous representations, clustering attempts to partition data

into discrete groups based on similarity measures.

Unlike the classification methods we studied with logistic regression, clustering oper-

ates without labeled training examples. Classification requires known categories and focuses

on finding decision boundaries between them. Clustering, by contrast, examines the data

itself to discover natural groupings, making it valuable for discovery science where we might

not know in advance what categories to expect.

The clustering approach offers several advantages in astronomical research. It al-

349
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Figure 11.1: Comparison of classification (supervised learning) and clustering (unsupervised
learning) approaches in machine learning. Left panel: Classification with known labels,
where data points are assigned to predefined classes (blue circles for Class A, orange squares
for Class B, and green triangles for Class C). Decision boundaries (dashed lines) separate the
feature space into regions for different classes based on labeled training data. The horizontal
line separates Class C from Classes A and B, while the vertical line separates Class A from
Class B. Right panel: Clustering without prior labels, where algorithms discover natural
groupings in unlabeled data (gray circles). Discovered cluster centers (colored X marks)
and their corresponding regions (colored ellipses) emerge from the data’s inherent structure
rather than predefined categories.

lows exploration of data without preconceived categories, potentially revealing unexpected

patterns. Modern surveys generate vast catalogs where manual classification would be im-

practical, making automated clustering essential. Additionally, clustering can reveal subtle

distinctions that might not align with traditional schemes developed through visual inspec-

tion.

However, clustering also presents unique challenges. Without ground truth labels,

evaluating results becomes more subjective than in supervised learning. Determining the

appropriate number of clusters often depends on the scientific question rather than being

intrinsic to the data. Different algorithms can produce different results on the same dataset,

requiring careful consideration of their underlying assumptions.

At its core, clustering operates on a simple premise: objects that are “similar” to each

other likely belong to the same group, while objects that are “dissimilar” likely belong to

different groups. However, defining similarity leads to different algorithms suited for different

types of data and scientific questions.
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In this chapter, we’ll explore two complementary approaches that reveal the deep

connections between geometric and probabilistic perspectives on clustering. We begin with

K-means clustering, which provides a geometric approach that partitions data by minimizing

distances between points and cluster centers. This method offers computational efficiency

and interpretable results, making it an ideal starting point for understanding clustering

concepts.

We then develop Gaussian Mixture Models (GMMs), which reframe clustering as a

probabilistic problem. Unlike K-means, GMMs provide probability distributions over cluster

assignments and can capture uncertainty in membership—crucial capabilities when dealing

with astronomical data where boundaries between populations are often fuzzy rather than

sharp.

The progression from K-means to GMMs reveals an important conceptual bridge:

K-means can be understood as a special case of GMMs under specific constraints. This rela-

tionship creates a natural pathway from geometric intuition to probabilistic sophistication,

allowing us to understand both the power and limitations of each approach.

A central challenge in clustering involves determining the optimal number of clus-

ters—the astronomical equivalent of asking how many distinct types of galaxies exist or

how many stellar populations are present in a globular cluster. We’ll explore principled

approaches to this problem through information criteria that balance model fit against com-

plexity, providing mathematical frameworks for choosing between competing explanations

of our data.

Together, K-means and GMMs provide a comprehensive toolkit for discovering dis-

crete structure in astronomical data, complementing the continuous representations offered

by techniques like PCA and setting the stage for more advanced methods in statistical learn-

ing.

11.1 K-means: Mathematical Formalism

To make the clustering problem concrete, we begin with the simplest and most intu-

itive approach: K-means clustering. The basic idea behind K-means can be stated simply:

if we want to divide our data into K groups, we should assign each data point to the group

whose center it is closest to.

This intuitive notion leads to a precise mathematical formulation. Let our dataset
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consist of N observations {x1,x2, . . . ,xN}, where each xi is a D-dimensional feature vector.

For instance, in a study of stellar populations, each xi might represent a star with features like

metallicity, carbon abundance, nitrogen abundance, and other chemical elements measured

from spectroscopy.

The K-means algorithm seeks to find K cluster centers {µ1,µ2, . . . ,µK} and assign

each data point to exactly one cluster. We can formalize these assignments using binary

indicator variables rik ∈ {0, 1}, where rik = 1 if data point xi is assigned to cluster k, and

rik = 0 otherwise.

This representation resembles the one-hot encoding we used in logistic regression. For

example, if we have K = 3 clusters representing different stellar populations and data point

x5 belongs to cluster 2, then r51 = 0, r52 = 1, and r53 = 0. Since each data point must

belong to exactly one cluster, we have the constraint
∑K

k=1 rik = 1 for all i.

The K-means Objective Function The goal of K-means is to find cluster centers and

assignments that make the clusters as “compact” as possible. We measure compactness by

the sum of squared distances between each data point and its assigned cluster center:

J =
N∑

i=1

K∑

k=1

rik∥xi − µk∥2. (11.1)

Let’s understand this expression term by term. The quantity ∥xi − µk∥2 represents

the squared Euclidean distance between data point xi and cluster center µk. We multiply

this distance by rik, which equals 1 only if point i is assigned to cluster k and 0 otherwise.

This means we only count the distance between a point and its assigned cluster center.

The double summation might look complex, but it simplifies due to our binary assign-

ment variables. Since rik equals 1 for exactly one value of k for each data point i, each data

point contributes exactly one distance term to the objective function. Therefore, J simply

measures the total squared distance between each data point and its assigned cluster center.

Minimizing J leads to tighter, more well-defined clusters. When J has a smaller value,

data points are positioned closer to their assigned cluster centers, resulting in more compact

clusters.
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The Dual Optimization Challenge The optimization problem becomes:

min
{rik},{µk}

J =
N∑

i=1

K∑

k=1

rik∥xi − µk∥2 (11.2)

subject to rik ∈ {0, 1} and
∑K

k=1 rik = 1 for all i.

This optimization presents a challenge we haven’t encountered in our previous algo-

rithms. Unlike regression or classification where we optimized a single set of parameters,

here we must simultaneously optimize two distinct sets of variables: the cluster centers {µk}
and the assignments {rik}.

The challenge lies in the circular dependency between these two sets of variables. If

we knew the optimal cluster centers, determining the best assignments would be straightfor-

ward—we would simply assign each point to its nearest center. Conversely, if we knew the

optimal assignments, finding the best cluster centers would be easy—each center would be

the mean of its assigned points.

This interdependence makes direct optimization difficult. The binary constraint on

rik further complicates matters, introducing a combinatorial aspect to the problem. For a

dataset with N points and K clusters, there are KN possible assignment combinations—a

number that grows exponentially with dataset size.

The high dimensionality of this problem—with N × K binary assignment variables

and K×D continuous cluster center coordinates—makes exhaustive search computationally

intractable for any reasonably sized dataset. Standard gradient descent methods also fail

because the binary nature of rik prevents the use of continuous optimization techniques.

These challenges require a specialized approach that can handle the circular depen-

dency between assignments and centers while remaining computationally tractable. This

leads us naturally to the Expectation-Maximization algorithm.

11.2 Expectation-Maximization for K-means

The circular dependency between cluster centers and point assignments suggests a

natural solution: alternate between optimizing one set of variables while holding the other

fixed. This approach, known as the Expectation-Maximization (EM) algorithm, transforms

our complex joint optimization into a sequence of simpler problems that can be solved
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Figure 11.2: Visualization of the dual optimization challenge in K-means clustering. The al-
gorithm simultaneously optimizes two sets of parameters: (1) the cluster centers µk (marked
with X symbols) and (2) the binary assignment variables rik ∈ {0, 1} that assign each data
point to exactly one cluster. The objective function J =

∑N
i=1

∑K
k=1 rik∥xi−µk∥2 represents

the sum of squared distances between data points and their assigned centers, which the algo-
rithm aims to minimize. Dashed lines connect selected data points to their assigned cluster
centers, with rik = 1 indicating that point i belongs to cluster k. This presents a circular
dependency in the optimization process: the optimal centers depend on the point assign-
ments, while the optimal assignments depend on the center positions. This interdependence
necessitates the iterative Expectation-Maximization approach used in K-means, where we
alternate between updating assignments and center positions until convergence.

analytically.

The key insight is that while optimizing both µk and rik simultaneously proves diffi-

cult, optimizing one while keeping the other fixed becomes straightforward. We can visualize

this as a “coordinate descent” approach through the parameter space, where we alternate be-

tween moving along the assignment dimensions and the cluster center dimensions, gradually

approaching a minimum of our objective function.
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The Basic EM Framework For K-means clustering, the EM algorithm follows a simple

iterative pattern:

• Initialization: Select K initial cluster centers µk. These could be random points from

our dataset, though more sophisticated initialization strategies often work better.

• Expectation Step (E-step): Fix the cluster centers µk and find the optimal assign-

ments rik.

• Maximization Step (M-step): Fix the assignments rik and find the optimal cluster

centers µk.

• Iteration: Repeat the E-step and M-step until convergence.

Let’s work through each step to understand why this approach works and how to

implement it.

Expectation Step: Optimal Assignments In the E-step, we assume the cluster centers

µk are fixed and solve for the assignments that minimize our objective function:

min
{rik}

J =
N∑

i=1

K∑

k=1

rik∥xi − µk∥2 (11.3)

subject to rik ∈ {0, 1} and
∑K

k=1 rik = 1 for all i.

With fixed centers, this optimization becomes much simpler. For each data point xi,

we need to choose which cluster it belongs to. Since exactly one rik must equal 1 for each

point i, the contribution of point i to the objective function is:

K∑

k=1

rik∥xi − µk∥2 = ∥xi − µk∗∥2 (11.4)

where k∗ is the cluster to which point i is assigned.

To minimize this contribution, we should choose k∗ to be the index of the cluster

center closest to xi. This gives us the optimal assignment rule:

rik =




1 if k = argminj ∥xi − µj∥2

0 otherwise
(11.5)
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This result has an intuitive interpretation: assign each point to its nearest cluster

center. The E-step simply implements this nearest-neighbor assignment for all data points.

Maximization Step: Optimal Centers In the M-step, we fix the assignments rik and

solve for the cluster centers that minimize our objective function:

min
{µk}

J =
N∑

i=1

K∑

k=1

rik∥xi − µk∥2 (11.6)

Since the assignments are now fixed, we can rearrange the summation to group terms

by cluster:

J =
K∑

k=1

N∑

i=1

rik∥xi − µk∥2 =
K∑

k=1

Jk (11.7)

where Jk =
∑N

i=1 rik∥xi − µk∥2 represents the contribution from cluster k.

Since each Jk depends only on µk, we can optimize each cluster center independently.

For cluster k, we minimize:

Jk =
N∑

i=1

rik∥xi − µk∥2 (11.8)

Taking the gradient with respect to µk and setting it to zero:

∂Jk
∂µk

=
N∑

i=1

rik
∂

∂µk

∥xi − µk∥2 (11.9)

=
N∑

i=1

rik(−2)(xi − µk) (11.10)

= −2
N∑

i=1

rikxi + 2µk

N∑

i=1

rik = 0 (11.11)

Solving for µk:

µk =

∑N
i=1 rikxi∑N
i=1 rik

(11.12)

This result also has a clear interpretation: the optimal cluster center is the mean

(centroid) of all points assigned to that cluster. The denominator
∑N

i=1 rik counts how many

points are assigned to cluster k, since rik equals 1 for assigned points and 0 otherwise.
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The Local Minima Problem While the EM algorithm will always converge to some

solution, it typically reaches a local minimum rather than the global minimum of our objec-

tive function. This occurs because each step only guarantees improvement given the current

state, not global optimality.

The final solution depends critically on initialization. Poor starting positions can trap

the algorithm in suboptimal configurations where further improvement through alternating

optimization becomes impossible, even though much better solutions exist elsewhere in the

parameter space.

This sensitivity to initialization is both a limitation and a motivation for careful

algorithm design. Since we often don’t know the true cluster structure beforehand, we need

initialization strategies that increase our chances of finding good solutions.

The sensitivity to initialization represents both a limitation and an opportunity in K-

means. Poor initialization can lead to suboptimal solutions, but good initialization strategies

can improve both the quality of results and convergence speed.

Random Initialization The simplest approach selectsK data points uniformly at random

as initial cluster centers. While straightforward to implement, this method can lead to poor

solutions when centers are initialized too close together or in regions of low data density.

K-means++ Initialization A more sophisticated strategy, K-means++, addresses the

initialization problem through a weighted sampling approach that systematically spreads

initial centers. The algorithm provides a principled way to choose starting positions that

balance diversity and data density.

The K-means++ algorithm works as follows:

• Step 1: Choose the first cluster center µ1 uniformly at random from the data points:

µ1 ∈ {x1,x2, . . . ,xN} with probability
1

N
(11.13)

• Step 2: For each data point xi, compute D(xi), the minimum distance to any existing

cluster center:

D(xi) = min
j∈{1,2,...,m}

∥xi − µj∥2 (11.14)

where m is the number of centers already chosen.
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Figure 11.3: Visualization of the Expectation-Maximization (EM) algorithm for K-means
clustering across three iterations. Top row: Initial centers (left) are chosen arbitrarily,
then the first E-step (right) assigns each point to its nearest center (shown by colors and
dashed lines). Middle row: The first M-step (left) moves each center to the mean of its
assigned points, with text showing the exact coordinate transition. The second E-step (right)
then reassigns points based on these updated centers. Bottom row: The second M-step
(left) further refines the centers, followed by the third E-step (right) which shows the final
assignments. This demonstrates how K-means resolves the circular dependency between
cluster centers and point assignments through iterative optimization.
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Figure 11.4: Demonstration of K-means sensitivity to initialization. Left: Good initializa-
tion with centers placed near each true cluster leads to correct identification of all three
natural clusters. Initial centers (circles) converge to optimal final positions (X markers).
Right: Poor initialization with two centers in the top cluster and one center between the
bottom clusters results in a suboptimal solution where the large top cluster is incorrectly split
while the two smaller bottom clusters are incorrectly merged. This illustrates how K-means
can converge to local minima when initial centers are poorly positioned, highlighting why
strategies like multiple random initializations or K-means++ are often necessary in practice.

• Step 3: Select the next cluster center µm+1 by sampling from the data points with

probability proportional to D(xi)
2:

P (µm+1 = xi) =
D(xi)

2

∑N
j=1D(xj)2

(11.15)

• Step 4: Repeat Steps 2-3 until all K centers have been chosen.

• Step 5: Proceed with the standard K-means EM algorithm using these initial centers.

This initialization strategy optimizes two competing objectives: maximizing the mini-

mum distance between centers to avoid redundant placement within the same natural cluster,

and ensuring centers are positioned in regions of high data density. The squared distance

weighting in the probability calculation gives higher sampling probability to points that are

far from existing centers while still sampling from the actual data distribution.
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Figure 11.5: Illustration of the K-means++ initialization algorithm. Step 1 (Top Left):
The first center is chosen uniformly at random from the data points. Step 2 (Top Right):
The second center is selected with probability proportional to the squared distance from the
first center, visualized by circle size. This gives distant points higher probability of selection,
encouraging diversity in center placement. Step 3 (Bottom Left): The third center is
selected with probability proportional to the squared distance from the nearest existing
center, again using weighted sampling. Step 4 (Bottom Right): The final initialization
shows the three centers with their corresponding assignment regions. K-means++ addresses
the initialization sensitivity in standard K-means by maximizing the minimum distance
between centers, leading to faster convergence and better clustering results compared to
random initialization, particularly when distinct cluster structures exist in the data.
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The mathematical foundation for K-means++ rests on the observation that good

initial centers should be both diverse (far from each other) and representative (located in

regions with data). The squared distance weighting achieves this balance by giving higher

probability to points that are far from existing centers while still respecting the data distri-

bution.

11.3 Evaluating K-means Clustering

Having established the mathematical foundation and algorithm for K-means, we can

now examine its practical performance characteristics. Understanding both the algorithm’s

strengths and the challenges of applying it to real data will help us use K-means effectively

and recognize when alternative approaches might be needed.

Computational Efficiency One of K-means’ primary advantages lies in its computational

efficiency. The EM formulation makes the algorithm remarkably scalable for large datasets.

Let’s analyze the computational complexity of each iteration:

The E-step requires computing distances between each of the N data points and each

of the K cluster centers. Since each distance calculation requires O(D) operations, this gives

us O(NKD) operations total.

The M-step involves updating each of the K centers by averaging the points assigned

to that center. Assuming roughly equal-sized clusters, each center is updated using ap-

proximately N/K points. Calculating the mean of N/K points in D dimensions requires

O(ND/K) operations per center, giving us O(ND) operations total for all centers.

The overall complexity per iteration is thereforeO(NKD), since the E-step dominates

when K ≥ 1. This linear scaling with the number of data points, clusters, and dimensions

makes K-means feasible for large astronomical datasets with millions of objects and hundreds

of features.

Determining the Number of Clusters While K-means is computationally efficient, it

requires us to specify the number of clusters K in advance. This presents a challenge: how

do we choose an appropriate value when we don’t know the true cluster structure? The

optimal K often depends on both the data characteristics and the specific scientific question

we’re trying to answer.
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Inertia and the Elbow Method The most intuitive approach examines how the K-

means objective function changes as we increase K. The within-cluster sum of squares (also

called “inertia”) measures how tightly clustered our data points are:

Inertia =
K∑

k=1

∑

i∈Ck

∥xi − µk∥2 (11.16)

where Ck represents the set of points assigned to cluster k.

As we increase K, the inertia will naturally decrease because clusters become smaller

and more homogeneous. The key insight is that if there are K∗ natural clusters in the data,

then:

• For K < K∗: Adding another cluster captures genuine structure, producing large

reductions in inertia

• For K > K∗: Additional clusters subdivide already coherent groups, yielding dimin-

ishing returns

The “elbow” in a plot of inertia versus K—where the slope changes markedly—can

suggest an appropriate cutoff point. However, this method can be subjective when no clear

elbow exists.

Silhouette Analysis A more quantitative approach uses the silhouette score, which mea-

sures how similar each point is to its own cluster compared to other clusters. For each data

point i, the silhouette score is:

s(i) =
b(i)− a(i)

max{a(i), b(i)} (11.17)

where a(i) is the average distance between point i and all other points in the same cluster,

and b(i) is the minimum average distance between point i and points in any other cluster.

The silhouette score ranges from -1 to 1:

• s(i) ≈ 1: Point is well-clustered, far from neighboring clusters

• s(i) ≈ 0: Point lies near the boundary between clusters

• s(i) ≈ −1: Point may be assigned to the wrong cluster
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Figure 11.6: Visualization of the elbow method for determining the optimal number of
clusters (K) in K-means. Top Left: The original dataset with four natural clusters. Top
Right: K-means clustering results with K=4, showing the identified clusters and their
centers (red X markers). Bottom Left: The elbow plot showing inertia (within-cluster
sum of squares) versus K. The characteristic “elbow” at K=4 indicates the point where
adding more clusters yields diminishing returns. This is analogous to the scree plot in PCA
for determining the number of components to retain. Bottom Right: Additional analysis
showing the rate of change of inertia (approximate derivative) and silhouette scores across
different K values, both confirming K=4 as optimal. The silhouette score peaks at K=4,
indicating that points are well-matched to their own clusters and well-separated from other
clusters at this value.
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The optimal number of clusters can be identified by the K that maximizes the average

silhouette score across all data points.

11.4 K-means as a Generative Model

While we’ve presented K-means as a geometric optimization problem, there’s a deeper

statistical perspective that connects it to the broader framework of probabilistic modeling.

This connection helps explain both K-means’ behavior and points toward more sophisticated

clustering methods.

Connecting to Classification Models In our study of logistic regression, we distin-

guished between discriminative and generative approaches to classification. Discriminative

models learn decision boundaries directly, while generative models describe how data is pro-

duced within each class. K-means adopts the generative perspective but applies it to the

unsupervised setting where class labels are unknown.

From this viewpoint, clustering assumes that our observed data arises from a mixture

of different underlying processes. Each cluster represents one such process, and our goal is

to identify both the processes (cluster parameters) and which process generated each data

point (cluster assignments).

A Probabilistic Data-Generating Story We can formalize K-means through a specific

generative model. Imagine that our data points arise from the following process:

• First, nature selects one of K clusters with equal probability 1/K

• Then, nature generates a data point from that cluster according to a Gaussian distri-

bution centered on the cluster’s mean with spherical covariance σ2I

This gives us the likelihood of observing data point xi:

p(xi) =
K∑

k=1

1

K
N (xi|µk, σ

2I) (11.18)

where N (x|µ,Σ) denotes the Gaussian probability density.

From Soft to Hard Assignments The likelihood expression above describes a “soft”

assignment model where each data point has some probability of belonging to each cluster.
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However, K-means uses “hard” assignments where each point belongs definitively to exactly

one cluster.

We can connect these perspectives by introducing our binary assignment variables rik

into the likelihood. When we make hard assignments, the likelihood becomes:

p(xi|{rik}) =
K∑

k=1

rik
1

K
N (xi|µk, σ

2I) (11.19)

Since exactly one rik equals 1 for each data point, this sum reduces to a single Gaussian

density term—the one corresponding to the assigned cluster.

For the entire dataset, the log-likelihood becomes:

logL =
N∑

i=1

K∑

k=1

rik log

(
1

K
N (xi|µk, σ

2I)

)
(11.20)

Deriving the K-means Objective We can now show how maximizing this likelihood

leads to the K-means objective function. The Gaussian density for spherical covariance is:

N (x|µ, σ2I) =
1

(2πσ2)D/2
exp

(
−∥x− µ∥2

2σ2

)
(11.21)

Taking the logarithm:

logN (x|µ, σ2I) = −D
2
log(2πσ2)− ∥x− µ∥2

2σ2
(11.22)

Substituting into our log-likelihood:

logL =
N∑

i=1

K∑

k=1

rik

[
log

1

K
− D

2
log(2πσ2)− ∥xi − µk∥2

2σ2

]
(11.23)

The first two terms are constants with respect to both the cluster assignments rik and

the cluster centers µk. When maximizing the log-likelihood, we can ignore these constants

and focus on:
N∑

i=1

K∑

k=1

rik

[
−∥xi − µk∥2

2σ2

]
(11.24)



366 Statistical Machine Learning for Astronomy — Y.-S. Ting

Maximizing this expression is equivalent to minimizing:

N∑

i=1

K∑

k=1

rik∥xi − µk∥2 (11.25)

This is precisely the K-means objective function! The constant factor 1/(2σ2) doesn’t

affect the optimization since it multiplies all terms equally.

Understanding K-means Assumptions This derivation reveals that K-means implicitly

assumes a specific generative model with restrictive assumptions:

• Spherical clusters: All clusters have identical spherical covariance matrices σ2I

• Equal cluster sizes: All clusters have equal prior probability 1/K

• Hard assignments: Each data point belongs definitively to one cluster

These assumptions explain both K-means’ computational efficiency and its limita-

tions. The spherical assumption makes the algorithm fast but restricts it to finding roughly

circular clusters. The equal size assumption works well when clusters naturally have similar

populations but fails when cluster sizes vary dramatically. The hard assignment assump-

tion provides mathematical simplicity but loses information about uncertainty in borderline

cases.

This probabilistic perspective also reveals a path forward. By relaxing these restrictive

assumptions—allowing different covariance matrices, unequal cluster sizes, and soft assign-

ments—we can develop more flexible clustering methods. This leads naturally to Gaussian

Mixture Models, which we explore next.

11.5 Gaussian Mixture Models: Mathematical Formal-

ism

Our exploration of K-means revealed both its computational efficiency and its restric-

tive assumptions. While K-means works well for spherical, well-separated clusters of similar

sizes, these assumptions often prove limiting in astronomical applications. Gaussian Mixture

Models (GMMs) address these limitations by adopting a fully probabilistic framework that

relaxes the key constraints of K-means.
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Figure 11.7: Demonstration of K-means clustering limitation with non-convex data struc-
tures. The data consists of two half-moon shaped clusters (distinguished by different marker
shapes: circles and triangles), but K-means with K=2 creates an inappropriate linear decision
boundary (dashed line) that fails to properly separate these naturally curved structures. The
colors represent K-means cluster assignments, which clearly cut across the true half-moon
patterns rather than respecting their intrinsic shapes. This limitation stems directly from
the spherical and convex cluster assumption inherent in K-means, where decision boundaries
are always hyperplanes perpendicular to the line connecting cluster centers, similar to logis-
tic regression.

From Hard to Soft Assignments The most important conceptual shift from K-means

to GMMs lies in how we handle cluster membership. K-means forces each data point to

belong exclusively to one cluster—a “hard assignment” that provides no information about

uncertainty or ambiguity in borderline cases.

GMMs instead use “soft assignments” where each data point has a probability of

belonging to each cluster. This probabilistic approach proves particularly valuable in as-

tronomy, where boundaries between different populations are often fuzzy rather than sharp.

For example, when studying stellar populations, stars near the boundary between disk and
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halo populations might share characteristics of both groups.
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Figure 11.8: Illustration of Gaussian Mixture Models (GMM) with three clusters demon-
strating soft assignment. Unlike K-means’ hard boundaries, GMM assigns each point a
probability of belonging to each cluster. Points are colored according to their most likely
cluster assignment, with cluster centers marked by X symbols. The elliptical contours around
each center show the 1, 2, and 3 standard deviation boundaries of each Gaussian component,
highlighting how GMMs can model clusters with different shapes, sizes, and orientations
through their covariance matrices. Red-outlined points indicate ambiguous cases where no
single cluster has a dominant (> 80%) probability of membership. This probabilistic frame-
work is a key advantage of GMMs over K-means, allowing them to capture uncertainty in
cluster assignments and better represent the underlying data distribution, particularly in
regions where clusters overlap.

The Mixture Model Framework Rather than viewing clustering as partitioning data

points, GMMs model the entire data distribution as a weighted combination of simpler

component distributions. Specifically, we assume that our data points are generated from a

mixture of K Gaussian distributions:

p(x) =
K∑

k=1

πkN (x|µk,Σk) (11.26)



Statistical Machine Learning for Astronomy — Y.-S. Ting 369

This formulation captures a richer view of the data generation process. Let’s under-

stand each component:

• N (x|µk,Σk) is the multivariate Gaussian probability density for component k, with

mean vector µk and covariance matrix Σk. This represents the probability of observing

data point x if it came from component k.

• πk is the mixture weight for component k, representing the prior probability that a

randomly selected data point belongs to component k. These weights satisfy πk ≥ 0

and
∑K

k=1 πk = 1.

The mixture weights πk represent the relative abundance of each component in the

overall population. In a galaxy survey, for example, π1 might represent the fraction of spiral

galaxies, π2 the fraction of ellipticals, and so on.

Increased Model Flexibility Unlike K-means, which assumes identical spherical covari-

ances for all clusters, GMMs allow each component to have its own covariance matrix Σk.

This flexibility enables GMMs to capture clusters with different shapes, sizes, and orienta-

tions.

However, this flexibility comes at a cost in terms of model complexity. For a GMM

with K components in D dimensions, we need to estimate:

• Mixture weights: K − 1 free parameters (due to the constraint
∑K

k=1 πk = 1)

• Mean vectors: KD parameters (each mean has D components)

• Covariance matrices: K·D(D+1)/2 parameters (each symmetric matrix hasD(D+1)/2

free parameters)

This gives a total of (K−1)+KD+K ·D(D+1)/2 parameters, which grows quadrat-

ically with dimension D. This rapid growth can make GMMs computationally challenging

in high-dimensional spaces.

Constraining Covariance Complexity To manage computational complexity, we can

impose constraints on the covariance matrices. Common approaches include:

Diagonal covariance: Σk = diag(σ2
k1, σ

2
k2, . . . , σ

2
kD)

This assumes features are uncorrelated within each component, reducing covariance



370 Statistical Machine Learning for Astronomy — Y.-S. Ting

0 2 4 6 8 10 12
Feature Value

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

D
en

si
ty

Gaussian Mixture Model: Mixture Weights

Data

Component 1 (π1 = 0.50)

Component 2 (π2 = 0.31)

Component 3 (π3 = 0.19)

Figure 11.9: Illustration of mixture weights (πk) in Gaussian Mixture Models. A 1D dataset
generated from three Gaussian components with different weights (π1 = 0.50, π2 = 0.31,
π3 = 0.19) is shown as a histogram. Each colored curve represents a component density scaled
by its corresponding mixture weight. The mixture weights represent the prior probability
that a data point belongs to each component before observing its features, and they determine
the relative contribution of each Gaussian to the overall mixture. These weights must satisfy
πk ≥ 0 for all k and

∑K
k=1 πk = 1, forming a proper probability distribution over the

components.

parameters from K · D(D + 1)/2 to K · D. While less flexible than full covariance, this

constraint still allows elliptical clusters aligned with coordinate axes.

Spherical covariance: Σk = σ2
kI

This further constrains each component to be spherical but with potentially different

sizes, reducing covariance parameters to just K values. This maintains the probabilistic

framework of GMMs while approaching the geometric simplicity of K-means.

The GMM Likelihood Function To find the optimal parameters for our mixture model,

we use maximum likelihood estimation. For a dataset {x1,x2, . . . ,xN}, assuming indepen-
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Figure 11.10: Comparison of covariance constraints in Gaussian Mixture Models using
the same dataset with correlated features. Left: Full covariance matrices (Σk) with
K · D(D + 1)/2 parameters can capture correlations between features, allowing ellipses of
any orientation to accurately model the true cluster shapes. Middle: Diagonal covariance
matrices (Σk = diag(σ2

k1, σ
2
k2, . . . , σ

2
kD)) with K · D parameters constrain ellipses to align

with coordinate axes, preventing the model from capturing feature correlations. This rep-
resents scenarios where different features vary independently within each cluster. Right:
Spherical covariance matrices (Σk = σ2

kI) with just K parameters constrain clusters to be
circular, similar to K-means but maintaining the probabilistic framework. These constraints
illustrate the trade-off between model flexibility and computational efficiency.

dence between observations, the likelihood is:

L =
N∏

i=1

p(xi) =
N∏

i=1

[
K∑

k=1

πkN (xi|µk,Σk)

]
(11.27)

Taking the logarithm to convert the product into a sum:

logL =
N∑

i=1

log

[
K∑

k=1

πkN (xi|µk,Σk)

]
(11.28)

This log-likelihood function presents optimization challenges that make direct ap-

proaches difficult. The summation inside the logarithm creates a complex, multimodal opti-

mization landscape with many local maxima. Additionally, the interdependence between all

parameters—mixture weights, means, and covariances—creates circular dependencies similar

to what we encountered in K-means, but more complex.
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Consider trying to find the gradient with respect to one of the mean vectors µk:

∂ logL

∂µk

=
N∑

i=1

1∑K
j=1 πjN (xi|µj,Σj)

· ∂

∂µk

[πkN (xi|µk,Σk)] (11.29)

This expression involves µk in both the numerator and denominator of a complex

fraction, making direct optimization extremely challenging. The same complexity arises for

the covariance matrices and mixture weights.

These optimization challenges motivate the use of the Expectation-Maximization al-

gorithm, which we can extend from our K-means experience to handle the full probabilistic

framework of GMMs.

11.6 Expectation-Maximization for GMMs

The complex optimization landscape of GMM likelihood functions requires a more so-

phisticated approach than direct gradient methods. Fortunately, we can extend the Expectation-

Maximization framework from K-means to handle the full probabilistic setting of GMMs.

The key insight remains the same: alternate between estimating cluster memberships and

updating model parameters.

Introducing Responsibilities The central concept in GMM optimization is the “respon-

sibility” that component k takes for explaining data point xi:

γik =
πkN (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

(11.30)

This responsibility γik represents the posterior probability that component k gener-

ated data point xi, given the current model parameters. It serves as the probabilistic analog

to the binary assignment variables rik we used in K-means.

The key difference is that while K-means assignments could only be 0 or 1 (hard as-

signment), GMM responsibilities can take any value between 0 and 1 (soft assignment). This

allows data points to have partial membership in multiple clusters, capturing uncertainty in

borderline cases.

For each data point i, the responsibilities sum to 1:
∑K

k=1 γik = 1. This constraint
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ensures that the total “probability mass” for each point is properly distributed across all

components.

The EM Algorithm for GMMs The EM algorithm for GMMs follows the same al-

ternating optimization strategy as K-means, but now operates on probability distributions

rather than discrete assignments.

Initialization: Choose starting values for the parameters {πk}, {µk}, {Σk}. Com-

mon strategies include:

• Using K-means results as initial estimates for means, then setting uniform mixture

weights and identity covariances

• Randomly partitioning the data and computing initial statistics from each partition

• Using more sophisticated methods like K-means++ for center initialization

Expectation Step (E-step): Compute the responsibilities using the current pa-

rameter values:

γik =
πkN (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

(11.31)

These responsibilities represent our current best estimates of which component gen-

erated each data point.

Maximization Step (M-step): Update the parameters using the current responsi-

bilities. This step requires deriving update equations for each parameter type.

Deriving the M-step Updates In the M-step, we treat the responsibilities γik as fixed

and find the parameter values that maximize the log-likelihood. While the E-step was

straightforward (just apply Bayes’ rule), the M-step requires careful mathematical derivation

for each parameter type. The key insight is that when responsibilities are fixed, we can

optimize each parameter set independently.

Updating the Mean Vectors Let’s start with the means, since they have the most direct

geometric interpretation. For component k, we want to find the mean µk that maximizes

the log-likelihood when all other parameters are held fixed.
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Starting with our log-likelihood:

logL =
N∑

i=1

log

[
K∑

j=1

πjN (xi|µj,Σj)

]
(11.32)

Taking the derivative with respect to µk:

∂ logL

∂µk

=
N∑

i=1

1∑K
j=1 πjN (xi|µj,Σj)

· ∂

∂µk

[πkN (xi|µk,Σk)] (11.33)

Using the chain rule and the fact that ∂
∂µk
N (xi|µk,Σk) = N (xi|µk,Σk)Σ

−1
k (xi−µk):

∂ logL

∂µk

=
N∑

i=1

πkN (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

Σ−1
k (xi − µk) (11.34)

Recognizing that the fraction is our responsibility γik:

∂ logL

∂µk

=
N∑

i=1

γikΣ
−1
k (xi − µk) (11.35)

Setting this equal to zero and solving for µk:

N∑

i=1

γikΣ
−1
k (xi − µk) = 0 (11.36)

Σ−1
k

N∑

i=1

γik(xi − µk) = 0 (11.37)

N∑

i=1

γikxi − µk

N∑

i=1

γik = 0 (11.38)

µk =

∑N
i=1 γikxi∑N
i=1 γik

(11.39)

This result is both mathematically elegant and intuitively sensible: the optimal mean

is simply the weighted average of all data points, where the weights are the responsibilities.

This directly generalizes the K-means result, where hard assignments rik ∈ {0, 1} are replaced
by soft responsibilities γik ∈ [0, 1].
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Let’s define the effective number of points assigned to component k as:

Nk =
N∑

i=1

γik (11.40)

With this notation, our mean update becomes:

µnew
k =

1

Nk

N∑

i=1

γikxi (11.41)

Updating the Covariance Matrices The covariance update is more complex but follows

the same principle. We want each component’s covariance to reflect the spread of data points

that belong to it, weighted by their responsibility values.

The derivation requires matrix calculus, so we’ll differentiate with respect to the

precision matrix Σ−1
k and then invert the result. This approach avoids some technical com-

plications while maintaining mathematical rigor.

First, let’s recall the multivariate Gaussian distribution:

N (x|µ,Σ) =
1

(2π)D/2|Σ|1/2 exp
(
−1

2
(x− µ)TΣ−1(x− µ)

)
(11.42)

Taking the logarithm:

lnN (x|µ,Σ) = −D
2
ln(2π)− 1

2
ln |Σ| − 1

2
(x− µ)TΣ−1(x− µ) (11.43)

Since we’re differentiating with respect to Σ−1
k , we rewrite the determinant term using

|Σ| = 1/|Σ−1|, giving us ln |Σ| = − ln |Σ−1|.

We need two matrix calculus identities:

∂

∂A
ln |A| = A−1 and

∂

∂A
xTAx = xxT (11.44)
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Following the same pattern as for the means, we compute:

∂

∂Σ−1
k

lnL =
N∑

i=1

1∑K
j=1 πjN (xi|µj,Σj)

· ∂

∂Σ−1
k

[πkN (xi|µk,Σk)] (11.45)

Using the chain rule:

∂

∂Σ−1
k

[πkN (xi|µk,Σk)] = πkN (xi|µk,Σk) ·
∂

∂Σ−1
k

lnN (xi|µk,Σk) (11.46)

Computing the derivative of the log Gaussian:

∂

∂Σ−1
k

lnN (xi|µk,Σk) =
∂

∂Σ−1
k

[
−D

2
ln(2π) +

1

2
ln |Σ−1

k | −
1

2
(xi − µk)

TΣ−1
k (xi − µk)

]

(11.47)

=
1

2
Σk −

1

2
(xi − µk)(xi − µk)

T (11.48)

Substituting back and using responsibilities:

∂

∂Σ−1
k

lnL =
N∑

i=1

γik

[
1

2
Σk −

1

2
(xi − µk)(xi − µk)

T

]
(11.49)

Setting equal to zero and solving:

N∑

i=1

γik

[
1

2
Σk −

1

2
(xi − µk)(xi − µk)

T

]
= 0 (11.50)

1

2
Σk

N∑

i=1

γik −
1

2

N∑

i=1

γik(xi − µk)(xi − µk)
T = 0 (11.51)

Σnew
k =

1

Nk

N∑

i=1

γik(xi − µnew
k )(xi − µnew

k )T (11.52)

This result again has a clear interpretation: the optimal covariance is the responsibility-

weighted sample covariance. This generalizes the standard covariance formula by giving each

data point a weight proportional to how much it ”belongs” to the component.
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Updating the Mixture Weights Finally, we derive the update for mixture weights,

which must satisfy the constraint
∑K

k=1 πk = 1. This requires Lagrange multipliers, a tech-

nique we’ve used before for constrained optimization, as we have seen in the last chapter.

We form the Lagrangian:

L = logL+ λ

(
1−

K∑

k=1

πk

)
(11.53)

Taking the derivative with respect to πk and setting to zero:

∂L
∂πk

=
N∑

i=1

N (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

− λ = 0 (11.54)

Multiplying both sides by πk and summing over all components:

K∑

k=1

πk

N∑

i=1

N (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

= λ
K∑

k=1

πk = λ (11.55)

The left side simplifies because the inner sum equals 1 for each data point:

N∑

i=1

K∑

k=1

πkN (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

=
N∑

i=1

1 = N = λ (11.56)

Substituting back into our original equation:

N∑

i=1

γik = Nπk (11.57)

πnew
k =

Nk

N
(11.58)

This result is intuitive: the optimal mixture weight equals the average responsibility

that component k takes across all data points. Components that explain more data points

get higher weights in the mixture.

The Complete Algorithm The complete EM algorithm for GMMs consists of:
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Figure 11.11: Expectation-Maximization (EM) algorithm for Gaussian Mixture Models. Top
row: Initial parameters with spherical covariances (left) and the first E-step showing re-
sponsibilities γik as color intensities (right). Middle row: First M-step updating means,
covariance matrices, and weights (left), followed by the second E-step with refined respon-
sibilities (right). Bottom row: Second M-step further refining parameters (left) and final
E-step showing a point with membership in multiple components highlighted in red (right).
Unlike K-means’ hard assignments, GMM uses soft probabilistic assignment through the
responsibility values γik, capturing clusters with different shapes and orientations through
component-specific covariance matrices.
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• Initialize parameters {πk}, {µk}, {Σk}

• E-step: Compute responsibilities

γik =
πkN (xi|µk,Σk)∑K
j=1 πjN (xi|µj,Σj)

(11.59)

• M-step: Update parameters

Nk =
N∑

i=1

γik (11.60)

µnew
k =

1

Nk

N∑

i=1

γikxi (11.61)

Σnew
k =

1

Nk

N∑

i=1

γik(xi − µnew
k )(xi − µnew

k )T (11.62)

πnew
k =

Nk

N
(11.63)

• Repeat E-step and M-step until convergence

Convergence and Local Optima Like K-means, the EM algorithm for GMMs guar-

antees that the likelihood increases (or remains constant) at each iteration. However, it

typically converges to a local maximum rather than the global maximum. The final solution

depends on initialization, making it common practice to run the algorithm multiple times

with different starting points and select the solution with the highest likelihood.

The initialization sensitivity in GMMs is generally more pronounced than in K-means

because of the increased parameter space and more complex likelihood surface. Good initial-

ization strategies, such as using K-means results as starting points, can significantly improve

both the quality of final solutions and convergence speed.

11.7 Advantages of Gaussian Mixture Models

Having developed the mathematical machinery for GMMs, we can now examine how

they address the limitations of K-means while providing additional capabilities. The prob-

abilistic framework of GMMs offers several key advantages that make them particularly

well-suited for complex clustering tasks.
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Figure 11.12: Comparison of Gaussian Mixture Model results with different initializations.
Initial component centers are shown as hollow circles, final centers as X markers, with arrows
indicating movement during EM optimization. Left: Poor initialization leading to a subop-
timal fit where the algorithm fails to properly identify the true underlying clusters. Right:
Better initialization resulting in a fit that accurately captures the true cluster structure.
The covariance ellipses show the shape and orientation of each Gaussian component. This
comparison demonstrates how the EM algorithm for GMMs can converge to different local
optima depending on initialization, highlighting the importance of proper starting conditions
in mixture modeling.

The Connection to K-means K-means and GMMs are closely related, with K-means

being a special case of GMM under specific constraints. We can recover K-means from GMM

by imposing three key restrictions:

• Equal mixture weights: Set πk = 1/K for all components

• Identical spherical covariances: Use Σk = σ2I for all components

• Hard assignments: As σ2 → 0, the responsibilities γik approach the binary indicators

rik used in K-means

This relationship shows that K-means represents the most constrained version of

the GMM framework. As the covariance becomes infinitesimally small, each data point’s

responsibility becomes concentrated entirely on the closest cluster center, effectively creating

hard boundaries between clusters.
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Soft Assignment and Uncertainty Quantification Perhaps the most important ad-

vantage of GMMs over K-means is their use of soft assignments. The responsibility γik

represents the probability that data point i belongs to cluster k, providing a natural mea-

sure of uncertainty in cluster membership.

This proves crucial in astronomy, where boundaries between different populations

are often fuzzy. When trying to separate different stellar populations based on chemical

abundances, stars near the boundaries between populations might share characteristics of

multiple groups. GMMs acknowledge this uncertainty instead of forcing arbitrary hard

assignments.

Flexible Cluster Shapes K-means inherently assumes that clusters are spherical in

shape, a consequence of using Euclidean distance and isotropic covariance matrices. GMMs,

in contrast, can model clusters with arbitrary elliptical shapes through their component-

specific covariance matrices Σk.

This flexibility allows GMMs to better capture the true structure of astronomical

data. The eigenvalues and eigenvectors of the covariance matrices directly characterize the

size, shape, and orientation of elliptical clusters, enabling more accurate representation of

natural data distributions.

Probabilistic Generative Framework GMMs are probabilistic generative models, mean-

ing they capture the full probability distribution of the data rather than just cluster assign-

ments. This probabilistic foundation provides several powerful capabilities that extend well

beyond simple clustering.

Synthetic Data Generation: Once we’ve fit a GMM to our data, we can generate

new synthetic data points that follow the same distribution. The process involves two steps:

first, select a component k with probability πk, then draw a sample from the corresponding

Gaussian distribution N (µk,Σk).

This capability proves valuable for creating realistic mock catalogs in astronomy.

A GMM trained on observed stellar parameters can generate synthetic stellar populations

that preserve the correlations and distributions of the original data, enabling more realistic

simulations for testing survey selection functions or understanding observational biases.

Outlier Detection: The generative nature of GMMs allows us to compute the
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probability density for any data point:

p(x∗) =
K∑

k=1

πkN (x∗|µk,Σk) (11.64)
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Figure 11.13: Using Gaussian Mixture Models for outlier detection. Left: A GMM with
two components fitted to data (gray points) with outliers (red X markers) manually added.
Ellipses show the 1, 2, and 3 standard deviation contours for each Gaussian component.
Right: Log-likelihood landscape visualized as a heatmap, where points with low likelihood
values (darker colors) are potential outliers. The dashed red contour represents an outlier
threshold at the 5th percentile of likelihood values. This demonstrates how the probability
density p(x) provided by GMMs can naturally identify data points that lie in low-density
regions and are unlikely to have been generated by the estimated model, making GMMs
valuable for anomaly detection in astronomical data where outliers often represent scientifi-
cally interesting objects.

Data points with low probability density—those that lie far from all cluster centers or

in low-density regions where p(x)≪ 1—can be identified as potential outliers. In astronomy,

such outliers often represent the most scientifically interesting objects. Stars with unusual

chemical abundance patterns might indicate unique nucleosynthetic pathways, while galaxies

with atypical properties might challenge our current understanding of galaxy formation.

By quantifying precisely how “unusual” an object is through its probability density,

GMMs provide a principled approach to anomaly detection that goes beyond simple distance-

based measures. This is particularly valuable in astronomical applications where outliers

often represent rare but important phenomena rather than measurement errors.
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Density Estimation: GMMs can estimate the probability density function of com-

plex, multimodal data distributions. This allows us to understand not just where clusters

are located, but how probability mass is distributed throughout the feature space. Such

information can reveal important physical insights about the processes that generate astro-

nomical populations and help identify regions of parameter space that are under-populated

or unexplored.

11.8 Model Selection with Information Criteria

Throughout our development of K-means and Gaussian Mixture Models, we have

assumed that the number of clusters K is known beforehand. In practice, however, deter-

mining this value represents one of the most challenging aspects of clustering analysis. This

question reflects the broader statistical problem of model selection—how to choose the model

complexity that best explains our data without overfitting.

While we discussed the elbow method and silhouette analysis for K-means, these

approaches provide primarily qualitative guidance. For GMMs, we can leverage their prob-

abilistic foundation to apply more principled statistical criteria: the Bayesian Information

Criterion (BIC) and the Akaike Information Criterion (AIC).

The Model Selection Challenge Both BIC and AIC address the same fundamental

challenge: balancing model fit against model complexity. As we increase the number of

clusters K, our model becomes more flexible and can fit the data more closely, with the log-

likelihood monotonically increasing. However, improved fit comes at the cost of additional

parameters that may capture noise rather than genuine structure.

Taking this to extremes illustrates the problem clearly. With K = N (one cluster per

data point), we would achieve perfect “fit” in terms of likelihood but learn nothing about

underlying structure. Conversely, with K = 1 (all data in one cluster), we would have

maximum simplicity but potentially poor representation of heterogeneous data.

Information criteria formalize this trade-off by penalizing the model’s likelihood based

on its complexity. All such criteria rely on the principle of parsimony, often called “Occam’s

razor”—when multiple models explain the data equally well, we should prefer the simplest

one. This principle helps us avoid overfitting by preventing models from becoming unneces-

sarily complex.
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11.8.1 The Bayesian Information Criterion (BIC)

The Bayesian Information Criterion, introduced by Schwarz (1978), derives from a

Bayesian approach to model selection. It approximates the Bayes factor, which compares the

posterior probabilities of different models. For a GMM with K components, BIC is defined

as:

BIC = −2 ln(L̂) + P ln(N) (11.65)

where L̂ is the maximum likelihood of the model, P is the number of free parameters, and

N is the number of data points.

For a Gaussian Mixture Model, counting the free parameters requires careful con-

sideration of the covariance structure. For full-covariance GMMs with K components in D

dimensions:

P = (K − 1) +KD +K
D(D + 1)

2
= K

(
1 +D +

D(D + 1)

2

)
− 1 (11.66)

with fewer parameters for diagonal (P = (K − 1)+KD+KD) or spherical (P = (K − 1)+

KD +K) covariance structures.

Bayesian Foundation of BIC To understand BIC’s theoretical foundation, we need to

extend our Bayesian framework to model selection. When comparing different models, we

treat the model itself as a variable. Let MK denote a model with K components. The

posterior for modelMK given data X is:

p(MK |X) =
p(X|MK)p(MK)

p(X)
(11.67)

When we have no prior preference among models (p(MK) is uniform), the poste-

rior probability becomes proportional to the marginal likelihood p(X|MK). This marginal

likelihood integrates over all possible parameter values:

p(X|MK) =

∫
p(X|θK ,MK)p(θK |MK)dθK (11.68)

This integration automatically implements Occam’s razor through a mathematical

elegance. To understand this intuitively, consider what happens in parameter space:

A complex model (with many parameters) spreads its prior probability p(θK |MK)
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thinly over a vast parameter space. Imagine this prior as a probability density distributed

across all possible parameter combinations. As the number of parameters increases, this

density must be spread more thinly to maintain a total probability of 1. In contrast, a

simpler model concentrates its prior probability in a much smaller region of parameter space,

resulting in higher probability density in that region.

When we integrate the product of the likelihood and prior over the entire parameter

space, two scenarios can occur:

• If the complex model doesn’t fit the data substantially better than the simpler model,

its likelihood won’t be high enough to compensate for its thinly spread prior, resulting

in a lower marginal likelihood.

• Only if the complex model provides a dramatically better fit (much higher likelihood)

across a significant portion of its parameter space will it overcome this inherent disad-

vantage.

This mathematical behavior naturally favors simpler explanations unless the data

strongly supports additional complexity—precisely the principle of Occam’s razor imple-

mented through Bayesian integration.

However, this integral is generally intractable for GMMs. The Laplace approximation

provides a solution by approximating the posterior distribution around its mode. Let’s derive

this more explicitly. The key idea is to approximate the logarithm of the integrand at its

maximum:

ln[p(X|θK ,MK)p(θK |MK)] ≈ ln[p(X|θ̂K ,MK)p(θ̂K |MK)]−
1

2
(θK − θ̂K)

TH(θK − θ̂K)

(11.69)

Here, H is the Hessian matrix of the negative log posterior evaluated at θ̂K . For

large sample sizes, the likelihood dominates the prior, making H approximately equal to the

observed information matrix I(θ̂K) = −∇2 ln p(X|θ̂K ,MK).

Because the log-likelihood is a sum over N independent observations:

ln p(X|θK ,MK) =
N∑

i=1

ln p(xi|θK ,MK) (11.70)
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The Hessian is also a sum over N terms:

H = −∇2 ln p(X|θK ,MK) = −
N∑

i=1

∇2 ln p(xi|θK ,MK) (11.71)

This means H scales linearly with N . We can express this as H = N · J (θ̂K), where

J (θ̂K) is the average information matrix per observation.

With this Gaussian approximation, the integral becomes:

p(X|MK) ≈ p(X|θ̂K ,MK)p(θ̂K |MK)

∫
exp

(
−1

2
(θK − θ̂K)

TH(θK − θ̂K)

)
dθK (11.72)

= p(X|θ̂K ,MK)p(θ̂K |MK) · (2π)P/2|H|−1/2 (11.73)

For the determinant of H, a key property of matrices is that scaling a P × P matrix

by a factor N scales its determinant by NP :

|H| = |N · J (θ̂K)| = NP · |J (θ̂K)| (11.74)

Taking the negative logarithm of the model evidence and multiplying by 2:

−2 ln p(X|MK) ≈ −2 ln p(X|θ̂K ,MK)− 2 ln p(θ̂K |MK)− P ln(2π) + ln |H| (11.75)

= −2 ln p(X|θ̂K ,MK)− 2 ln p(θ̂K |MK)− P ln(2π) + P ln(N) + ln |J (θ̂K)|
(11.76)

Now, it’s crucial to understand which terms dominate as N becomes large. Let’s

analyze the scaling of each term:

• The log-likelihood term −2 ln p(X|θ̂K ,MK) scales as O(N) because it sums over all

N data points.

• The penalty term P ln(N) scales as O(lnN), growing much more slowly than the

likelihood term.

• The remaining terms—the log-prior −2 ln p(θ̂K |MK), the constant −P ln(2π), and the

determinant of the average information matrix ln |J (θ̂K)|—do not depend on N at all,

making them O(1).
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When comparing models as N → ∞, the dominant term in the expression is the

log-likelihood −2 ln p(X|θ̂K ,MK), followed by the penalty term P ln(N). The other terms

become relatively negligible as they don’t scale with N . Therefore, as N grows large:

−2 ln p(X|MK) ≈ −2 ln p(X|θ̂K ,MK) + P ln(N) +O(1) (11.77)

This asymptotic behavior gives us the BIC formula. We retain the log-likelihood term

and the complexity penalty term P ln(N), as they have the most significant impact on model

selection for large datasets, while dropping terms that become relatively insignificant in the

asymptotic limit.

BIC Properties and Interpretation BIC has several important properties that make

it particularly valuable for model selection:

Consistency: Under regularity conditions, BIC will select the true model asN →∞,

assuming the true model is among the candidates considered.

Stronger penalty: The P ln(N) penalty grows with sample size, making BIC in-

creasingly conservative as more data becomes available. This reflects the Bayesian philosophy

that with more evidence, we should require stronger justification for complex explanations.

When comparing models, we select the one with the lowest BIC value. The BIC

difference ∆BIC = BIC1 − BIC2 can be interpreted as twice the log Bayes factor, providing

a measure of evidence strength for model 2 over model 1.

It’s important to emphasize that BIC’s validity depends critically on its underlying

assumptions. The asymptotic approximation requires large sample sizes relative to the model

complexity, well-behaved likelihoods, and appropriately diffuse priors. In astronomical appli-

cations, these conditions aren’t always met—particularly when dealing with small samples,

complex parameter interdependencies, or multimodal distributions. Therefore, while BIC

provides valuable guidance, we should not treat it as absolute ground truth but rather as

one piece of evidence that requires case-by-case evaluation in conjunction with scientific

domain knowledge.

11.8.2 The Akaike Information Criterion (AIC)

The Akaike Information Criterion approaches model selection from information theory

rather than Bayesian statistics. AIC connects to concepts of entropy and mutual information,
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Figure 11.14: Model selection for Gaussian Mixture Models using information criteria. The
plot shows how AIC (blue) and BIC (orange) values change as a function of the number of
components (K). Both criteria balance the model fit (log-likelihood) against model complex-
ity (number of parameters). The BIC applies a stronger penalty term P ln(N) compared to
AIC’s penalty of 2P , where P is the number of parameters and N is the sample size. Con-
sequently, BIC typically favors simpler models (lower K) than AIC. AIC tends to identify
more clusters because it focuses on optimizing prediction accuracy rather than finding the
“true” model, making it more willing to accept additional complexity when it offers even
modest improvements in fit. The minimum of each curve indicates the optimal number of
components according to that criterion. After reaching their minima, both criteria begin to
increase as the penalty for additional complexity outweighs the diminishing improvements in
fit. This demonstrates how information criteria implement Occam’s razor by mathematically
formalizing the trade-off between model fit and complexity.

focusing on the model’s ability to predict new data rather than identifying the “true” model.

The standard AIC is defined as:

AIC = −2 ln(L̂) + 2P (11.78)

Compared to BIC, AIC has a smaller penalty for model complexity (2P instead of
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P ln(N)), meaning it tends to favor more complex models, especially for large sample sizes

where ln(N) > 2.

Information-Theoretic Foundation AIC’s foundation rests on information theory and

the concept of Kullback-Leibler divergence. Akaike’s insight was connecting model selection

to the information-theoretic goal of minimizing the distance between our fitted model and

the true data-generating process.

When we use the same data to both fit a model and evaluate its performance, we

introduce an optimistic bias—we overestimate how well our model will generalize to new

data. This bias increases with model complexity because complex models have greater

capacity to fit noise rather than signal.

Remarkably, Akaike demonstrated that this bias can be asymptotically approximated

by the number of parameters P . Therefore, to estimate how well our model will perform on

new data, we subtract this bias from our observed log-likelihood, yielding the AIC formula.

For small sample sizes, a corrected version (AICc) provides better performance:

AICc = AIC +
2P (P + 1)

N − P − 1
(11.79)

This correction addresses the limitation that standard AIC works well asymptotically

but can be biased when sample size is limited relative to model complexity. The correction

term increases as either P grows or N shrinks, providing more aggressive penalty for complex

models when data is scarce.

Philosophical Differences Between BIC and AIC The distinction between BIC and

AIC reflects different philosophical approaches to model selection:

BIC Philosophy: Assumes one true model exists among the candidates and aims

to identify it. BIC is “consistent”—it will select the true model as sample size increases,

assuming the true model is in the candidate set.

AIC Philosophy: Acknowledges that all models are approximations and focuses

on finding the model that makes the best predictions on new data. AIC is “efficient”—it

minimizes expected prediction error even when all candidate models are misspecified.

These philosophical differences manifest practically. BIC tends to select simpler mod-
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els than AIC, especially for large datasets. BIC’s stronger penalty (P ln(N) versus 2P ) makes

it more conservative about adding complexity.

Practical Application to GMMs In practice, when applying these criteria to GMMs,

we compute the log-likelihood at convergence of the EM algorithm:

ln(L̂) =
N∑

i=1

ln

(
K∑

k=1

π̂kN (xi|µ̂k, Σ̂k)

)
(11.80)

where π̂k, µ̂k, and Σ̂k are the maximum likelihood estimates.

When BIC and AIC agree on the optimal number of clusters, we have strong evi-

dence for that choice. When they disagree, examining both solutions often provides deeper

insights. The BIC-selected model typically identifies the most prominent, well-separated

clusters, while the AIC-selected model might capture more subtle structures that could be

scientifically relevant.

This complementary use of both criteria reflects the reality that model selection in

clustering often depends on the specific scientific question. For exploratory analysis aimed at

understanding broad population structure, BIC’s conservative approach may be preferred.

For detailed studies where subtle subpopulations might be scientifically important, AIC’s

willingness to embrace complexity could prove valuable.

The model selection problem in clustering parallels what we encountered with dimen-

sionality reduction in PCA. Both involve determining appropriate model complexity—the

number of principal components in PCA or clusters in GMM. Information criteria provide a

consistent framework for such decisions across different unsupervised learning tasks, though

the specific choice remains context-dependent.

11.9 Summary

In this chapter, we have explored clustering as a powerful approach for discovering

structure in unlabeled astronomical data. Our journey began with K-means clustering,

a geometric method that partitions data by minimizing the distance between points and

their assigned cluster centers. While K-means offers computational efficiency and intuitive

results, it comes with important limitations: hard assignments that provide no uncertainty

quantification, an assumption of spherical clusters of similar sizes, and sensitivity to outliers.
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These limitations naturally led us to Gaussian Mixture Models (GMMs), which ad-

dress K-means’ shortcomings through a fully probabilistic framework. GMMs model data as

arising from a mixture of Gaussian distributions, enabling soft assignments where data points

can have fractional membership in multiple clusters. This probabilistic foundation allows

GMMs to capture uncertainty in cluster assignments, model elliptical clusters with different

orientations and sizes, and provide a complete generative model of the data distribution.

The expectation-maximization (EM) algorithm emerged as a powerful framework for

optimizing both K-means and GMMs. By alternating between computing cluster assign-

ments (E-step) and updating model parameters (M-step), EM decomposes complex optimiza-

tion problems into sequences of simpler ones that can be solved analytically. This approach

revealed the deep connection between K-means and GMMs: K-means can be understood

as a special case of GMMs with equal mixture weights, identical spherical covariances, and

hard assignments obtained in the limit of vanishing variance.

Our exploration revealed a progression from geometric intuition to probabilistic so-

phistication. K-means provides geometric clarity through its direct minimization of within-

cluster distances, making it an ideal starting point for understanding clustering concepts.

GMMs build upon this foundation by embedding the geometric intuition within a proba-

bilistic framework that can handle uncertainty and complex cluster shapes. This progres-

sion connected clustering to the broader theme of generative models that we encountered

in classification, where clusters represent distinct populations with their own characteristic

distributions.

The generative perspective provides capabilities that extend far beyond simple data

partitioning, including synthetic data generation, outlier detection, and probability density

estimation. A critical challenge in clustering involves determining the optimal number of

clusters. We examined both heuristic approaches (elbow method, silhouette analysis) and

principled statistical frameworks through information criteria. The Bayesian Information

Criterion (BIC) and Akaike Information Criterion (AIC) formalize Occam’s razor by balanc-

ing model fit against complexity, though they embody different philosophical approaches.

The progression from linear models through clustering reflects the broader evolution of

statistical learning. We began with simple, interpretable models that provide exact solutions

but make strong assumptions about data structure, then moved to more flexible approaches

like GMMs that relax some assumptions while maintaining analytical tractability.

This recognition points toward the need for even more flexible computational ap-
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proaches. In our next chapter, we will shift our focus to sampling and Monte Carlo methods,

which provide a computational backbone for complex probabilistic models where analytical

solutions are unavailable. These techniques will enable us to work with arbitrary proba-

bility distributions, perform inference in high-dimensional parameter spaces, and quantify

uncertainty in ways that extend far beyond the analytical frameworks we’ve explored thus

far.

Further Readings: The development of clustering methods builds upon fundamental

work in set partitioning and mixture distributions, with early contributions from Stein-

haus [1957] who provided mathematical formulations for dividing sets into homogeneous

groups and Pearson [1894] whose work on mixture distributions laid groundwork that re-

mains foundational today. For readers interested in K-means clustering, Lloyd [1982] offers

the least squares quantization perspective that underlies modern implementations, while

MacQueen [1967] provides comprehensive methods for multivariate classification and Harti-

gan and Wong [1979] presents an algorithmic treatment that became widely adopted. The

probabilistic framework of Gaussian Mixture Models is developed in Day [1969] and Wolfe

[1970] who extends mixture analysis to multivariate settings. The Expectation-Maximization

algorithm, essential for both K-means and GMM optimization, receives definitive treatment

in Dempster et al. [1977] whose unified framework encompasses many iterative algorithms,

with Redner and Walker [1984] providing an accessible review that connects mixture densities

with maximum likelihood estimation. For comprehensive coverage of finite mixtures, Titter-

ington et al. [1985] offers rigorous statistical analysis. Model selection in clustering benefits

from information-theoretic criteria developed by Akaike [1974] and the Bayesian perspective

of Schwarz [1978], with theoretical extensions explored in Bozdogan [1987]. Readers seek-

ing practical guidance will find Kaufman and Rousseeuw [1990] valuable for its treatment

of finding groups in data, while Arthur and Vassilvitskii [2007] addresses the initialization

challenge through careful seeding strategies. The connection between hard and soft cluster-

ing assignments is illuminated through fuzzy clustering methods in Dunn [1973] and Bezdek

[1981], with Selim and Ismail [1984] providing unifying convergence theory. For comprehen-

sive treatments, Hartigan [1975] remains a classic reference on clustering algorithms, while

Duda et al. [2001] places these methods within the broader context of pattern classification.



Chapter 12

Sampling and Monte Carlo Methods

In our previous chapters, we have completed our survey of the essential techniques

for each of the key tasks of machine learning in astronomy—supervised learning (regression,

classification) and unsupervised learning (dimension reduction with PCA, and clustering).

While these tasks appear different on the surface, the mathematics behind each follows a

remarkably similar pattern—all involving the maximization of likelihood and deriving the

posterior of proposed models, though the specific form of these models varies depending on

the task at hand.

This chapter marks a transition point in our exploration, shifting from model-specific

techniques to general computational methods that apply across different models. The sam-

pling methods we will develop serve as a computational backbone for complex probabilistic

models that extends well beyond any single machine learning task.

Consider the progression we have followed throughout this course. When we first

introduced linear regression, logistic regression, and other parametric models, we benefited

from their mathematical tractability. For simple models like linear regression with Gaussian

priors and likelihoods, we could derive closed-form expressions for the posterior distribu-

tion. The mathematical tractability of Gaussian distributions allowed us to perform exact

calculations without approximation.

However, as our models become more sophisticated—incorporating non-linearities,

hierarchical structures, or complex priors—analytical solutions quickly become unavailable.

Even modest departures from the simple cases we have studied create substantial compu-

tational challenges. From Bayes’ theorem, we can always write the posterior distribution

393
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formally as:

p(θ|D) ∝ p(D|θ) · p(θ), (12.1)

where θ represents our model parameters and D our data.

This formal expression gives us the mathematical form of the posterior, but it’s often

insufficient for practical use. The key challenge is not obtaining the mathematical form—we

already have that—but rather computing expectations with respect to this distribution.

Most practical questions in Bayesian inference require computing expectations of the form:

E[f(θ)] =
∫
f(θ)p(θ|D)dθ. (12.2)

These integrals arise whenever we want to predict new observations, summarize pa-

rameter values, or integrate out nuisance parameters. For the simple models we studied

earlier, these integrals could be computed analytically. In Bayesian linear regression, the

posterior distribution is Gaussian, allowing us to either use standard packages to generate

samples or perform analytical calculations directly.

The mathematical tractability we relied on earlier has guided many of our modeling

choices. We often resorted to combinations of Gaussianity and linear transformations be-

cause these create models that we can manipulate easily mathematically. However, we have

also seen that even slight deviations from these assumptions create substantial difficulties. In

logistic regression, the non-linearities made obtaining the posterior considerably more chal-

lenging. We managed to proceed by making approximations like the Laplace approximation,

or by using the probit function as a substitute for the logistic function.

In Bayesian logistic regression, for example, we could write down the posterior pre-

cisely, but we couldn’t easily sample from it without approximations. As models grow more

complex, these approximation techniques become increasingly inadequate. For many dis-

tributions encountered in Bayesian inference—particularly posterior distributions resulting

from complex likelihoods or hierarchical models—analytical solutions simply do not exist.

This is where Monte Carlo methods become invaluable. Rather than attempting to

solve integrals analytically, we approximate them using samples. The key insight is remark-

ably simple: if we can generate samples θ(1),θ(2), . . . ,θ(N) from the distribution p(θ|D),
then

E[f(θ)] ≈ 1

N

N∑

l=1

f(θ(l)). (12.3)
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We have actually encountered this concept earlier in the course when we used finite

samples to estimate summary statistics like means and variances. Those calculations can be

viewed as simple Monte Carlo approximations, where we used our observed data samples to

estimate population parameters.

The power of Monte Carlo methods lies in their convergence properties—as the num-

ber of samples N increases, our approximation becomes increasingly accurate. By the Law

of Large Numbers, the approximation converges to the true expectation as N → ∞. Fur-

thermore, the Central Limit Theorem tells us that the error in our approximation decreases

at a rate of O(1/
√
N). This convergence rate applies regardless of the dimensionality of

the problem—a crucial advantage when working with high-dimensional parameter spaces

common in astronomical applications.

The name “Monte Carlo” originates from the famous casino in Monaco, reflecting the

method’s reliance on randomness and chance. This naming was coined by scientists working

on the Manhattan Project in the 1940s, particularly John von Neumann and Stanislaw Ulam,

who used these techniques for nuclear physics calculations.

Monte Carlo approximation allows us to estimate quantities that would otherwise

require solving complex, often intractable integrals. The beauty of this approach is that it

works regardless of the complexity of the distribution or the dimension of the integration

space, provided we can generate samples from the target distribution. However, this power

comes with a critical requirement: we need effective methods to generate samples from

complex probability distributions.

This chapter explores several approaches to sampling from probability distributions,

each with different strengths and limitations. We begin with simple methods that work well

for low-dimensional problems and provide important conceptual foundations. The grid ap-

proach discretizes continuous distributions into manageable histogram approximations. The

inverse CDF method provides exact sampling when analytical inverse cumulative distribu-

tion functions are available. Rejection sampling offers a geometric approach that works with

any evaluable distribution.

We then examine importance sampling, which shifts the focus from exact sample gen-

eration to efficient expectation estimation. This method can estimate expectations without

generating exact samples from the target distribution, making it particularly valuable when

our primary goal is computing integrals rather than exploring distributions.
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While these methods provide valuable tools for simple problems, they reach practi-

cal limits with the complex, high-dimensional models common in modern astronomy. The

exponential scaling of computational requirements with dimensionality renders these basic

techniques impractical for many realistic applications. These limitations motivate more ad-

vanced techniques like Markov Chain Monte Carlo methods, which we will explore in the

next chapter.

12.1 Historical Context

The concept of using randomness to solve mathematical problems has deep historical

roots, predating modern computers by centuries. To understand the principles behind Monte

Carlo methods, it’s instructive to examine one of the earliest examples: Buffon’s needle

experiment, first proposed by Georges-Louis Leclerc, Comte de Buffon in the 18th century.

Buffon’s experiment demonstrates how physical randomization can be used to esti-

mate mathematical constants—in this case, the value of π. The setup is deceptively simple:

drop needles of length L on a floor with parallel lines spaced distanceD apart (where L ≤ D).

By counting how many needles cross the lines, we can estimate π without performing any

complex mathematical calculations.

To understand why this works, we need to analyze the geometry of the problem.

When a needle lands on the floor, its position is characterized by two random variables: the

perpendicular distance x from the center of the needle to the nearest line (where 0 ≤ x ≤
D/2), and the angle θ between the needle and the lines (where 0 ≤ θ < π).

Both variables are uniformly distributed: x is uniform over [0, D/2] with probability

density 2/D, and θ is uniform over [0, π] with probability density 1/π. A needle crosses a line

when the perpendicular distance x is less than or equal to half the needle length projected

onto the perpendicular direction. This occurs when:

x ≤ L

2
sin θ. (12.4)
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The probability of crossing is then:

p(crossing) =

∫ π

0

∫ L
2
sin θ

0

2

D
· 1
π
dx dθ (12.5)

=

∫ π

0

L sin θ

Dπ
dθ (12.6)

=
L

Dπ

∫ π

0

sin θ dθ (12.7)

=
L

Dπ
· 2 (12.8)

= 2
L

πD
. (12.9)

This result connects the probability of needle crossings to the value of π. If we drop

N total needles and observe n crossings, our empirical probability is n
N
. Setting this equal

to the theoretical probability gives us:

n

N
≈ 2

L

πD
(12.10)

π ≈ 2
L

D

N

n
. (12.11)

This approach demonstrates several key principles that remain central to modern

Monte Carlo methods. First, it shows how random sampling can be used to estimate quan-

tities that would otherwise require complex calculations—in this case, computing π without

solving any integrals. Second, it illustrates the characteristic O(1/
√
N) convergence rate:

as we increase the number of needles N , our estimate of π becomes more accurate, but the

improvement diminishes with the square root of the sample size.

The connection between Buffon’s physical experiment and modern computational

sampling is more than historical curiosity. Both rely on the same mathematical principle:

using random samples to approximate integrals. While Buffon and his contemporaries used

physical randomization out of necessity, we now employ computational random number

generators to achieve the same goal with far greater efficiency and precision.

This historical example establishes a crucial insight that underlies all the sampling

techniques we will study: random sampling provides a general method for estimating quanti-

ties that would otherwise require solving complex, often intractable integrals. The approach

works regardless of the complexity of the distribution or the dimension of the integration
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Non-crossing Needles
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D
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n

Buffon’s Needle Experiment

Figure 12.1: Illustration of Buffon’s needle experiment, an early example of Monte Carlo
methods from the 18th century. The experiment involves randomly dropping needles of
length L (shown in vertical orientation) on a surface with parallel lines spaced at distance D.
Needles are colored according to whether they cross a line (red) or not (blue). The probability
of a needle crossing a line is directly related to π through the formula π ≈ 2LN/(Dn), where
N is the total number of needles dropped and n is the number of needles that cross a line.
This physical randomization process provides a method to empirically estimate π without
requiring complex mathematical calculations, illustrating the core principle behind modern
Monte Carlo integration techniques.

space, provided we can generate samples from the target distribution. This universality

makes sampling methods invaluable for modern statistical computation, where we routinely

encounter distributions far more complex than those that admit analytical solutions.

12.2 The Grid Approach

We begin our exploration of computational sampling techniques with the grid-based

approach, which provides a foundation for understanding more sophisticated methods. This
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method directly implements the principle we saw in Buffon’s needle experiment: transforming

a continuous mathematical problem into a discrete one that we can solve through counting

and probability.

A useful analogy for understanding the grid approach is a pinball machine. When a

ball drops from the top, it randomly bounces through a series of pegs before landing in one

of several bins at the bottom. Each bin collects balls with a frequency proportional to how

many paths lead to it. In our sampling context, the “bins” represent discrete grid points,

and the “frequency of balls landing in each bin” corresponds to the probability density at

each point. Just as the pinball machine converts the complex physics of bouncing balls into

a simple counting problem, the grid approach converts continuous probability distributions

into discrete sampling problems.

The grid approach converts the challenging problem of sampling from a continuous

distribution into the more manageable task of sampling from a discrete histogram. While

this introduces approximation, it offers valuable intuition about how sampling methods work

and provides exact results as the grid becomes infinitely fine.

The basic strategy is straightforward. Consider a random variable X with probability

density function (PDF) p(x) defined on a bounded domain [a, b]. To sample from this

distribution using the grid approach, we first discretize the continuous domain into n equally

spaced grid points:

xi = a+ i∆x, i = 0, 1, . . . , n, (12.12)

where ∆x = (b− a)/n represents the grid spacing.

This discretization approximates the continuous distribution with a binned histogram.

At each grid point xi, we evaluate the PDF to obtain pi = p(xi), which represents the

height of the probability density at that location. Since these values represent unnormalized

probability densities, we must normalize them to form a proper probability mass function

(PMF). The normalization constant is computed as Z =
∑n

i=0 pi, allowing us to define the

normalized probabilities p̃i = pi/Z.

These normalized probabilities p̃i can be interpreted as the probability masses associ-

ated with each grid point. The entire process transforms our continuous PDF into a discrete

histogram approximation, with the approximation quality improving as the number of bins

increases.

Once we have discretized the distribution, sampling becomes straightforward. We
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need to generate samples from the discrete distribution defined by the probabilities p̃i over

the grid points xi. This requires partitioning the unit interval [0, 1] into segments with

lengths proportional to the bin probabilities.

We accomplish this by computing cumulative probabilities:

si =
i∑

j=0

p̃j, i = 0, 1, . . . , n. (12.13)

These cumulative probabilities create a set of thresholds {s0, s1, . . . , sn} with s0 = p̃0

and sn = 1. The sampling procedure then becomes:

1. Generate a uniform random number u ∼ U(0, 1)

2. Find the interval where si−1 < u ≤ si

3. Return xi as our sample

This procedure ensures that the probability of sampling any grid point xi is precisely

p̃i, as required.

Example: Bimodal Gaussian Mixture To illustrate the grid approach, consider sam-

pling from a mixture of two Gaussians:

p(x) = 0.7 · N (x| − 2, 0.52) + 0.3 · N (x|2, 12). (12.14)

This distribution exhibits bimodality with a dominant mode centered at x = −2 (nar-

rower and taller) and a secondary mode at x = 2 (broader and shorter). While conventional

sampling from this mixture would require selecting one component according to the mixing

proportions and then sampling from the selected Gaussian, the grid approach permits direct

sampling from the composite distribution.

The implementation would discretize an appropriate domain, such as [−5, 5], into
n = 1000 equally spaced points. After evaluating the PDF at each point and normalizing to

obtain bin probabilities, we can generate samples using the procedure described above. This

approach accommodates the multimodal nature of the distribution effectively, provided the

grid resolution adequately captures the distribution’s features.
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Discretization of PDF: Bimodal Gaussian Mixture
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Sampling via Stacked Probabilities

Figure 12.2: Illustration of grid-based sampling for a bimodal Gaussian mixture. Top panel:
Discretization of the continuous PDF p(x) = 0.7 · N (x| − 2, 0.52) + 0.3 · N (x|2, 12) into
equally spaced bins of width ∆x, with each bin shown in a different color. The black curve
represents the true continuous PDF. Bottom panel: The stacked bar representation of bin
probabilities, where the width of each colored segment corresponds to the probability mass
of the matching bin in the top panel. The thresholds si partition the unit interval according
to these probabilities. When sampling, a uniform random number u ∼ U(0, 1) maps to the
x value from the bin it falls within, as demonstrated by the three colored arrows. This grid-
based approach allows direct sampling from complex distributions through discretization
and inverse transform sampling.

Extension to Multiple Dimensions The grid approach extends naturally to multiple

dimensions but introduces significant computational challenges. For a d-dimensional ran-

dom variable X = (X1, X2, . . . , Xd) with joint PDF p(x), the discretization produces a
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d-dimensional grid:

xi1,i2,...,id = (a1 + i1∆x1, a2 + i2∆x2, . . . , ad + id∆xd), (12.15)

where ij ∈ {0, 1, . . . , nj} for each dimension j = 1, 2, . . . , d.

The joint PDF is evaluated at each grid point and normalized to obtain bin proba-

bilities across the entire grid. The sampling procedure remains conceptually similar to the

one-dimensional case, though the implementation complexity increases substantially.

The Curse of Dimensionality The primary limitation of the grid approach emerges from

the curse of dimensionality. With n bins per dimension, the total number of bins scales as

nd, exhibiting exponential growth with dimensionality. This exponential scaling renders the

approach computationally prohibitive for high-dimensional problems.

To illustrate this challenge: with 100 bins per dimension, a one-dimensional problem

requires 100 bins, a two-dimensional problem requires 10,000 bins, and a five-dimensional

problem requires 10 billion bins. At ten dimensions, the required 1020 bins exceed practical

computational capabilities by several orders of magnitude.

Furthermore, the grid approach introduces discretization error, as samples are con-

strained to the predefined grid points. This error diminishes with increasing grid resolution

but introduces an approximation that may be unacceptable for applications requiring precise

sampling from the continuous distribution.

Despite these limitations, the grid approach establishes important concepts that ap-

pear throughout sampling theory. The ideas of discretization, probability mass assignment,

and cumulative probability sampling will reappear in various forms as we explore more so-

phisticated techniques.

For low-dimensional problems, particularly in one or two dimensions, the grid ap-

proach remains computationally viable and conceptually clear. It provides an ideal starting

point for understanding sampling methods before moving to techniques that can handle the

high-dimensional distributions common in modern astronomical applications.

The grid approach also illustrates a key trade-off that appears throughout compu-

tational statistics: accuracy versus computational efficiency. By making the grid finer, we

can achieve arbitrary accuracy in our approximation of the continuous distribution, but at

the cost of exponentially increasing computational requirements in high dimensions. This
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trade-off motivates the development of more sophisticated methods that can achieve good

approximations without exhaustively discretizing the entire probability space.

12.3 Inverse CDF Method

The grid approach introduced the concept of partitioning the unit interval based on

probability masses and using uniform random numbers to sample from discrete approxima-

tions. We can extend this idea to work directly with continuous distributions by asking:

what happens when we take the grid approach to its logical limit and let the bin width

approach zero?

The inverse Cumulative Distribution Function (CDF) method provides exactly this

limiting case, allowing us to sample from continuous distributions without discretization

error. The key insight is that the cumulative probabilities we computed in the grid approach

generalize to the cumulative distribution function in the continuous case.

For a random variable X with probability density function (PDF) p(x), the CDF

F (x) is defined as:

F (x) =

∫ x

−∞
p(t) dt. (12.16)

This function F (x) represents the probability that the random variable X takes a

value less than or equal to x. The CDF possesses several important properties that make it

useful for sampling:

• F (x) is non-decreasing: if x1 < x2, then F (x1) ≤ F (x2)

• limx→−∞ F (x) = 0 and limx→∞ F (x) = 1

• F (x) is right-continuous

• For continuous distributions, p(x) = dF (x)
dx

The CDF acts as a continuous analogue to the cumulative probabilities we computed

in the grid approach, providing a mapping between the interval [0, 1] and the support of our

target distribution.

The inverse CDF method is remarkably simple in principle. If we can compute the

CDF of our target distribution and find its inverse function, we can generate samples by
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transforming uniform random numbers:

1. Generate a uniform random number u ∼ U(0, 1)

2. Compute x = F−1(u), where F−1 is the inverse of the CDF

3. Return x as a sample from the distribution with CDF F

This procedure works because of the probability integral transform theorem, which

establishes a connection between arbitrary random variables and the uniform distribution.

The theorem states that if we take any random variable and apply its own CDF to it,

the resulting transformed variable follows a uniform distribution on [0, 1], regardless of the

original distribution.

To understand why this works, consider what a CDF does. In regions where the PDF

is high (meaning outcomes are more likely), the CDF rises rapidly. In regions where the PDF

is low, the CDF rises slowly. The CDF essentially “stretches” or “compresses” different parts

of the domain based on their probability density, ensuring that equal probability mass gets

mapped to equal segments of the [0, 1] interval.

More formally, suppose X is a random variable with CDF FX(x), and define a new

random variable Y = FX(X). We can show that Y follows a uniform distribution on [0, 1]

by computing its CDF. For any y ∈ [0, 1]:

P (Y ≤ y) = P (FX(X) ≤ y) (12.17)

= P (X ≤ F−1
X (y)) (12.18)

= FX(F
−1
X (y)) (12.19)

= y (12.20)

This is precisely the CDF of a uniform distribution on [0, 1]. The inverse CDF method

simply reverses this relationship: if U ∼ U(0, 1), then X = F−1
X (U) follows the distribution

with CDF FX(x).

The method has a useful geometric interpretation. When we generate a uniform ran-

dom number u, we can visualize this as a height on the y-axis of the CDF plot. Finding

F−1(u) corresponds to moving horizontally from the point (0, u) until we intersect the CDF

curve, and then projecting down to the x-axis to obtain our sample. This geometric perspec-

tive explains why the samples match the target distribution: in regions where the PDF p(x)
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Figure 12.3: Visualization of the inverse CDF method for sampling from a bimodal Gaussian
mixture. Top panel: The probability density function (PDF) p(x) = 0.7 · N (x| − 2, 0.52) +
0.3 · N (x|2, 12), with reference points highlighted in different colors. The navy shaded area
represents the total probability mass. Bottom panel: The cumulative distribution func-
tion (CDF) F (x) =

∫ x

−∞ p(t)dt and illustration of the inverse CDF sampling process. The
sampling procedure is demonstrated with three examples: starting with a uniform random
number u ∼ U(0, 1) on the y-axis, tracing horizontally to the CDF curve, and projecting
vertically to the x-axis to obtain the corresponding sample value. This method transforms
uniform random numbers into samples that follow the target distribution by leveraging the
CDF’s property of rising more steeply in high-probability regions and more gradually in
low-probability regions.
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is high, the CDF F (x) increases rapidly (steep slope), so uniform points along the y-axis get

compressed when projected onto the x-axis, resulting in more samples in these high-density

regions.

Exponential Distribution For the exponential distribution with PDF p(x) = λe−λx for

x ≥ 0, the CDF is:

F (x) = 1− e−λx. (12.21)

Solving for x in terms of u = F (x):

u = 1− e−λx (12.22)

e−λx = 1− u (12.23)

x = −1

λ
ln(1− u) (12.24)

Since 1− u is also uniformly distributed on [0, 1] when u is uniform, we can simplify

to:

x = −1

λ
ln(u). (12.25)

Power Law Distribution Power law distributions appear frequently in astronomy, gov-

erning phenomena such as the mass function of stars, the distribution of galaxy luminosities,

and the energy distribution of cosmic rays. For a power law distribution defined on the

interval [xmin,∞) with PDF p(x) = (α− 1)xα−1
min x

−α (where α > 1), the CDF is:

F (x) = 1−
(xmin

x

)α−1

. (12.26)

Inverting this to find x in terms of u = F (x):

u = 1−
(xmin

x

)α−1

(12.27)
(xmin

x

)α−1

= 1− u (12.28)

x = xmin(1− u)−
1

α−1 (12.29)

Again using the property that 1− u ∼ U(0, 1) when u ∼ U(0, 1):

x = xminu
− 1

α−1 . (12.30)
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Advantages and Limitations The inverse CDF method offers several advantages over

the grid approach. Unlike the grid approach, which introduces discretization error, the

inverse CDF method generates samples that exactly follow the target distribution. Each

sample requires generating only one uniform random number and applying a single function

evaluation, making it computationally efficient when the inverse CDF can be calculated

analytically. The method is also conceptually straightforward and easy to implement for

distributions with known inverse CDFs.

However, the inverse CDF method has important limitations. The primary constraint

is that it requires a closed-form expression for the inverse CDF F−1(u), which is not avail-

able for many complex distributions. Even when the CDF itself has a closed form, inverting

it analytically may be impossible. For distributions where the inverse CDF must be com-

puted numerically, the method can become computationally expensive, potentially requiring

numerical root-finding algorithms for each sample.

For multivariate distributions, the inverse CDF method faces additional challenges.

In higher dimensions, the CDF becomes significantly more complex, and the many-to-one

mapping makes direct inversion impossible. While techniques like the Rosenblatt transforma-

tion can address this through conditional distributions, they require knowing all conditional

distributions and their inverses, which severely limits practical applicability.

Despite these limitations, the inverse CDF method remains the technique of choice

when the inverse CDF is analytically tractable. Modern scientific computing libraries imple-

ment this method for standard distributions, often with optimizations that improve numer-

ical stability and computational efficiency. However, for many distributions encountered in

Bayesian inference—particularly posterior distributions resulting from complex likelihoods

or hierarchical models—the inverse CDF method is not directly applicable, necessitating the

alternative approaches we explore next.

12.4 Rejection Sampling

The inverse CDF method provides exact sampling when we can analytically compute

and invert the cumulative distribution function. However, this requirement severely limits

its applicability—many distributions of interest in Bayesian inference and astronomical mod-

eling do not have tractable inverse CDFs. Rejection sampling addresses this limitation by

offering a more versatile technique that can handle any distribution we can evaluate, even

when we cannot integrate or invert it analytically.
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The core insight behind rejection sampling is geometric. Rather than trying to trans-

form uniform random numbers through mathematical functions, we can think of sampling as

a process of accepting or rejecting candidate points based on whether they fall under the tar-

get density curve. This transforms the problem from one requiring analytical manipulation

to one requiring only function evaluation.

Imagine trying to sample points that lie under a complex curve by throwing darts at

a board. If we throw darts randomly at a rectangular region that completely contains our

curve, we can keep only those darts that land below the curve and discard the rest. The

accepted darts will be distributed according to the shape of the curve—more darts will be

accepted in regions where the curve is high, and fewer where it is low. Rejection sampling

formalizes this intuitive idea.

Suppose we have a target distribution with PDF p(x) from which we want to draw

samples. Rejection sampling employs a proposal distribution with PDF q(x) that satisfies

two key requirements:

1. We must be able to efficiently generate samples from the proposal distribution q(x).

2. The proposal distribution must envelope the target distribution when properly scaled

— that is, there must exist a constant M ≥ 1 such that Mq(x) ≥ p(x) for all x in the

domain.

The second requirement means that our proposal distribution, when scaled by M ,

must completely envelop the target distribution. This is crucial because it ensures we can

use the ratio p(x)/(Mq(x)) as a valid acceptance probability, as this ratio will always be

between 0 and 1.

The rejection sampling algorithm follows these steps:

1. Generate a sample x∗ ∼ q(x) from the proposal distribution.

2. Compute the acceptance ratio α = p(x∗)
Mq(x∗)

.

3. Generate a uniform random number u ∼ U(0, 1).

4. If u ≤ α, accept x∗ as a sample from p(x); otherwise, reject it and return to step 1.

The correctness of this algorithm stems from how the acceptance probability weights

different regions of the domain. At each point x∗, we accept it with probability proportional
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to the ratio p(x∗)/(Mq(x∗)). This means points where p(x∗) is large relative to q(x∗) are

more likely to be accepted, while points where p(x∗) is small relative to q(x∗) are more likely

to be rejected.

Geometric Interpretation Rejection sampling has a clear geometric interpretation. We

can visualize it as operating in a two-dimensional space—the domain of x and a vertical

dimension representing probability density. The proposal distribution, scaled by M , creates

an envelope above the target density. When we generate a point (x∗, uMq(x∗)), where u is

uniform between 0 and 1, we accept it if it falls below the target density curve. Points falling

between the target density and the scaled proposal density are rejected.

This geometric view explains why rejection sampling is often described as “sculpt-

ing” the proposal distribution. We start with samples from q(x) and selectively keep those

that conform to the shape of p(x). The acceptance ratio determines the precise amount of

probability mass to “carve away” at each point.

The efficiency of rejection sampling depends critically on the choice of proposal dis-

tribution and the scaling factor M . The expected number of iterations required to obtain

one accepted sample equals M . Therefore, we want M to be as small as possible while still

satisfying the envelope condition.

The optimal proposal distribution would have the same shape as the target distribu-

tion, with M = 1 and all samples accepted. However, this would require sampling directly

from the target distribution, defeating the purpose. In practice, we choose a proposal distri-

bution that balances three considerations: ease of sampling, similarity to the target shape,

and sufficient coverage to envelop the target when scaled.

Extension to Multiple Dimensions Unlike the inverse CDF method, rejection sampling

extends naturally to multidimensional distributions. For a d-dimensional target PDF p(x),

we use a d-dimensional proposal PDF q(x) and follow the same procedure. One of the most

powerful advantages of rejection sampling is its generality—it can work for any distribution

whose density we can evaluate, even if only up to a normalizing constant. This makes it

particularly valuable for complex distributions that arise in Bayesian inference where we can

express the posterior analytically but cannot directly sample from it.

The Curse of Dimensionality However, rejection sampling faces challenges as dimen-

sionality increases—a manifestation of the curse of dimensionality. To understand this chal-
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Figure 12.4: Illustration of the rejection sampling method for a bimodal Gaussian mixture
distribution. Top panel: The target distribution (black curve with navy shading), the
proposal distribution q(x) (green dashed line), and the scaled proposal M · q(x) (solid green
line). The red shaded area represents the rejection region—points that fall between the target
and scaled proposal distributions. Bottom panel: Demonstration of the accept/reject
mechanism. For each candidate point sampled from the proposal distribution, its vertical
position is determined by a uniform random number u ∼ U(0, 1) scaled by M · q(x). Points
falling below the target density curve (teal circles) are accepted, while those in the rejection
region (orange X marks) are rejected. The scatter plot at the bottom shows the distribution
of the resulting samples, illustrating how rejection sampling effectively “sculpts” the proposal
distribution to match the shape of the target distribution.

lenge, consider spherically symmetric distributions centered at the origin. If the optimal

acceptance region occupies a fraction c < 1 of the proposal distribution’s mass in one di-
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mension, then in d dimensions, the acceptance rate becomes approximately cd, decreasing

exponentially with dimension.

Another limitation arises with heavy-tailed distributions. If the tails of p(x) decay

more slowly than those of q(x), the scaling factor M might need to be very large or even

infinite. For example, if p(x) has polynomial tails while q(x) has exponential tails, no finite

value of M will satisfy the envelope condition everywhere.

Despite these limitations, rejection sampling remains valuable for low-dimensional

problems or when the target and proposal distributions are well-matched. It requires minimal

assumptions about the target distribution—we only need to evaluate it up to a proportion-

ality constant—making it applicable in many scenarios where the inverse CDF method fails.

These limitations motivate the development of more sophisticated techniques like Markov

Chain Monte Carlo methods, which we will explore in future chapters, but rejection sam-

pling provides an important stepping stone toward understanding more advanced sampling

approaches.

12.5 Importance Sampling

Both the inverse CDF method and rejection sampling aim to generate samples that

follow a target distribution exactly. However, in many applications, our primary goal is not

to generate samples per se, but rather to estimate expectations with respect to the target

distribution. Importance sampling addresses this distinction directly by focusing on efficient

expectation estimation rather than exact sample generation.

This shift in perspective opens up new possibilities. While rejection sampling discards

candidates that don’t meet the acceptance criteria, importance sampling keeps all samples

but weights them appropriately to account for the mismatch between the proposal and target

distributions. This approach can be more efficient, especially when we only need to compute

a few specific expectations rather than explore the entire distribution.

Recall that many problems in Bayesian inference involve computing expectations of

the form:

Ep[f ] =

∫
f(x)p(x)dx, (12.31)

where f(x) is some function of interest and p(x) is our target probability density function.

If we could draw samples {x(1), x(2), . . . , x(N)} directly from p(x), we could approximate this
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expectation using the Monte Carlo estimator:

Ep[f ] ≈
1

N

N∑

i=1

f(x(i)). (12.32)

The key insight of importance sampling is that we don’t actually need to sample from

p(x) to estimate expectations with respect to p(x). Instead, we can sample from a different

distribution q(x) that is easier to work with, and adjust our calculations accordingly.

We can rewrite our expectation by introducing a proposal distribution q(x):

Ep[f ] =

∫
f(x)p(x)dx (12.33)

=

∫
f(x)

p(x)

q(x)
q(x)dx (12.34)

= Eq

[
f(x)

p(x)

q(x)

]
. (12.35)

Here, the subscripts p and q in the expectation notation indicate which probability

distribution we are taking the expectation with respect to. This mathematical manipulation

transforms an expectation with respect to the potentially difficult distribution p(x) into an

expectation with respect to the more tractable distribution q(x).

This leads to the importance sampling estimator:

Ep[f ] ≈
1

N

N∑

i=1

w(x(i))f(x(i)), (12.36)

where x(i) ∼ q(x) and w(x) = p(x)/q(x) is called the importance weight.

The importance weight w(x) quantifies how much more (or less) likely each sample

point is under the target distribution p(x) compared to the proposal distribution q(x). Points

that are more likely under p(x) than under q(x) receive higher weights, while points that are

less likely receive lower weights.

Handling Unnormalized Distributions Like rejection sampling, importance sampling

can handle unnormalized distributions, which is crucial for applications in Bayesian inference

where the normalizing constant is often unknown. Suppose we only know p(x) up to a
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normalizing constant, i.e., p(x) = p̃(x)/Zp where p̃(x) is the unnormalized density and Zp =∫
p̃(x)dx is the normalizing constant. Similarly, let q(x) = q̃(x)/Zq.

We can modify our approach to work with unnormalized densities. Starting with our

expectation:

Ep[f ] =
1

Zp

∫
f(x)p̃(x)dx (12.37)

=
Zq

Zp

Eq

[
f(x)

p̃(x)

q̃(x)

]
. (12.38)

The key insight is that we don’t need to know the normalization constants Zp and

Zq separately—we only need their ratio, which can be estimated directly from our samples.

Consider what the normalization constant Zp represents:

Zp =

∫
p̃(x)dx (12.39)

= ZqEq

[
p̃(x)

q̃(x)

]
. (12.40)

This gives us:

Zp

Zq

= Eq

[
p̃(x)

q̃(x)

]
, (12.41)

which we can estimate using our samples from q(x):

Zp

Zq

≈ 1

N

N∑

i=1

p̃(x(i))

q̃(x(i))
=

1

N

N∑

i=1

w̃(x(i)). (12.42)

Substituting this back into our expectation formula:

Ep[f ] =
Zq

Zp

Eq

[
f(x)

p̃(x)

q̃(x)

]
(12.43)

=

∑N
i=1 w̃(x

(i))f(x(i))∑N
i=1 w̃(x

(i))
. (12.44)

This gives us the self-normalized importance sampling estimator, where w̃(x) = p̃(x)
q̃(x)

are the unnormalized importance weights. The beauty of this approach is that we never
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need to calculate the normalization constants explicitly—they are automatically handled by

the ratio of sums in our estimator.

This capability makes importance sampling particularly valuable in Bayesian infer-

ence, where the posterior distribution is often only known up to a normalizing constant. The

evidence term p(D) =
∫
p(D|θ)p(θ)dθ in the denominator of Bayes’ theorem is typically in-

tractable, but importance sampling allows us to estimate posterior expectations without

computing it.

Understanding Efficiency Through Weights The importance sampling estimator is

mathematically valid for any proposal distribution q(x) that covers the support of f(x)p(x) —

that is, whenever f(x)p(x) ̸= 0, we must have q(x) > 0. However, its practical effectiveness

depends critically on how well q(x) approximates p(x).

To understand this, consider what happens with different proposal choices. When

the proposal distribution q(x) perfectly matches the target distribution p(x), all importance

weights become equal (constant), and every sample contributes equally to our estimate.

When the proposal and target distributions partially match, some weights become larger

than others, and fewer samples effectively contribute to our estimate.

The most problematic scenario occurs when the proposal distribution “undershoots”

the target—placing too little probability mass in regions where the target has high density.

In these regions, the weights w(x) = p(x)/q(x) can become extremely large. These extreme

weights can dominate our estimate, effectively reducing it to the contribution from just a

few samples, regardless of how many total samples we generate.

This sensitivity to proposal choice motivates careful consideration of how to select q(x)

and how to diagnose when our importance sampling scheme is working well. In the next

section, we will explore the concept of effective sample size, which provides a quantitative

measure of how efficiently our importance sampling estimator is using the available samples.

12.6 Effective Sample Size

The importance sampling estimator is mathematically valid for any proposal distri-

bution q(x) that covers the support of p(x). However, its practical effectiveness depends

critically on how well q(x) approximates p(x). This consideration is captured by the concept

of effective sample size (ESS), which quantifies how much information our weighted samples



Statistical Machine Learning for Astronomy — Y.-S. Ting 415

actually contain.

Although we may generate N samples from our proposal distribution, the variance of

our estimator might be equivalent to that of a much smaller number of direct samples from

p(x). Understanding this relationship is crucial for designing efficient importance sampling

schemes and diagnosing when our proposal distribution is inadequate.

Intuitive Understanding Ideally, we want all our samples to contribute meaningfully to

our estimate. This happens when the importance weights are relatively uniform—no single

sample dominates the estimate, and no samples are effectively ignored due to negligible

weights.

Consider an analogy with voting. If we’re trying to estimate public opinion by polling

a representative sample, each person’s vote should carry roughly equal weight. However,

imagine a scenario where a few people’s votes count as thousands while most people’s votes

count as fractions. Even if we poll many people, our estimate would be dominated by just

a few individuals, making it unreliable and potentially biased.

Importance sampling faces the same challenge. If a few samples have extremely large

weights while most have negligible weights, our estimate is effectively determined by just

those few samples. The effective sample size quantifies this phenomenon by asking: “How

many direct samples from p(x) would give the same estimation precision as our N weighted

samples from q(x)?”

The Effective Sample Size Formula Through variance analysis of the self-normalized

importance sampling estimator, we can derive the effective sample size formula:

ESS ≈ (
∑N

i=1 w̃(x
(i)))2∑N

i=1 w̃(x
(i))2

, (12.45)

where w̃(x(i)) are the unnormalized importance weights.

This formula represents the ratio of the squared first moment to the second moment

of the weights. We can gain intuition by examining different scenarios:

When the proposal distribution q(x) perfectly matches the target distribution p(x),

all weights become equal (constant), resulting in ESS = N—maximum efficiency where every

sample contributes equally to our estimate.
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When the proposal and target distributions partially match, some weights become

larger than others, and the ESS decreases, reflecting that fewer samples effectively contribute

to our estimate.

When the proposal distribution “undershoots” the target—placing too little probabil-

ity mass in regions where the target has significant density—the weights w̃(x) = p(x)/q(x)

can become extremely large. These extreme weights cause ESS to collapse toward 1 and

introduce enormous variance in our estimates.

A Concrete Example To illustrate the impact of proposal distribution choice on effec-

tive sample size, consider estimating the mean of a standard normal distribution N (0, 1)

truncated to the region [5,∞). This might represent, for example, the average brightness of

the brightest stars in a population where brightness follows a normal distribution.

The target distribution is:

p(x) =
N (x|0, 1) · 1(x ≥ 5)∫∞

5
N (t|0, 1)dt , (12.46)

where 1(x ≥ 5) is an indicator function that equals 1 when x ≥ 5 and 0 otherwise.

A naive approach would be to use the standard normal distribution as our proposal:

q(x) = N (x|0, 1). The unnormalized importance weights would then be:

w̃(x) =
N (x|0, 1) · 1(x ≥ 5)

N (x|0, 1) = 1(x ≥ 5). (12.47)

This means we would only use samples that happen to fall in the region [5,∞).

Since the probability of drawing such a sample from a standard normal is approximately

2.87× 10−7, we would need millions of samples to get just a few valid ones. With N = 107

samples, we would expect only about 3 samples to have non-zero weights.

Let’s calculate the ESS explicitly for this case. Suppose we generate N = 107 samples,

and k = 3 of them fall in the region [5,∞) and have non-zero weights. The unnormalized

weights would be:

w̃(x(i)) =




1 for i ∈ {i1, i2, i3} (the 3 samples in [5,∞))

0 for all other i
(12.48)
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Applying our ESS formula:

ESS ≈ (
∑N

i=1 w̃(x
(i)))2∑N

i=1 w̃(x
(i))2

(12.49)

=
(1 + 1 + 1)2

12 + 12 + 12
(12.50)

=
9

3
= 3. (12.51)

This confirms our intuition: the ESS equals exactly the number of non-zero weight

samples, regardless of how large N is. The effective sample size is severely limited by the

rarity of the region we’re interested in, making the estimator highly inefficient.

A more effective proposal distribution would concentrate more probability mass in

the region of interest. For example, we could use an exponential distribution shifted to start

at 5:

q(x) = λe−λ(x−5) · 1(x ≥ 5) (12.52)

for some parameter λ > 0. With this proposal, all samples fall in our region of interest [5,∞)

and have non-zero weights. By choosing an appropriate value of λ (e.g., λ = 1), we ensure

that our proposal has a similar shape to the target distribution in the region of interest. The

importance weights remain relatively balanced, and when we apply the ESS formula, we find

that approximately 80% of our original samples effectively contribute to our estimate.

This demonstrates a key principle of importance sampling: when the proposal dis-

tribution better matches the target distribution in regions of interest, the effective sample

size increases dramatically. By focusing our sampling in regions that matter for our target

distribution, we achieve estimates with much lower variance for the same computational

effort.

Practical Guidelines When selecting a proposal distribution, we should be guided by

several key principles:

• The support of q(x) must include the support of f(x)p(x). Mathematically, whenever

f(x)p(x) ̸= 0, we must have q(x) > 0.

• Ideally, the proposal q(x) should be proportional to |f(x)|p(x). This minimizes the

variance of the importance weights and maximizes the effective sample size.
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Figure 12.5: Importance sampling example. Top panel: The target distribution (truncated
normal for x ≥ 5) and two proposal distributions: a standard normal distribution (Pro-
posal 1) and a shifted exponential distribution (Proposal 2). The standard normal proposal
places very little probability mass in the region of interest, resulting in a very low effective
sample size (ESS ≈ 3 for N = 107 samples). In contrast, the shifted exponential proposal
concentrates its probability mass in the region of interest, leading to a much higher effective
sample size (ESS ≈ 0.8N). Bottom panel: Convergence of importance sampling estimates
to the true mean as a function of sample size. The shifted exponential proposal (Proposal 2)
converges quickly with relatively few samples, while the standard normal proposal (Proposal
1) requires billions of samples to achieve comparable accuracy. The ESS directly impacts
the variance of our estimates, with the standard error scaling as O(1/

√
ESS).
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• q(x) should have heavier tails than p(x) to avoid extreme importance weights in the

tails of the distribution, which would reduce the effective sample size.

• q(x) should be easy to sample from and evaluate—after all, if sampling from q(x) were

as difficult as sampling from p(x), we would gain little from importance sampling.

When the ESS is small, our estimates suffer from high variance. The standard error of

our importance sampling estimate scales as O(1/
√
ESS) rather than O(1/

√
N), highlighting

the critical importance of choosing a proposal distribution that yields a high ESS.

Importance sampling is particularly valuable when our primary goal is to estimate

expectations of functions with respect to a target distribution, rather than generating samples

from that distribution directly. This focus on expectation estimation makes importance

sampling especially useful in problems where we need to calculate integrals like posterior

means, variances, or other statistical quantities that can be expressed as expectations.

12.7 Summary

Sampling methods form a computational backbone that extends the reach of machine

learning and statistical inference far beyond what analytical methods alone can achieve. In

this chapter, we have explored several sampling techniques that address the challenge of

computing expectations with respect to complex probability distributions where analytical

solutions are unavailable.

Our exploration began with historical context through Buffon’s needle experiment,

which demonstrated how physical randomization can solve mathematical problems that

would otherwise require complex calculations. This 18th-century example illustrated the

core principle underlying all Monte Carlo methods: using random sampling to approximate

integrals, with the characteristic O(1/
√
N) convergence rate that makes these methods prac-

tical for computational applications.

The grid approach provided our entry point into computational sampling methods. By

discretizing continuous distributions into histogram approximations, this method transforms

the challenging problem of sampling from continuous distributions into the manageable task

of sampling from discrete probability mass functions. We used the pinball machine anal-

ogy to illustrate how complex continuous processes can be converted into simple discrete

counting problems. While the grid approach offers conceptual clarity and works well for

low-dimensional problems, it faces the curse of dimensionality—the exponential growth in
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computational requirements as the number of dimensions increases makes it impractical for

high-dimensional applications.

The inverse CDF method extended the grid approach to its continuous limit, provid-

ing exact sampling when analytical inverse cumulative distribution functions are available.

We explored concrete examples with exponential and power law distributions that commonly

appear in astronomical applications. The method’s strength lies in its exactness and effi-

ciency when applicable, but its requirement for closed-form inverse CDFs severely limits its

scope. Many distributions encountered in Bayesian inference simply do not have tractable

inverse CDFs, necessitating alternative approaches.

Rejection sampling addressed this limitation by offering a geometric approach that

works with any evaluable distribution. Using the dart-throwing analogy, we saw how re-

jection sampling “sculpts” proposal distributions to match target distributions through an

accept/reject mechanism. The method requires only the ability to evaluate the target density

(even up to a normalizing constant) and works naturally in multiple dimensions. However,

it faces efficiency challenges in high-dimensional spaces where acceptance rates can become

exponentially small, and it can struggle with heavy-tailed distributions where finding appro-

priate proposal distributions becomes difficult.

Importance sampling shifted our focus from exact sample generation to efficient ex-

pectation estimation. This change in perspective proved valuable because many practical

applications in Bayesian inference require computing expectations rather than generating

samples. By keeping all samples but weighting them appropriately, importance sampling can

be more efficient than rejection sampling, especially when we need only a few specific expecta-

tions. The method handles unnormalized distributions naturally through self-normalization,

making it particularly valuable for Bayesian applications where posterior distributions are

typically known only up to a normalizing constant.

The concept of effective sample size emerged as a critical diagnostic for importance

sampling performance. Through the voting analogy, we understood how uneven importance

weights can reduce the effective information content of our samples, even when we generate

many samples from the proposal distribution. Our concrete example with truncated normal

distributions demonstrated how poor proposal choices can yield effective sample sizes orders

of magnitude smaller than the actual sample count, while well-chosen proposals can maintain

high efficiency.

These methods reveal a progression of increasing sophistication and applicability. The
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grid approach provides conceptual foundations but faces dimensionality constraints. The

inverse CDF method offers exactness but requires analytical tractability. Rejection sampling

provides broad applicability but can suffer efficiency problems. Importance sampling focuses

on the practical goal of expectation estimation but requires careful proposal selection to

maintain efficiency.

A common theme throughout these methods is the trade-off between accuracy and

computational efficiency. Each method represents a different point in this trade-off space,

with varying assumptions about what we know about our target distribution and what

computational resources we’re willing to invest. The grid approach trades accuracy for

conceptual simplicity. The inverse CDF method provides perfect accuracy when applicable

but fails when analytical solutions don’t exist. Rejection sampling trades some efficiency

for broad applicability. Importance sampling trades exact sampling for efficient expectation

estimation.

Another recurring theme is the curse of dimensionality—the exponential growth of

computational requirements as the number of dimensions increases. This challenge affects

all the basic sampling methods we studied, though to different degrees. The grid approach

faces the most severe dimensionality curse, making it impractical beyond a few dimensions.

Rejection sampling faces efficiency challenges in high dimensions due to exponentially de-

creasing acceptance rates. Even importance sampling can suffer in high dimensions when it

becomes difficult to find proposal distributions that adequately cover the target distribution’s

support.

While the methods covered in this chapter provide valuable tools for low-dimensional

problems and establish important conceptual foundations, they reach practical limits with

the complex, high-dimensional models common in modern astronomy. Real astronomical

applications often involve dozens or hundreds of parameters, making the basic techniques

we’ve studied insufficient for practical use.

These limitations motivate more advanced techniques like Markov Chain Monte Carlo

(MCMC) methods, which we will explore in our next chapter. MCMC methods address

the dimensionality challenge by generating correlated samples that gradually explore the

parameter space according to the target probability distribution. Rather than attempting to

sample entire distributions at once, MCMC methods explore the space incrementally through

local moves guided by the target distribution itself, focusing computational effort on regions

of high probability.
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The foundation we’ve built in this chapter—understanding how sampling can ap-

proximate integrals, recognizing the importance of proposal distributions, and appreciating

the trade-offs between accuracy and efficiency—will prove essential for understanding the

more sophisticated MCMC techniques that have revolutionized computational statistics and

enabled practical Bayesian inference for complex models in astronomy and beyond.

12.8 Appendix: Derivation of Effective Sample Size

This appendix provides the detailed mathematical derivation of the effective sample

size formula for importance sampling. The derivation uses the delta method to analyze the

variance of the self-normalized importance sampling estimator.

We start with our self-normalized importance sampling estimator:

Î =

∑N
i=1 w̃(x

(i))f(x(i))∑N
i=1 w̃(x

(i))
. (12.53)

For clarity, let’s define normalized weights:

wi =
w̃(x(i))∑N
j=1 w̃(x

(j))
, (12.54)

so that
∑N

i=1wi = 1. Our estimator becomes:

Î =
N∑

i=1

wif(x
(i)). (12.55)

For comparison, consider the scenario where we could sample directly from p(x). The

variance of such a direct Monte Carlo estimator would be:

Vardirect(Î) =
Varp(f(x))

N
. (12.56)

Variance Analysis Using the Delta Method Our self-normalized importance sampling

estimator can be expressed as a ratio of two random quantities:

Î =
A

B
, (12.57)
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where

A =
1

N

N∑

i=1

w̃(x(i))f(x(i)) (12.58)

B =
1

N

N∑

i=1

w̃(x(i)). (12.59)

For large N , both A and B will converge to their expected values:

E[A] = Eq[w̃(x)f(x)] (12.60)

E[B] = Eq[w̃(x)]. (12.61)

To derive the variance of our estimator Î = A/B, we apply the delta method, which

approximates the variance of a function of random variables using a first-order Taylor ex-

pansion. Let’s expand Î = A/B around the expected values E[A] and E[B]:

Î ≈ E[A]
E[B]

+
∂

∂A

(
A

B

) ∣∣∣∣
A=E[A],B=E[B]

(A− E[A]) +
∂

∂B

(
A

B

) ∣∣∣∣
A=E[A],B=E[B]

(B − E[B])

(12.62)

=
E[A]
E[B]

+
1

E[B]
(A− E[A])− E[A]

E[B]2
(B − E[B]). (12.63)

Taking the variance of this approximation and noting that E[A]
E[B]

is a constant:

Var(Î) ≈ Var

(
1

E[B]
(A− E[A])− E[A]

E[B]2
(B − E[B])

)
(12.64)

=
1

E[B]2
Var(A) +

E[A]2

E[B]4
Var(B)− 2

E[A]
E[B]3

Cov(A,B). (12.65)

Recalling that A = 1
N

∑N
i=1 w̃(x

(i))f(x(i)) and B = 1
N

∑N
i=1 w̃(x

(i)), and that E[A]
E[B]

= Î,

we can express this in terms of the original variables:

Var(Î) ≈ 1

N

Varq(w̃(x)f(x)) + Î2Varq(w̃(x))− 2ÎCovq(w̃(x)f(x), w̃(x))

(Eq[w̃(x)])2
(12.66)

=
1

N

Varq(w̃(x)f(x)− Î · w̃(x))
(Eq[w̃(x)])2

. (12.67)
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The last step follows because Var(X − Y ) = Var(X) + Var(Y )− 2Cov(X, Y ), where

we set X = w̃(x)f(x) and Y = Î · w̃(x).

This formula captures how the uncertainty in both the numerator and denominator

of our estimator contributes to the overall variance. The term w̃(x)f(x)− Î · w̃(x) represents
the covariance between the weighted function values and the weights themselves.

For a general approximation, we often simplify by dropping the term Î · w̃(x):

Var(Î) ≈ 1

N

Varq(w̃(x)f(x))

(Eq[w̃(x)])2
. (12.68)

To find the effective sample size, we set this variance equal to the variance of direct

sampling:
Varp(f(x))

ESS
=

1

N

Varq(w̃(x)f(x))

(Eq[w̃(x)])2
. (12.69)

Solving for ESS:

ESS = N
Varp(f(x)) · (Eq[w̃(x)])

2

Varq(w̃(x)f(x))
. (12.70)

Since we typically don’t know Varp(f(x)) and f(x) may vary across applications, we

can derive a function-independent approximation by focusing on the variance of the weights

themselves:

ESS ≈ N
(Eq[w̃(x)])

2

Eq[w̃(x)2]
. (12.71)

Using sample estimates:

ESS ≈ N
( 1
N

∑N
i=1 w̃(x

(i)))2

1
N

∑N
i=1 w̃(x

(i))2
=

(
∑N

i=1 w̃(x
(i)))2∑N

i=1 w̃(x
(i))2

. (12.72)

This formula represents the ratio of the squared first moment to the second moment

of the weights, providing a measure of how uniformly distributed the importance weights

are across the sample. When all weights are equal, the ESS equals N (maximum efficiency).

When the weights are highly variable, the ESS can be much smaller than N , indicating that

only a fraction of the samples are effectively contributing to the estimate.
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Further Readings: The development of Monte Carlo sampling methods builds upon fun-

damental work in computational statistics, with early systematic treatment in Von Neumann

[1951] who described both the inverse transform method and rejection sampling within a uni-

fied computational framework. For the inverse CDF method, Box and Muller [1958] provides

an elegant transformation technique for generating normal variates that avoids numerical

challenges of the direct approach. The mathematical foundations of rejection sampling are

analyzed in Forsythe [1972] who examines von Neumann’s comparison method with de-

tailed efficiency analysis. Kinderman and Monahan [1977] presents the ratio-of-uniforms

method as a transformation of rejection sampling with improved computational properties,

and Marsaglia [1977] introduces squeeze techniques that enhance efficiency through aux-

iliary bounds. For importance sampling, early applications to particle transport problems

appear in Goertzel [1949] and Kahn [1950], with Kahn and Harris [1951] providing accessible

exposition for the broader scientific community. The statistical framework for importance

sampling as a variance reduction technique is developed in Kahn and Marshall [1953], while

Kahn [1955] offers comprehensive treatment of various Monte Carlo sampling techniques

within a unified framework. For readers seeking comprehensive coverage, Rubinstein [1981]

provides practical treatment bridging theory and applications, Devroye [1986] offers ency-

clopedic coverage of random variate generation with rigorous mathematical analysis, Kalos

and Whitlock [1986] emphasizes variance reduction techniques with physics applications,

and Fishman [1996] presents modern computational perspectives with extensive algorithmic

coverage and error analysis. These works collectively establish the theoretical foundations

and practical implementations of the fundamental Monte Carlo sampling techniques that

underpin modern computational statistics.
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Chapter 13

Markov Chain Monte Carlo

Chapter 12 introduced us to Monte Carlo methods as computational tools for approx-

imating integrals that lack analytical solutions. We explored how sampling techniques enable

Bayesian inference when direct calculation becomes impossible, transforming the challeng-

ing problem of computing expectations into the more manageable task of generating samples

from target distributions.

The sampling methods we studied—grid approaches, inverse transform sampling, re-

jection sampling, and importance sampling—provide valuable tools for simple problems and

establish conceptual foundations. However, these methods reach practical limits when con-

fronted with the complex, high-dimensional problems common in modern astronomy. Each

method suffers from some form of the curse of dimensionality, where computational require-

ments grow exponentially with the number of parameters.

Consider a typical astronomical inference problem: estimating the physical properties

of an exoplanet system from radial velocity and transit data. Such models often involve 10-

20 parameters including planetary masses, radii, orbital periods, eccentricities, and stellar

properties. The posterior distribution for these parameters exhibits complex correlations

and potentially multiple modes representing different valid solutions.

Grid-based methods become prohibitively expensive beyond a few dimensions—with

just 10 parameters and 100 grid points per dimension, we would need 1020 evaluations.

Inverse transform sampling faces a different challenge: computing and inverting the cumula-

tive distribution function becomes analytically intractable for complex posteriors. Rejection

sampling suffers from exponentially decreasing acceptance rates as dimensionality increases.

427
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Even importance sampling struggles to find proposal distributions that adequately cover

high-dimensional parameter spaces.

This chapter introduces Markov Chain Monte Carlo (MCMC), a family of algorithms

that overcome these dimensionality limitations and have revolutionized Bayesian inference

in astronomy over the past three decades. Unlike the global approaches from Chapter 12,

MCMC methods explore parameter space through sequential, local moves that depend only

on the current position—not the entire history of where the chain has been.

The key insight behind MCMC is deceptively simple: instead of trying to sample from

the entire posterior distribution at once, we construct a random walk through parameter

space where each step depends only on the current location. By carefully designing the rules

for this random walk, we can ensure that the chain eventually settles into a pattern that

matches our target posterior distribution. The samples generated by this process provide

the foundation for all the Bayesian calculations we need to perform.

To build intuition for how MCMC works, imagine an explorer trying to map the pop-

ulation distribution of Columbus, Ohio. Rather than conducting a comprehensive citywide

census (analogous to grid methods), our explorer follows a simple strategy: each day, they

randomly choose a nearby neighborhood to visit based only on their current location. The

key is that they make these choices more often toward neighborhoods with higher population

density.

Initially, the explorer might wander somewhat randomly as they learn about the city.

However, after many days of exploration, a pattern emerges: they spend more time in densely

populated areas like the Short North and less time in sparse suburbs. The frequency with

which they visit different neighborhoods eventually matches the true population distribution.

By recording their daily locations over many weeks, we obtain a representative sample of

Columbus’s population density without needing to survey every street systematically.

This exploration strategy captures the essence of MCMC. The “neighborhoods” rep-

resent points in our parameter space, the “population density” corresponds to posterior

probability, and the “explorer’s path” becomes our Markov chain. The sequential nature of

the exploration—where each day’s destination depends only on today’s location—gives the

method its name: Markov Chain Monte Carlo.

The advantages of this approach for astronomical applications are substantial. MCMC

only requires that we can evaluate the posterior up to a proportionality constant, avoiding
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Figure 13.1: Illustration of Markov Chain Monte Carlo (MCMC) sampling on a multimodal
posterior distribution. The background contours show the probability density of a complex
posterior with three distinct modes. The orange line represents the path of the MCMC chain
as it explores the parameter space, with small directional arrows indicating the progression
of the chain. The chain continuously navigates through the parameter space, exploring both
high and low probability regions, though it naturally spends more time in areas of higher
probability density. This sequential exploration strategy transforms an intractable sampling
problem into a tractable guided random walk, allowing MCMC to efficiently sample from
complex distributions that would be impossible to characterize with simpler methods.

difficult normalization calculations. The method naturally handles correlation structures in

complex parameter spaces by exploring them sequentially rather than trying to characterize

them globally. It can discover and sample from multiple modes in the distribution when

the algorithm is designed appropriately. Most importantly, MCMC scales effectively to high

dimensions because it focuses computational effort on regions of high probability rather than
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attempting exhaustive exploration.

However, MCMC methods introduce new challenges that don’t appear in direct sam-

pling approaches. The sequential nature of the exploration means that successive samples

are correlated with each other, reducing their effective information content. Determining

when the chain has converged to the target distribution requires careful diagnostics since we

cannot directly observe this convergence. The efficiency of exploration depends critically on

algorithm design choices, particularly how we propose new moves through parameter space.

This chapter develops these ideas systematically. We begin with the mathematical

foundations that ensure MCMC methods work correctly, introducing the concepts of Markov

chains, detailed balance, and ergodicity. We then explore practical algorithms, starting with

the simple but powerful Metropolis algorithm and progressing to more sophisticated variants.

Throughout, we maintain focus on the practical aspects of implementation, including how to

tune algorithms for efficiency, diagnose convergence problems, and extract reliable inferences

from MCMC output.

The transition from the direct sampling methods of Chapter 12 to the sequential

exploration strategies of MCMC represents more than just a computational advancement.

It reflects a shift in perspective from trying to characterize entire distributions globally to

exploring them locally through guided random walks. This perspective will prove valuable

as we encounter increasingly complex models in subsequent chapters, where MCMC provides

the computational foundation for advanced techniques like Gaussian processes and neural

networks.

13.1 Markov Chains and Monte Carlo: Core Idea

To understand MCMC, we must first grasp what makes a process “Markovian.” The

term comes from the Russian mathematician Andrey Markov, who studied sequences of

events where the future depends only on the present state, not on how we arrived there. This

“memoryless” property distinguishes Markov processes from more complex dependencies

where the entire history matters.

Let’s develop this concept through our Columbus exploration analogy. Each day, our

explorer visits a different location—a café, museum, park, or neighborhood. The explorer

uses a guidebook that suggests where to go next based solely on their current location.

Importantly, the guidebook doesn’t care whether they reached the current location from
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downtown yesterday or from the suburbs last week. This selective memory defines the

Markov property.

Mathematically, if we denote our sequence of locations as {X0, X1, X2, ...}, then the

Markov property states:

P (Xt+1 = x|X0 = x0, X1 = x1, ..., Xt = xt) = P (Xt+1 = x|Xt = xt) (13.1)

The probability of tomorrow’s location depends only on today’s location, not on the

path taken to reach today’s position. This simplification proves computationally powerful

because it allows us to characterize the entire system using only the transition probabilities

between states.

The transition matrix T (x,x′) completely characterizes a Markov chain’s behavior.

This function gives the probability density of moving to state x′ given that the current state

is x. In our Columbus analogy, this represents the guidebook that tells our explorer the

likelihood of visiting different locations based on where they currently are.

For example, if our explorer is currently in the Short North (a vibrant arts district),

the guidebook might suggest:

• 40% chance of staying in the Short North (high local attractions)

• 30% chance of moving to nearby German Village

• 20% chance of visiting downtown

• 10% chance of traveling to more distant neighborhoods

These percentages must sum to 100% since the explorer must go somewhere each day.

This constraint—that transition probabilities from any state must sum to 1—represents a

requirement for any valid transition matrix.

Now let’s expand our perspective beyond a single explorer. Instead of following just

one person, imagine we’re tracking the entire population of Columbus as they move around

the city according to our guidebook’s rules. This shift from individual trajectories to popu-

lation dynamics provides crucial insight into how MCMC works.

Our goal becomes designing a guidebook so that the population distribution across
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Figure 13.2: Visualization of the transition dynamics in Markov Chain Monte Carlo. The
blue contours represent the posterior distribution p(x|D) that we aim to sample from. The
current state (dark blue point) is the center of a transition matrix (green dashed contours)
that proposes possible next states. Proposals toward regions of higher posterior density (light
blue points) have high acceptance probabilities, indicated by thicker arrows, while proposals
toward regions of lower posterior density (orange points) have low acceptance probabilities,
shown with thinner arrows. This mechanism ensures that the Markov chain spends more
time in high-probability regions while occasionally exploring less probable areas, analogous
to our city traveler spending more time in densely populated neighborhoods. Over many
iterations, this exploration strategy generates samples that represent the target posterior
distribution.

neighborhoods stabilizes to match a specific target distribution—perhaps the actual popu-

lation density of Columbus. This perspective allows us to view the transition matrix T as

an operator that transforms one population distribution into another.

Given a distribution p(x) describing where people are currently located across the

city, the transition operator transforms this into a new distribution describing where they’ll
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be after everyone follows the guidebook for one step:

(Tp)(x′) =

∫
p(x)T (x,x′)dx (13.2)

Here, (Tp)(x′) represents the probability density of being at state x′ after applying

the transition operator to distribution p(x). The integral sums up all the ways of reaching

state x′ from any possible starting state x, weighted by the probability of being at that

starting state.

The key question becomes: how do we create a guidebook that leads to our desired

distribution? We need a transition matrix that makes the population distribution naturally

converge to our target and then remain stable there.

This brings us to the concept of a stationary distribution. A distribution p(x) is

stationary with respect to the transition operator T if applying T to p returns the same

distribution:

(Tp)(x) = p(x) (13.3)

In our city analogy, if the population is already distributed according to our target

distribution, and everyone follows our guidebook’s suggestions, the overall population distri-

bution remains unchanged. The stationary distribution represents the equilibrium state of

our system.

Consider what this means practically. If we start with any initial distribution of

people across Columbus and let them follow our guidebook rules repeatedly, we want the

population to eventually redistribute itself to match our target pattern and then stay that

way. Once this equilibrium is reached, the flows of people between neighborhoods balance

perfectly—as many people move from the Short North to German Village as move in the

opposite direction.

The central insight of MCMC emerges from connecting these two viewpoints—the

individual explorer and the population distribution. If we design our guidebook so that

our target posterior distribution p(x|D) becomes the stationary distribution of the resulting

Markov chain, then a single explorer following this guidebook for a long time will visit

different locations with frequencies proportional to their posterior probabilities.

This connection between the population-level equilibrium and individual-level behav-



434 Statistical Machine Learning for Astronomy — Y.-S. Ting

−4 −3 −2 −1 0 1 2 3 4
Parameter Value

0.0

0.1

0.2

0.3

0.4

0.5
P

ro
ba

bi
lit

y
D

en
si

ty

A

B

Higher Probability

Lower Probability

Convergence to Stationary Distribution

Stationary Distribution

Initial Distribution

Figure 13.3: Illustration of convergence to the stationary distribution in MCMC. The blue
solid curve represents the target stationary distribution, while the orange dashed line shows
the initial distribution. The blue dash-dot line depicts an intermediate state during conver-
gence. Before reaching stationarity, there exists a net flow of probability mass toward the
target distribution—similar to population migration in our city analogy, with more people
moving into densely populated neighborhoods than leaving them. This net flow is driven
by asymmetric transition probabilities: transitions from low-probability to high-probability
regions (point B to A, thick red arrow) occur with higher probability than transitions from
high-probability to low-probability regions (point A to B, thin orange arrow). Once the chain
reaches the stationary distribution, these flows perfectly balance each other—the detailed
balance principle ensures that for every pair of states, the probability flow in each direction is
exactly equal, maintaining the distribution in perfect equilibrium with no further net change.
The Markov chain thus first evolves toward the target distribution and then remains there
indefinitely.

ior relies on a deep mathematical principle called ergodicity, which we’ll explore in detail

later. For now, the key insight is that when the population distribution reaches equilibrium,

a single traveler’s long-term visitation pattern will match this equilibrium distribution.

By recording where our explorer goes over many steps, we effectively sample from the

posterior distribution. This gives us the foundation for all the Bayesian calculations we need

to perform—computing posterior means, quantifying uncertainties, making predictions, and

comparing models.
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The beauty of this approach lies in its simplicity: it transforms an intractable sam-

pling problem into a more manageable one of designing a Markov chain with the right prop-

erties. We only need to evaluate the posterior at specific points, not normalize it or directly

sample from it. This requirement—evaluating rather than integrating—is precisely what

makes MCMC practical for the complex posterior distributions encountered in astronomical

inference.

This conceptual foundation sets the stage for understanding how to actually construct

such transition matrices. The challenge shifts from the impossible task of sampling directly

from complex posteriors to the achievable goal of designing random walks with appropriate

stationary distributions. In the following sections, we’ll explore the mathematical principles

that guide this design process.

13.2 Detailed Balance

The previous section established that we need to design a transition matrix so that

our target posterior distribution becomes the stationary distribution of the resulting Markov

chain. But how do we actually construct such a transition matrix? This is where the concept

of detailed balance becomes crucial—it provides a practical condition for ensuring that our

Markov chain has the posterior distribution as its stationary distribution.

For clarity, we’ll denote our posterior distribution p(x|D) as p(x), which represents

the probability distribution of our model parameters x given our observed data D. The

key insight builds on our Columbus analogy, where we want to achieve a specific population

distribution across neighborhoods.

Imagine we want the Short North to have a bustling population while Upper Arlington

remains a quieter area. To achieve this distribution, our guidebook needs to encourage more

people to move from Upper Arlington to the Short North than vice versa. Over time,

the Short North population will build up. However, as more people accumulate in the

Short North, the population difference itself creates a counterbalance—there are simply

more people in the Short North who might move to Upper Arlington, even if each individual

is less likely to make that move.

Eventually, these opposing forces reach equilibrium. The population distribution

stabilizes not because people stop moving, but because the flows between neighborhoods

balance perfectly. This balance occurs when the number of people moving from the Short
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North to Upper Arlington exactly equals the number moving in the opposite direction.

Mathematically, detailed balance expresses this equilibrium condition as:

p(x)T (x,x′) = p(x′)T (x′,x) (13.4)

To understand this equation intuitively, let’s interpret each term using our Columbus

analogy. The quantity p(x) represents the population of neighborhood x (the Short North),

while T (x,x′) represents the probability that someone in the Short North will move to Upper

Arlington (x′). The left side, p(x)T (x,x′), therefore represents the “flow” of people from the

Short North to Upper Arlington.

Similarly, the right side represents the flow in the opposite direction. Detailed balance

says that these flows must be equal for every pair of neighborhoods in our city. This is a

strong condition—it requires perfect balance between every pair of states in our system, not

just overall balance across the entire city.

The beauty of detailed balance is that it provides us with a concrete way to design our

transition matrix. Since we know our target distribution p(x) in advance (it’s the posterior

we want to sample from), we can use it to construct a guidebook that naturally leads to this

distribution. When the flows balance for all pairs of neighborhoods, the overall population

distribution remains stable.

Let’s prove that detailed balance indeed ensures p(x) is a stationary distribution. We

need to show that if detailed balance holds, then p(x) satisfies the stationary distribution

equation:

p(x′) =

∫
p(x)T (x,x′)dx (13.5)

Starting with the detailed balance equation:

p(x)T (x,x′) = p(x′)T (x′,x) (13.6)

We integrate both sides over all possible states x:

∫
p(x)T (x,x′)dx =

∫
p(x′)T (x′,x)dx (13.7)
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Detailed Balance in Discrete State Space

Figure 13.4: Visualization of detailed balance using a discrete state space representation.
Each histogram bin represents a state in the Markov chain, with heights proportional to
their stationary probabilities p(i). The arrows between states 3 and 6 show transitions
in both directions, with their respective transition probabilities T (i → j) and T (j → i).
Detailed balance ensures that the flow from state i to state j equals the flow from j to i:
p(i) · T (i → j) = p(j) · T (j → i). This equality is demonstrated numerically in the figure.
When detailed balance holds for all pairs of states, the distribution remains stationary—there
is no net change in the probability mass. Moreover, if the system is out of equilibrium,
detailed balance actively drives it toward the equilibrium state.

On the right side, notice that p(x′) doesn’t depend on x, so we can pull it outside the

integral:

∫
p(x)T (x,x′)dx = p(x′)

∫
T (x′,x)dx (13.8)

Now,
∫
T (x′,x)dx = 1 because the total probability of transitioning from state x′ to

all possible states must sum to 1. This is a property of transition probabilities—if you’re

currently in Upper Arlington, the probabilities of moving to all possible neighborhoods

(including staying in Upper Arlington) must add up to 100%.
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Therefore: ∫
p(x)T (x,x′)dx = p(x′) · 1 = p(x′) (13.9)

This is exactly the definition of a stationary distribution. We have proven that if

detailed balance holds, then our target distribution p(x) is indeed a stationary distribution

of the Markov chain defined by transition matrix T .

Returning to our Columbus analogy, detailed balance ensures that our city’s popula-

tion distribution remains stable over time. If we design our guidebook so that the flow of

people between any two neighborhoods is perfectly balanced, then the overall distribution

will match our target. The population in each neighborhood stays constant not because

people stop moving, but because the inflows and outflows balance perfectly.

This gives us a practical strategy for constructing MCMC algorithms: we need to

design transition matrices that satisfy detailed balance with respect to our target posterior

distribution. The challenge is no longer the abstract problem of finding stationary distribu-

tions, but the concrete task of constructing transition rules that balance flows appropriately.

In the next section, we’ll see how the Metropolis algorithm provides one such construction.

13.3 The Metropolis Algorithm

Now that we understand detailed balance as a condition for ensuring our target pos-

terior is the stationary distribution of our Markov chain, a natural question arises: How

can we actually construct a transition matrix that satisfies this condition? While there are

many approaches in the MCMC literature, the Metropolis algorithm provides the simplest

and most intuitive solution—demonstrating that such a transition matrix not only exists but

can be constructed in a remarkably straightforward way.

The key insight of the Metropolis algorithm is to decompose the transition process

into two components: proposing a new state and then deciding whether to accept or reject

this proposal. Continuing our Columbus analogy, this is like our traveler first consulting a

guidebook that suggests a neighborhood to visit (the proposal), and then making a personal

decision about whether to follow that suggestion (the acceptance/rejection step). This two-

step process gives us the flexibility needed to design a transition mechanism that satisfies

detailed balance.
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Mathematically, we can express any transition matrix as:

T (x,x′) = q(x′|x)A(x,x′) (13.10)

where q(x′|x) is the proposal distribution—the probability density of suggesting a move to

state x′ given that we’re currently at state x—and A(x,x′) is the acceptance probability for

that proposed move.

The Metropolis algorithm makes a specific choice for the proposal distribution: it

must be symmetric, meaning:

q(x′|x) = q(x|x′) (13.11)

This symmetry condition simply means that the probability of proposing a move

from state x to state x′ is the same as the probability of proposing the reverse move. In our

Columbus analogy, this would mean that the guidebook is equally likely to suggest traveling

from the Short North to Upper Arlington as it is to suggest traveling from Upper Arlington

to the Short North.

A common example in astronomical applications is a multivariate Gaussian centered

at the current position:

q(x′|x) = N (x′|x,Σ) (13.12)

where Σ is the covariance matrix that controls the step size and direction of our proposals.

This proposal naturally satisfies the symmetry condition because the distance from x to x′

is the same as the distance from x′ to x.

With this symmetric proposal distribution, the Metropolis algorithm defines the ac-

ceptance probability as:

A(x,x′) = min

(
1,
p(x′)

p(x)

)
(13.13)

Let’s understand what this acceptance probability means in practice. If the proposed

state x′ has higher posterior probability than the current state x (meaning p(x′) ≥ p(x)),

then the ratio p(x′)/p(x) ≥ 1, and we accept the proposal with probability 1—we always

move to regions of higher probability.

If the proposed state has lower posterior probability (meaning p(x′) < p(x)), then the

ratio p(x′)/p(x) < 1, and we accept the proposal with probability equal to this ratio. For

example, if the proposed state has 70% of the probability density of the current state, we
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accept the move with 70% probability.

Returning to our Columbus analogy, this acceptance rule creates a natural bias toward

densely populated neighborhoods. If our explorer is currently in the Short North and the

guidebook suggests visiting Upper Arlington, they check the population densities of both

neighborhoods. If Upper Arlington is more densely populated, they always go there. If

Upper Arlington has only 70% of the population density of the Short North, they have a

70% chance of moving there. If they decide not to go, they stay in the Short North for

another day.

Let’s verify that this choice of acceptance probability satisfies detailed balance with

respect to our target posterior distribution p(x). Recall that detailed balance requires:

p(x)T (x,x′) = p(x′)T (x′,x) (13.14)

Substituting our transition matrix:

p(x)q(x′|x)A(x,x′) = p(x′)q(x|x′)A(x′,x) (13.15)

Using the symmetry of our proposal distribution (q(x′|x) = q(x|x′)), this simplifies

to:

p(x)A(x,x′) = p(x′)A(x′,x) (13.16)

Now, let’s consider the two possible cases. If p(x′) ≥ p(x), then:

A(x,x′) = min

(
1,
p(x′)

p(x)

)
= 1 (13.17)

A(x′,x) = min

(
1,
p(x)

p(x′)

)
=
p(x)

p(x′)
(13.18)

Substituting these into our detailed balance equation:

p(x) · 1 = p(x′) · p(x)
p(x′)

(13.19)

which simplifies to p(x) = p(x)—clearly true.
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If p(x′) < p(x), then:

A(x,x′) = min

(
1,
p(x′)

p(x)

)
=
p(x′)

p(x)
(13.20)

A(x′,x) = min

(
1,
p(x)

p(x′)

)
= 1 (13.21)

Substituting these into our detailed balance equation:

p(x) · p(x
′)

p(x)
= p(x′) · 1 (13.22)

which simplifies to p(x′) = p(x′)—again clearly true.

Thus, we’ve verified that the Metropolis algorithm’s transition matrix satisfies de-

tailed balance with respect to our target posterior distribution, ensuring that the posterior

distribution is a stationary distribution of the chain.

This mechanism creates a natural balance in our system. When the chain has con-

verged to the target distribution, detailed balance ensures that the flows between any two

neighborhoods remain equal, maintaining equilibrium. If the chain hasn’t yet converged,

this mechanism actively drives the population distribution toward equilibrium. Neighbor-

hoods with higher posterior probability gradually accumulate more residents, while areas

with lower probability become less populated.

Beyond its theoretical properties, the Metropolis algorithm offers a key practical ad-

vantage for Bayesian inference in astronomy: it only requires the ratio of posterior probabil-

ities, not their absolute values. This eliminates the need to calculate the often intractable

normalization constant (the Bayesian evidence). Mathematically:

p(x′|D)
p(x|D) =

p(D|x′)p(x′)

p(D)
p(D)

p(D|x)p(x) =
p(D|x′)p(x′)

p(D|x)p(x) (13.23)

Notice how the evidence term p(D) cancels out completely. This property is in-

valuable in astronomy, where calculating the evidence becomes practically impossible for

complex models with many parameters. The remaining terms are just the likelihood times

the prior—expressions we can typically evaluate directly.

The Metropolis algorithm is remarkably simple yet powerful in its capabilities. It
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transforms a difficult sampling problem into the much simpler task of evaluating ratios

of an unnormalized distribution—a feature perfectly tailored for Bayesian inference. The

Metropolis algorithm demonstrates that we can indeed construct transition matrices satis-

fying detailed balance, providing a concrete foundation for MCMC methods. As we’ll see in

subsequent sections, understanding when and how well this algorithm converges to the tar-

get distribution requires additional theoretical considerations about the properties of Markov

chains.

13.4 Convergence and Uniqueness in MCMC

So far, we’ve shown that the Metropolis algorithm provides a transition matrix that

satisfies detailed balance with respect to our target posterior distribution. This is an impor-

tant first step, but it only ensures that the target distribution is one of the possible stationary

distributions of the Markov chain. For practical MCMC applications in astronomy, we need

stronger guarantees.

To put this in terms of our Columbus analogy: if the population follows the Metropo-

lis algorithm’s rules for movement between neighborhoods, then a population distribution

matching the true neighborhood densities is a possible equilibrium state. However, this proof

alone is not sufficient for our purposes. When you run an MCMC algorithm in your research,

you want confidence not just that you might get the correct posterior, but that you will get

the correct posterior.

The detailed balance condition only guarantees that our target distribution could be

the stationary distribution of the Markov chain. But this doesn’t necessarily mean that the

chain will converge, or if it converges, that it will converge to the correct distribution. To

ensure reliable MCMC sampling, we need to establish two additional properties: convergence

and uniqueness.

Convergence, in the context of MCMC, means that no matter what initial distribution

we start with, the chain will eventually settle into a pattern that matches our target posterior

distribution. Mathematically, we express this as:

lim
n→∞

T np̃(x) = p(x) (13.24)

where p̃(x) is any starting distribution, T is our transition matrix, and p(x) is our target

distribution.
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In our Columbus analogy, this would be like asking whether, no matter how we ini-

tially distribute people across Ohio, they’ll eventually redistribute themselves across Colum-

bus neighborhoods according to the true population densities. Imagine we’re running an

experiment where we’ve given the Metropolis guidebook to thousands of people distributed

in various ways across the city. Convergence means that, given enough time, these people

will redistribute themselves to match the true neighborhood densities, regardless of their

initial distribution.

Uniqueness ensures that there’s only one stationary distribution that our Markov

chain can converge to. Mathematically, uniqueness means that if there exist two stationary

distributions p1(x) and p2(x) such that:

(Tp1)(x) = p1(x) and (Tp2)(x) = p2(x) (13.25)

then it must be the case that p1(x) = p2(x). This is crucial because we’ve already shown

that our target distribution is a stationary distribution (thanks to detailed balance), but we

need to ensure it’s the only one.

In our analogy, this is equivalent to ensuring that there’s only one possible stable

population distribution across Columbus neighborhoods that can result from following our

guidebook’s rules. Without uniqueness, we might end up with a population distribution that

doesn’t match the true neighborhood densities, even after running our simulation for a very

long time.

Counterexamples to Convergence and Uniqueness While detailed balance is crucial

for MCMC methods, it alone doesn’t guarantee that our transition matrix will lead to the

desired target distribution. To understand why additional conditions are necessary, let’s

examine some situations where things can go wrong, even when detailed balance is satisfied.

Consider two examples of problematic transition matrices that fail to produce the

sampling behavior we need for Bayesian inference:

First, imagine a guidebook that simply instructs, “always stay where you are.” Math-

ematically, this corresponds to a transition matrix T = I (the identity matrix). This tran-

sition matrix technically satisfies detailed balance with respect to any distribution, because

no one ever moves! If we started with everyone in the Short North, they’d all stay in

the Short North. If we started with a uniform distribution across Columbus, it would re-

main uniform forever. While this system instantly “converges” to a stationary distribution,
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that distribution depends entirely on our starting point. This violates our requirement for

uniqueness—we need our sampling process to converge to the correct posterior distribution

regardless of where we start.

For a second example, consider a Columbus with only two neighborhoods: the Short

North and German Village. Our guidebook states: “If you’re in the Short North today, go

to German Village tomorrow. If you’re in German Village today, go to the Short North

tomorrow.” This is represented by the transition matrix:

T =

[
0 1

1 0

]
(13.26)

This transition matrix does have a stationary distribution p∗(x) = [0.5, 0.5]—if we

start with exactly half the population in each neighborhood, this will remain true as people

swap back and forth. However, for any other starting distribution, the system will never

converge. Instead, we get:

p(t)(x) =




p̃(x), if t is even

1− p̃(x), if t is odd
(13.27)

If we start with 70% of people in the Short North and 30% in German Village, then

the next day it flips to 30% in the Short North and 70% in German Village, continuing this

oscillation indefinitely. The system never converges to a single, stable distribution.

These examples illustrate that not all transition matrices will lead to convergence

to a unique stationary distribution. Fortunately, most practical MCMC methods, includ-

ing the Metropolis algorithm we’ve discussed, have transition matrices designed to avoid

these pathological behaviors. They satisfy an additional property called ergodicity, which

guarantees both convergence and uniqueness.

The concept of ergodicity provides the theoretical foundation for why MCMCmethods

work reliably in astronomical applications. In the next section, we’ll explore this crucial

property that ensures our random walks through parameter space eventually settle into the

correct posterior distribution, regardless of where they begin.
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13.5 Ergodicity Overview

We’ve seen that detailed balance alone is insufficient to guarantee that a Markov

chain will converge to our target distribution. We need additional conditions to ensure both

convergence and uniqueness. This is where the concept of ergodicity comes into play—a

property that provides the theoretical foundation for why MCMC methods work in practice.

The term “ergodicity” might sound familiar to those who’ve studied statistical me-

chanics in physics, but the concept is more broadly applicable and intuitive than its technical

name suggests. In essence, ergodicity means that a system can explore all its possible states

over time and reach a stable equilibrium distribution. For our purposes in MCMC, an er-

godic Markov chain will converge to a unique stationary distribution, regardless of its starting

point—precisely what we need for reliable Bayesian inference.

A Markov chain is considered ergodic if it satisfies three key properties. Let’s intro-

duce these conditions intuitively before exploring their mathematical formulations:

Irreducibility: Complete Connectivity The first property is irreducibility. The chain

can go from any state to any other state in a finite number of steps. In our Columbus

analogy, this means you can travel from any neighborhood to any other neighborhood given

enough time. No area of the parameter space is completely isolated or unreachable from

other areas. This property prevents the pathological case where our chain gets trapped in

one region and never explores the rest of the posterior distribution.

Aperiodicity: Avoiding Cyclic Patterns The second property is aperiodicity. The

chain doesn’t visit states in a predictable cyclic pattern. This prevents the oscillating behav-

ior we saw in our Short North/German Village example, where people were swapping back

and forth endlessly. Aperiodicity ensures that the chain doesn’t get trapped in deterministic

cycles that prevent convergence to a stable distribution.

Positive Recurrence: Finite Return Times The third property is positive recurrence.

The expected time to return to any state is finite. This prevents the chain from wandering

off to infinity. In our Columbus analogy, this is like ensuring that travelers will eventually

return to neighborhoods they’ve visited before, rather than continuously exploring new sub-

urbs farther and farther from the city center without ever coming back. Without positive

recurrence, our population distribution would never stabilize into the desired equilibrium.
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Figure 13.5: Visualization of irreducibility in Markov chains. The left panel shows an irre-
ducible chain where any state can be reached from any other state in a finite number of steps
(highlighted path shows one possible route from State 1 to State 4). This property ensures
that the chain can explore the entire state space, regardless of the starting point. The right
panel illustrates a reducible chain where the state space is disconnected into two separate
components: States 1-3 (blue) and States 4-5 (orange). States in one component cannot
reach states in the other component, violating irreducibility. In astronomical applications,
this would correspond to a posterior distribution with completely separated modes with zero
probability between them—for example, two solutions that are equally valid but with no
connecting path through parameter space. Such situations violate ergodicity and prevent
conventional MCMC methods from correctly sampling the full posterior distribution.

Why These Conditions Matter These three conditions work together to avoid the

pathological cases we discussed earlier. Irreducibility prevents the chain from getting stuck in

isolated regions (like the “always stay where you are” example). Aperiodicity eliminates the

cyclic oscillations that prevent convergence (like the Short North/German Village swapping).

Positive recurrence ensures that the chain doesn’t drift away indefinitely without returning

to previously visited areas.

When a Markov chain satisfies these three conditions—irreducibility, aperiodicity, and

positive recurrence—we can prove two crucial results:

First, a unique stationary distribution exists. This means there’s exactly one equilib-

rium distribution that the chain will settle into, eliminating ambiguity about what distribu-

tion we’re sampling from.

Second, the chain will converge to this stationary distribution from any starting point.
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Figure 13.6: Comparison of periodic and aperiodic Markov chains. The left panel shows a
periodic chain with period 3, where states must follow a fixed cycle (1→2→3→1...). The
sequence below demonstrates how the visitation pattern repeats exactly every three steps,
preventing convergence to a stationary distribution. The right panel shows how adding a
single self-loop to state 2 breaks this periodicity. Aperiodicity ensures that the chain doesn’t
get trapped in oscillating patterns, establishing a stable visitation pattern that matches the
target distribution.

No matter where we initialize our chain, it will eventually reach the same equilibrium distri-

bution and remain there.

This is precisely what we need for MCMC to work correctly in our astronomical

applications. It’s analogous to why gas particles in a closed room reach a Maxwell-Boltzmann

distribution—they ergodically explore the entire available space until they reach equilibrium.

In practice, most MCMC methods used in astronomy, including the Metropolis al-

gorithm we discussed earlier, are designed to satisfy these ergodicity criteria. However, it’s

worth being aware of potential pitfalls:

Irreducibility can be violated if your posterior has completely separated modes with

zero probability between them. This is like having two separate rooms with a perfect vac-

uum between them—particles starting in one room can never reach the other. In astro-

nomical applications, this might occur when a parameter space has multiple disconnected

high-probability regions separated by regions of essentially zero probability.

Aperiodicity is usually satisfied by default in standard MCMC implementations unless

you’ve explicitly designed a periodic transition scheme. The random nature of the accep-

tance/rejection step in the Metropolis algorithm typically ensures aperiodicity. This is often
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Figure 13.7: Illustration of positive recurrence in Markov chains. The left panel shows
a positively recurrent chain in a bounded parameter space where the chain periodically
returns to previously visited states (red circles marking returns to the starting state). This
property ensures that the expected time to return to any state is finite, allowing the chain
to establish a proper stationary distribution. The right panel demonstrates a non-positively
recurrent chain in an unbounded parameter space, where the chain can drift away from its
starting point. It’s important to note that an unbounded space doesn’t necessarily imply non-
positive recurrence—this is a property of the transition matrix itself, not just the parameter
space. Without positive recurrence, a Markov chain cannot establish a stable equilibrium
distribution, making it impossible to reliably sample from the target posterior distribution.

achieved through self-loops—the possibility of staying at the current state—which naturally

occurs when a proposed move is rejected.

Positive recurrence is typically ensured by setting proper priors that bound your

parameter space to a finite region. This is like ensuring your particles are in a finite room

rather than an infinite universe where they could wander forever. In astronomical modeling,

this usually means choosing priors that reflect physically reasonable parameter ranges.

While astronomers often don’t explicitly check for ergodicity in their MCMC imple-

mentations, understanding these conditions can help diagnose issues when methods aren’t

behaving as expected. If multiple chains initialized at different starting points fail to converge

to the same distribution despite appearing individually well-mixed, this often indicates a vi-

olation of one of the ergodicity conditions, most commonly irreducibility due to disconnected

modes in the posterior.
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The mathematical details of proving convergence for ergodic chains involve advanced

concepts from probability theory that go beyond the scope of this course. However, the

intuitive understanding we’ve developed here provides the conceptual foundation for why

MCMC methods work reliably when properly designed. In the following sections, we’ll

explore more detailed mathematical treatments of these ergodicity conditions and then move

on to practical aspects of implementing and diagnosing MCMC algorithms.

13.6 The Uniqueness of the Stationary Distribution

Having established the intuitive understanding of ergodicity, let’s explore the math-

ematical foundations more rigorously. We’ll start with uniqueness—proving that an irre-

ducible Markov chain can have at most one stationary distribution. This result is crucial be-

cause even though we’ve shown that our target posterior is a stationary distribution (through

detailed balance), we need to ensure it’s the only one.

Uniqueness is important because without it, our Markov chain might stabilize to a dif-

ferent distribution than our intended target, even if the chain reaches some equilibrium state.

The mathematical condition that guarantees uniqueness is irreducibility—the requirement

that the chain can go from any state to any other state in a finite number of steps.

An irreducible Markov chain is one where any state can be reached from any other

state via some finite sequence of transitions. Mathematically, we define irreducibility as

follows:

∀i, j,∃tij ≥ 0, such that p(xtij = j|x0 = i) > 0 (13.28)

where i and j represent any two states in the state space, xt denotes the state of the chain at

step t, tij is the number of steps needed to go from state i to state j, and p(xtij = j|x0 = i)

is the probability of being in state j after tij steps, given that we started in state i.

In simpler terms, this equation states that for any two states i and j, there exists

some finite number of steps tij such that the probability of reaching state j from state i in

exactly tij steps is greater than zero. In our Columbus analogy, irreducibility means that

from any neighborhood, it’s possible to eventually reach any other neighborhood in finite

time. There are no isolated regions of the city that are impossible to visit.

The terminology “irreducible” comes from graph theory, where all nodes in the graph

are “connected”—there are no isolated regions of the parameter space that the chain cannot

access. This connectivity is what allows us to prove uniqueness.
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Now, let’s prove that irreducibility guarantees uniqueness of the stationary distribu-

tion. We’ll focus on the finite-dimensional case, though the result extends to general state

spaces with appropriate technical conditions.

Since the Markov chain is irreducible, we can go from any state to any other state with

non-zero probability. This implies that there exists an integer N such that the composite

transition probability matrix:

T̃ ≡
N∑

i=1

T i (13.29)

has all strictly positive entries. In essence, by considering transitions over multiple steps (up

to N), we can reach any state from any other state with positive probability.

For the sake of contradiction, let’s assume there are two distinct stationary distribu-

tions p and q of our transition matrix T , i.e., p ̸= q, and:

Tp = p, Tq = q (13.30)

It follows that these distributions are also stationary with respect to T̃ :

T̃ p = p, T̃ q = q (13.31)

To see why this is true, recall that T̃ =
∑N

i=1 T
i. For any stationary distribution p of

T , we have Tp = p. This means T 2p = T (Tp) = Tp = p, and by induction, T ip = p for any

positive integer i. Therefore:

T̃ p =
N∑

i=1

T ip =
N∑

i=1

p = Np (13.32)

Since we’re working with probability distributions, we can normalize T̃ by dividing by

N , giving us T̃
N
p = p. For simplicity, we’ll continue using T̃ with the understanding that it’s

properly normalized. The same logic applies to q, confirming that both p and q are indeed

stationary distributions of T̃ .

Looking at the first of these equations element-wise:

p(x) =
∑

y

T̃ (y,x)p(y) (13.33)
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Let’s define x to be the state that minimizes the ratio p(y)/q(y) across all states.

Since we’re in a finite state space, this minimum exists. Now, we can rewrite the equation:

p(x) =
∑

y

T̃ (y,x)q(y)
p(y)

q(y)
(13.34)

Since x minimizes the ratio p(y)/q(y), we know that:

p(y)

q(y)
≥ p(x)

q(x)
for all y (13.35)

This gives us:

p(x) =
∑

y

T̃ (y,x)q(y)
p(y)

q(y)
≥ p(x)

q(x)

∑

y

T̃ (y,x)q(y) =
p(x)

q(x)
q(x) = p(x) (13.36)

For this inequality to be satisfied, it must be an equality, which means:

p(y)

q(y)
=
p(x)

q(x)
for all y where T̃ (y,x) > 0 (13.37)

But recall that T̃ has all positive entries (a consequence of irreducibility), so this

implies:
p(y)

q(y)
=
p(x)

q(x)
for all y (13.38)

In other words, the ratio between the two distributions is constant across all states.

Since both p and q are probability distributions that sum to 1:

∑

y

p(y) =
∑

y

q(y) = 1 (13.39)

The only way for the ratios to be equal while maintaining this constraint is if p(y) =

q(y) for all y. This contradicts our initial assumption that p and q are distinct. Therefore,

the stationary distribution must be unique.

This result can also be understood through the lens of linear algebra. According to the

Perron-Frobenius theorem, any irreducible non-negative matrix (like our transition probabil-
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ity matrix) has a unique largest eigenvalue with a corresponding non-negative eigenvector.

When normalized to sum to 1, this eigenvector is precisely the stationary distribution of the

Markov chain. This provides an alternative explanation for why irreducibility guarantees

uniqueness.

To summarize our result: we’ve shown that for an irreducible Markov chain with

finite states, if two distributions p and q are both stationary, then they must be identical.

This means the stationary distribution is unique, which is a property that makes MCMC

methods work reliably when the ergodicity conditions are satisfied.

While we’ve established that an irreducible Markov chain has a unique stationary

distribution (if one exists), we haven’t yet guaranteed that the chain will converge to this

distribution from any starting point. For MCMC methods to be reliable in astronomi-

cal applications, we need additional conditions that ensure this convergence. In the next

section, we’ll explore how the remaining ergodicity conditions—aperiodicity and positive

recurrence—provide this guarantee.

13.7 The Convergence of the Stationary Distribution

Having shown that irreducibility guarantees uniqueness of the stationary distribution,

we now need to address a more practical concern: will our Markov chain actually converge

to this distribution regardless of where it starts? This convergence property is essential for

astronomical applications where we need to sample reliably from complex posterior distri-

butions.

Aperiodicity: Breaking Cyclic Patterns Uniqueness alone isn’t sufficient to guarantee

convergence. We need additional conditions to ensure that the chain will actually reach its

stationary distribution from any starting point. Let’s revisit the oscillating example we

discussed earlier to understand why.

Consider the simple transition matrix:

T =

[
0 1

1 0

]
(13.40)

This chain alternates deterministically between two states—if we’re in state 1, we

move to state 2 with certainty, and vice versa. While this chain does have a stationary
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distribution p∗(x) = [0.5, 0.5], it never converges to it unless we happen to start exactly with

this distribution.

If we start with everyone in state 1, the entire population moves to state 2 on the

next step, then back to state 1, oscillating back and forth indefinitely. The chain exhibits

periodic behavior—states can only be revisited at regular intervals (every 2 steps in this

case). This observation leads us to the concept of aperiodicity, our second condition for

ensuring convergence.

Mathematically, the period ki of a state i is defined as the greatest common divisor

(gcd) of all possible return times:

ki = gcd{t : p(z(t) = i|z(0) = i) > 0} (13.41)

where p(z(t) = i|z(0) = i) represents the probability of returning to state i after exactly t

steps, given that we started at state i. The period tells us about the cyclical pattern of

possible returns to a state.

Let’s understand this with our oscillating example. A traveler starting in state 1 can

only return after 2, 4, 6, ... steps (even numbers), making the period k = 2. This is because:

p(z(1) = 1|z(0) = 1) = 0 (13.42)

p(z(2) = 1|z(0) = 1) > 0 (13.43)

p(z(3) = 1|z(0) = 1) = 0 (13.44)

p(z(4) = 1|z(0) = 1) > 0 (13.45)

So the gcd of {2, 4, 6, ...} is 2.

A Markov chain is called aperiodic if all states have period 1, meaning they can

potentially be revisited at any time step (though not necessarily with high probability).

Aperiodicity eliminates the rigid cyclic behavior that prevents convergence. When a chain

is aperiodic, the distribution of the chain after many steps becomes less and less dependent

on the exact number of steps, allowing it to settle into its stationary distribution.

To understand why aperiodicity is crucial for convergence, consider what happens in

a periodic chain. If a chain has period k > 1, then after a large number of steps n, the

distribution depends critically on whether n is divisible by k. This creates an obstacle to

convergence—the chain will cycle through k different distributions rather than settling into
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a single stationary distribution. In contrast, when a chain is aperiodic (k = 1), this cycling

behavior disappears, and the chain can approach a stable distribution as n increases.

One way to make a chain aperiodic is to allow self-loops—transitions from a state

back to itself. In our Columbus analogy, this would be like allowing travelers the option to

stay in their current neighborhood with some non-zero probability. Even a single self-loop

in a chain can break periodicity and help ensure convergence. This is because if a state can

transition to itself, then it can be revisited after 1 step, 2 steps, 3 steps, and so on. The gcd

of this set {1, 2, 3, ...} is 1, making the state aperiodic.

The Metropolis algorithm specifically guarantees self-loops because we do not always

accept proposed moves. When a proposal is made to move from the current state x to a

new state x′, we accept this move with probability A = min
(
1, p(x

′)
p(x)

)
. Crucially, when this

acceptance probability is less than 1, there is a non-zero probability (1−A) that we reject the
proposal and remain at the current state x. This rejection mechanism creates a self-loop in

the Markov chain, ensuring that the Metropolis algorithm naturally satisfies the aperiodicity

condition.

Positive Recurrence: Preventing Drift to Infinity So far, we’ve established two im-

portant conditions for Markov chains: irreducibility ensures that the stationary distribution

is unique (if one exists), and aperiodicity ensures that the chain doesn’t get trapped in cyclic

patterns that prevent convergence. However, these two conditions alone don’t guarantee

that a stationary distribution exists or that the chain will converge to it.

To understand why, we need to introduce a third condition: positive recurrence.

This property ensures that the chain doesn’t “drift off to infinity” and actually has a well-

defined stationary distribution. Consider a simple random walk on integers with the following

transition probabilities:

Tij =




1/3, j ∈ {i− 1, i, i+ 1}
0, otherwise

(13.46)

This Markov chain has the following properties. It’s irreducible since we can move

from any integer to any other integer by taking enough steps (moving one position at a

time). It’s also aperiodic due to the self-loops—from any state i, we can return to i in 1

step (with probability 1/3), in 2 steps, in 3 steps, etc. The greatest common divisor of these

return times is 1.
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But does this chain have a stationary distribution? Let’s try to solve for it directly.

If π = (π0, π1, π2, ...) is the stationary distribution, where πi represents the probability of

being in state i after the chain has run for a very long time, then by definition:

πi =
1

3
πi−1 +

1

3
πi +

1

3
πi+1 (13.47)

Rearranging:

πi−1 − 2πi + πi+1 = 0 (13.48)

This is a second-order linear recurrence relation. We can solve it by working out a

few terms and discovering that the general solution is:

πi = iπ1 − (i− 1)π0 (13.49)

Now let’s check if we can satisfy the requirements of a probability distribution. If

π1 = π0 > 0, then πi = π0 for all i, meaning all states have equal probability. This creates

a uniform distribution over infinitely many states, giving us
∑

i πi = ∞, not 1 as required.

If π1 = π0 = 0, then πi = 0 for all i, giving us
∑

i πi = 0, also violating the normalization

requirement.

If π1 > π0, then πi grows linearly with i, making
∑

i πi = ∞. If π1 < π0, then

eventually πi becomes negative for large i, violating the requirement that probabilities be

non-negative.

This mathematical contradiction shows that there is no valid stationary distribution

for this random walk. The issue is that the chain allows a “drift” to infinity—if we imagine

a population of travelers distributed according to any initial distribution, this population

would spread out indefinitely over time with no stable configuration.

Unlike our Columbus analogy where the city has finite neighborhoods, this random

walk explores an unbounded space with no “gravitational force” pulling the population to-

ward any central region. Each traveler has equal probability (1/3) of moving left, staying

put, or moving right at each step. As time progresses, the population disperses more and

more widely across the infinite state space. The probability mass continually spreads thinner

and thinner, with an ever-expanding frontier of states being populated. This perpetual dif-

fusion prevents the population from settling into any fixed distribution, making a stationary
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distribution mathematically impossible.

Ergodicity: The Complete Solution This is precisely why we need the third condi-

tion—positive recurrence—to guarantee convergence in Markov chains. Positive recurrence

ensures that a chain doesn’t “escape” to infinity but instead keeps returning to each state in

a finite expected time. A state i is positive recurrent if the expected time to return to that

state, starting from that state, is finite:

E[ti] <∞, where ti = inf{t ≥ 1 : z(t) = i|z(0) = i} (13.50)

In our city exploration analogy, positive recurrence means that a traveler, starting

from any neighborhood, will return to that neighborhood in a finite expected time. They

won’t wander further and further away, exploring an ever-expanding periphery without re-

turning to the core areas.

For our random walk on integers, the expected return time to any state is infinite—a

traveler can drift arbitrarily far away, making the probability of return vanishingly small.

This explains why the chain fails to converge despite satisfying irreducibility and aperiodicity.

The combination of irreducibility, aperiodicity, and positive recurrence defines an

ergodic Markov chain. For ergodic Markov chains, we can prove several crucial results:

First, the long-run fraction of time spent in each state converges to a unique stationary

distribution, regardless of the starting state. Second, the stationary probability of a state

is inversely proportional to its expected return time: p∗(i) = 1
E[ti] . Third, for any initial

distribution p̃(x), repeatedly applying the transition operator will eventually converge to

the unique stationary distribution: limn→∞ T np̃(x) = p∗(x).

These properties translate to an intuitive understanding of our traveler’s journey. As

the traveler walks through the state space for a long time, their path creates a pattern

of visitation across all states. The proportion of time they spend in each state gradually

stabilizes, approaching the stationary distribution regardless of where they began. The

footprints left by the traveler—marking each location they’ve visited—would eventually trace

out a density map proportional to the stationary distribution, with more frequently visited

states showing denser clusters of footprints.

This powerful result forms the foundation for MCMC methods. By carefully designing

transition probabilities (as in the Metropolis algorithm) such that our target posterior is
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the stationary distribution, we can generate samples from complex distributions simply by

running the chain and recording its states.

In practical MCMC applications in astronomy, ensuring ergodicity is typically straight-

forward. The Metropolis algorithm with a Gaussian proposal naturally satisfies aperiodicity

due to its probabilistic acceptance mechanism. Positive recurrence can be guaranteed by

using proper prior distributions that bound the parameter space, preventing the chain from

wandering indefinitely. However, irreducibility can sometimes fail in astronomical appli-

cations when multimodal posterior distributions have widely separated modes, effectively

creating a reducible chain that cannot explore the full posterior. Understanding these er-

godicity conditions provides us with a diagnostic framework when MCMC chains behave

unexpectedly.

13.8 Implementing Metropolis Algorithm

Now that we understand the theoretical foundations of MCMC through detailed bal-

ance and ergodicity, we can implement the Metropolis algorithm. The power of MCMC

lies in its ability to sample from essentially any distribution, regardless of its complexity or

dimensionality. The Metropolis algorithm, through its carefully designed acceptance proba-

bility, ensures that detailed balance is satisfied with respect to our target distribution. When

combined with ergodicity, which is almost always satisfied in real applications, we have the

complete foundation for correctly sampling from our target distribution.

The implementation of the Metropolis algorithm follows these straightforward steps:

1. Initialize: Choose a starting point x(0) in the parameter space.

2. For each iteration t = 1, 2, . . . , T :

(a) Propose: Generate a candidate state x′ from a symmetric proposal distribution

centered at the current state: x′ ∼ q(x′|x(t−1)), where q(x′|x) = q(x|x′).

(b) Compute: Calculate the acceptance probability: A(x(t−1),x′) = min
(
1, p(x′)

p(x(t−1))

)

(c) Accept/Reject: Draw a uniform random number u ∼ U(0, 1):

• If u ≤ A(x(t−1),x′), accept the proposal: x(t) = x′

• Otherwise, reject and stay at the current position: x(t) = x(t−1)
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3. Return: The sequence {x(0),x(1), . . . ,x(T )} as samples from the target distribution

(typically discarding some initial portion as burn-in).

This algorithm transforms a difficult sampling problem into the much simpler task of

evaluating ratios of an unnormalized distribution—a feature perfectly tailored for Bayesian

inference. The remarkable strength of MCMC lies in its universal sampling capability, but

practical implementations require careful consideration of several issues that don’t appear

in direct sampling approaches.

Now that we understand how to construct and implement a Markov chain that samples

from our target distribution, we need to consider some practical aspects of MCMC imple-

mentation. While the theoretical foundation of MCMC is robust, its practical application

requires careful consideration of several challenges.

A key property of Markov chains is that each state depends only on the immediately

preceding state, not the entire history. This seemingly simple property leads to two important

practical challenges in MCMC:

1. How do we handle samples from the early phase of the chain, when it hasn’t yet reached

its stationary distribution (the target posterior)?

2. Once the chain has converged, how do we account for the correlation between consec-

utive samples, which reduces their statistical efficiency?

These questions are critical for obtaining reliable posterior inferences in astronomical

applications.

The first challenge relates to the concept of “burn-in.” Since our Markov chain starts

from an arbitrary position x(0) that may be far from the high-probability regions of our

distribution, the initial samples will reflect this starting position rather than the target

distribution. While ergodicity guarantees that the chain will eventually converge to sampling

from the target distribution, this convergence isn’t instantaneous.

Think of burn-in as the warm-up period for our Markov chain. Imagine Columbus

starting his exploration from the outskirts of an unfamiliar city—his initial movements would

be spent simply finding the city center before he could begin properly exploring the important

areas. Similarly, our chain needs time to find and settle into the high-probability regions of

the distribution before it can provide representative samples.
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Figure 13.8: Step-by-step illustration of the Metropolis algorithm sampling from a multi-
modal distribution. Step 1 (Initialize): We choose a starting point x(0) in parameter space.
Step 2 (Propose): A candidate state x′ is generated from a symmetric proposal distribution
(green dashed contours) centered at the current state. Step 3 (Compute): We calculate

the acceptance probability as the ratio of densities, A(x(t−1),x′) = min
(
1, p(x′)

p(x(t−1))

)
. Step 4

(Accept/Reject): We draw a uniform random number u ∼ U(0, 1) and accept the proposal
if u ≤ A; otherwise, we reject it and stay at the current position. We keep repeating this
process for many iterations, which allows the algorithm to explore the parameter space by
preferentially moving toward higher-probability regions while occasionally accepting moves
to lower-probability regions, ultimately sampling from the target distribution.
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Figure 13.9: Visualization of the burn-in concept in MCMC sampling. The chain starts from
a low-probability region (orange point) and initially explores the parameter space inefficiently
(orange trajectory). This initial phase constitutes the burn-in period, during which samples
are discarded because they reflect the arbitrary starting position rather than the target
distribution. After the burn-in period, the chain settles into its stationary distribution and
efficiently explores the high-probability modes of the distribution (blue trajectory), providing
representative samples for inference. The colorbar shows the progression of iterations with
the burn-in cutoff indicated by the horizontal dashed line.

The second challenge concerns computational efficiency. While MCMC can theoret-

ically sample any distribution given sufficient time, the practical reality is that we need

algorithms that converge within reasonable timeframes. Even with the minimal assumptions

of ergodicity satisfied, the time to convergence could be prohibitively long. In astronomical

research, where we face real constraints on computational resources and project timelines,

the question shifts from “Can we sample this distribution?” to “How efficiently can we

sample it?”

To address these efficiency considerations, we need to understand how MCMC al-

gorithms explore parameter space. While the theoretical foundations guarantee eventual
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convergence to the target distribution, practical implementations require careful tuning to

achieve efficient sampling. Let’s examine key concepts that affect sampling efficiency across

MCMC methods.

13.9 Proposal Mechanisms and Sampling Efficiency

The efficiency of MCMC methods is fundamentally tied to how well the chain explores

the parameter space. This exploration is governed by the mechanism that proposes new

positions for the chain to visit, which varies across different MCMC algorithms but follows

similar principles.

The sequential nature of MCMC is both its greatest strength and its primary chal-

lenge. This sequential dependency gives MCMC its power to handle complex, high-dimensional

problems by transforming difficult sampling tasks into manageable random walks. However,

this same property requires us to make careful choices about how these random walks are

performed.

In most MCMC algorithms, the transition from one state to another involves some

form of proposal mechanism followed by an acceptance/rejection step. While the specific

implementation varies between algorithms (including the Metropolis algorithm we have ex-

plored above, as well as Metropolis-Hastings and Gibbs sampling that we will introduce

later), they all face a common challenge: balancing between local exploration and global

coverage of the parameter space.

For the Metropolis algorithm with a symmetric proposal distribution, the transition

probability is:

T (x,x′) = q(x′|x)A(x,x′) (13.51)

where q(x′|x) is the proposal distribution and A(x,x′) is the acceptance probability. The

specific choice of proposal mechanism critically affects how efficiently we sample from the

posterior, regardless of which MCMC variant we use.

For many astronomical applications, proposal distributions based on multivariate

Gaussians are common:

q(x′|x) = N (x′|x,Σ) (13.52)

where Σ is the covariance matrix that determines the scale and orientation of proposals.

The choice of Σ directly impacts sampling efficiency.
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When implementing any MCMC method in practice, we need to balance between

making small moves (which are likely to be accepted but explore slowly) and large moves

(which explore faster but are more likely to be rejected). This balance affects how quickly

our chain converges to the target distribution and how efficiently it samples once converged.

If the proposal mechanism is too conservative, the chain will have a high acceptance

rate but will explore the parameter space very slowly. In our Columbus analogy, this would

be like taking tiny steps—while you’re likely to accept each step (since you’re not venturing

far from where you are), it would take an impractically long time to explore the entire city.

Conversely, if the proposal mechanism is too aggressive, most proposals will land in low-

probability regions and be rejected. You would be attempting to take giant leaps across the

city, but most would be rejected because they land in unlikely areas, resulting in frequently

remaining in the same location.
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Figure 13.10: Comparison of MCMC performance with different proposal mechanisms. Left
panel: A narrow proposal distribution results in a high acceptance rate, as most proposed
moves stay within regions of similar posterior probability. Right panel: A wide proposal
distribution yields a low acceptance rate, as proposals frequently land in low-probability
regions and are rejected. The blue contours represent the target posterior distribution,
while dashed contours show the proposal distributions centered at the current state (blue
dot). This visualization demonstrates the trade-off in MCMC sampling between small steps
(which are readily accepted but explore slowly) and large steps (which explore faster but are
more frequently rejected).

The acceptance rate—the proportion of proposed moves that are accepted during

sampling—provides a valuable diagnostic for assessing the efficiency of many MCMC algo-

rithms. This simple metric offers immediate insight into how well our chain is exploring the
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parameter space.

When the proposal mechanism is too conservative, we observe a very high acceptance

rate, often exceeding 90%. While this might initially seem desirable, it actually leads to

inefficient sampling. The chain moves through the parameter space in tiny steps, resulting in

highly correlated samples. This is analogous to exploring a city by taking baby steps—you’ll

accept almost every step, but you’ll cover very little ground and gather largely redundant

information. The chain requires many iterations to explore the full posterior distribution,

leading to poor mixing.

Conversely, when the proposal mechanism is too aggressive, the acceptance rate plum-

mets to below 5%. Most proposals jump to regions with much lower posterior probability

and are rejected. The chain frequently remains stuck at the same position for many iter-

ations, again resulting in high correlation between samples. This resembles attempting to

explore a city by randomly teleporting across vast distances—most attempts land in unlikely

or inaccessible areas, so you end up standing still most of the time.

The optimal scenario typically occurs when the proposal mechanism is appropriately

tuned to the geometry of the posterior distribution. For many MCMC algorithms, acceptance

rates around 20-40% tend to yield the most efficient sampling, though this can vary depending

on the specific algorithm and problem. This balance allows the chain to explore efficiently

without getting stuck or taking overly timid steps. At this sweet spot, the chain makes

moves that are large enough to explore the parameter space effectively, but not so large that

most proposals are rejected.

In astronomy, where we often deal with complex models and limited computational

resources, properly tuning the proposal mechanism can make the difference between obtain-

ing reliable posterior inferences within days versus weeks or longer. In practice, finding this

optimal tuning often requires some experimentation. One might start with an educated guess

based on prior knowledge of the problem, then adjust based on the observed acceptance rate

during a short pilot run.

While acceptance rates provide a useful rule of thumb for initial tuning, they don’t

tell the complete story about sampling efficiency. To fully understand how well our chain

is exploring the parameter space and how much independent information we’re actually

obtaining, we need to examine the correlation between successive samples. This leads us to

the concept of autocorrelation and effective sample size, which we’ll explore in the following

sections.
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13.10 Autocorrelation in MCMC Sampling

One of the challenges in MCMC is that successive samples are not independent—each

new state depends on the previous one. This correlation between samples, known as autocor-

relation, reduces the effective information content of our chain compared to truly indepen-

dent samples. Understanding and quantifying this correlation is crucial for reliable statistical

inference.

Recall that when we have N independent and identically distributed (i.i.d.) samples,

the standard error of our estimate decreases proportionally to 1/
√
N . However, when samples

are correlated, this convergence rate is effectively slower. Intuitively, each new correlated

sample provides less “new information” about the target distribution than an independent

sample would, resulting in less precise estimates for a given number of samples.

For a sequence of samples {X0, X1, X2, ...}, the autocorrelation at lag k is defined as:

R(k) =
E[(Xt − µ)(Xt+k − µ)]

σ2
(13.53)

where µ = E[Xt] is the mean and σ2 = E[(Xt − µ)2] is the variance of the stationary distri-

bution. This definition should be familiar from our earlier discussions of correlation between

random variables. While standard correlation measures the linear relationship between two

different variables, autocorrelation measures the relationship between observations of the

same variable at different points in the sequence.

To understand autocorrelation in a Markov chain, we need to recognize that values

Xt and Xt+k can be viewed as different realizations of the same random variable. Once a

Markov chain has reached its stationary distribution, each state it visits can be considered a

draw from that distribution. The distribution of states at time t and at time t+ k are both

approximations of the same target distribution, with Xt and Xt+k being specific realizations

connected by the chain’s evolution over k steps.

This perspective is made possible by the ergodic properties of well-designed MCMC

algorithms. When the ergodic condition is met, the chain’s behavior over time (time average)

becomes equivalent to taking multiple independent samples from the target distribution

(ensemble average). This equivalence is what allows us to use a single chain to explore and

characterize an entire probability distribution.

The inherent dependency between MCMC samples is the trade-off we accept for
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being able to sample from complex distributions through random walks. While we still get

correct results in the long run, the sampling noise decreases more slowly than the 1/
√
N

rate expected with truly independent samples. Understanding this correlation is critical for

properly assessing uncertainty in our estimates and determining appropriate chain lengths.
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Figure 13.11: Visualization of autocorrelation in MCMC sampling. Top panel: The MCMC
chain trace showing a reference point at iteration t = 100 (purple) and corresponding points
at lags k = 1, k = 5, and k = 20 (different shades of purple). Middle panel: Scatter
plots showing the relationship between states xt and xt+k for different lags. The increasing
scatter away from the diagonal as lag increases illustrates decreasing correlation between
samples separated by larger intervals. Bottom panel: The autocorrelation function R(k)
showing how correlation decays with increasing lag. This progressive decorrelation allows
us to treat different points in the chain as approximately independent samples from the
target distribution once sufficient lag time has passed, a consequence of the chain’s ergodic
properties.

To quantify autocorrelation in practice, we need to estimate it from our finite MCMC
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chain. The theoretical definition must be adapted to work with the samples we actually

have. For a chain of length N , we can estimate the autocorrelation at lag k using:

R̂(k) =

∑N−k
t=1 (Xt − X̄)(Xt+k − X̄)∑N

t=1(Xt − X̄)2
(13.54)

where X̄ is the sample mean of the chain. This empirical estimator follows naturally from

the theoretical definition but uses sample statistics instead of population parameters. The

numerator calculates the covariance between samples separated by lag k, while the denomi-

nator normalizes by the sample variance to produce a correlation coefficient.

Note that as k increases, we have fewer pairs of points to use in our estimation (only

N −k pairs), which is why autocorrelation estimates become less reliable at higher lags. For

each lag k, we average over all available pairs of points separated by that lag, which becomes

fewer as k increases. This is why the estimation uncertainty grows for larger lag values, and

why the autocorrelation estimates become less reliable at high lags.

To develop an intuitive understanding of autocorrelation, let’s consider what happens

with different proposal mechanisms in MCMC algorithms. When the proposal distribution

is too conservative (too narrow), each new sample is very close to the previous one. The

chain moves like a cautious explorer taking baby steps, staying in nearly the same location

for many iterations. The value at position t is highly predictive of the values at positions

t+ 1, t+ 2, and so on, resulting in high autocorrelation even at larger lags. Despite having

many samples, we’re essentially getting the same information repeated with slight variations.

Conversely, when the proposal distribution is too aggressive (too wide), most propos-

als get rejected because they jump to low-probability regions. The chain frequently stays

stuck at the same value for many iterations, creating high autocorrelation through a differ-

ent mechanism—literal repetition of the same value. When jumps do occur, they can be

substantial, but their infrequency limits exploration.

The ideal scenario occurs when the proposal mechanism is well-tuned—a balance that

allows enough movement to explore effectively while maintaining a reasonable acceptance

rate. In this case, the autocorrelation typically decays more rapidly with lag, indicating each

new sample provides more unique information about the target distribution. This balance

is what we aim for when tuning MCMC algorithms for efficient sampling.

The autocorrelation function provides insights into the efficiency of our MCMC sam-
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pler. In an ideal scenario with completely independent samples, R(k) = 0 for all k > 0. This

is because independent samples, by definition, have no relationship with each other—knowing

one value gives no information about any other value. However, in MCMC, we typically ob-

serve a decaying autocorrelation as the lag increases.

The rate of this decay directly impacts how efficiently our chain explores the param-

eter space. A rapidly decaying autocorrelation indicates that the chain quickly “forgets” its

starting position and explores the distribution more independently. This faster decay is de-

sirable because it means each new sample provides more unique information about the target

distribution, leading to more efficient parameter estimation and uncertainty quantification.

13.11 Effective Sample Size

To quantify the reduction in information content due to autocorrelation, we use the

concept of Effective Sample Size (ESS), which represents the equivalent number of inde-

pendent samples that would provide the same amount of information as our autocorrelated

chain. The key insight is that having more samples doesn’t necessarily mean we have more

useful information if those samples are highly correlated.

To illustrate this concept, imagine an explorer mapping the population distribution

of Columbus. If they follow a path with high autocorrelation, they might spend many days

revisiting the same neighborhoods or moving in predictable patterns. This behavior would

give them a poor understanding of the city’s overall population distribution, even after a

long exploration. In contrast, a path with low autocorrelation would involve more diverse,

seemingly random movements throughout the city, providing a more representative view of

Columbus in less time. In MCMC terms, lower autocorrelation means more efficient sampling

of the target distribution and a larger effective sample size.

For a parameter of interest in MCMC, the effective sample size (ESS) can be estimated

as:

ESS =
N

1 + 2
∑∞

k=1R(k)
(13.55)

To understand why this specific formula arises, we need to derive the variance of the

sample mean estimator for correlated samples. Let’s start with the definition of the sample

mean for our MCMC chain:

X̄ =
1

N

N∑

i=1

Xi (13.56)
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The variance of this estimator is:

Var(X̄) = Var

(
1

N

N∑

i=1

Xi

)
=

1

N2
Var

(
N∑

i=1

Xi

)
(13.57)

For our MCMC chain, we need to account for all possible pairwise relationships be-

tween samples. By expanding the variance of the sum, we get:

Var

(
N∑

i=1

Xi

)
=

N∑

i=1

N∑

j=1

Cov(Xi, Xj) (13.58)

A key property of a stationary Markov chain is that the covariance between two

samples depends only on how far apart they are in the chain (their lag), not on their absolute

positions. This directly relates to the ergodicity property we discussed earlier—the time-

invariance of the process ensures that statistical properties remain constant regardless of

where in the chain we look. After the chain has converged to the stationary distribution, we

have:

Cov(Xi, Xj) = Cov(X1, X1+|i−j|) = σ2R(|i− j|) (13.59)

where |i− j| is the lag between samples, σ2 is the variance of each sample, and R(k) is the

autocorrelation at lag k. Note that R(0) = 1 since a sample has perfect correlation with

itself.

We can reorganize the double sum by grouping together all pairs that have the same

lag. For example, the pairs (1, 3), (2, 4), and (3, 5) all have a lag of 2. For a chain of length

N , there are exactly (N − k) pairs with lag k. Using this counting approach, we can rewrite

our variance formula as:

Var(X̄) =
σ2

N2

[
N + 2

N−1∑

k=1

(N − k)R(k)
]

(13.60)

The first term N represents all pairs with lag 0 (i.e., when i = j), where R(0) = 1.

The factor of 2 in the sum appears because for each positive lag k, we’re counting both

(i, i+ k) and (i+ k, i) pairs, which have the same autocorrelation due to stationarity.
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Dividing both the numerator and denominator by N , we can simplify further:

Var(X̄) =
σ2

N

[
1 + 2

N−1∑

k=1

(
1− k

N

)
R(k)

]
(13.61)

For large chain lengths N , the term k/N becomes negligible for any fixed lag k,

allowing us to approximate:

Var(X̄) ≈ σ2

N

(
1 + 2

∞∑

k=1

R(k)

)
(13.62)

This result reveals that the variance of our sample mean is inflated by a factor of

(1 + 2
∑∞

k=1R(k)) compared to what we would obtain with independent samples. This

inflation factor directly quantifies the information loss due to autocorrelation in our chain.

We can now connect this to our previously defined Effective Sample Size (ESS). For

independent samples, the variance would be σ2/ESS, which we can equate with our MCMC

variance:
σ2

ESS
=
σ2

N

(
1 + 2

∞∑

k=1

R(k)

)
(13.63)

Solving for ESS gives us:

ESS =
N

1 + 2
∑∞

k=1R(k)
(13.64)

This confirms our earlier definition of ESS. The denominator 1 + 2
∑∞

k=1R(k) rep-

resents the autocorrelation time—the average number of correlated MCMC samples needed

to obtain the equivalent of one independent sample. The factor of 2 in the sum accounts

for both positive and negative lags in the autocorrelation function, which are symmetric in

stationary processes.

If our samples were completely independent (like in direct sampling methods), all

autocorrelations R(k) would equal zero for k > 0. In this ideal case, the denominator would

equal 1, giving us ESS = N – meaning all our samples contribute full statistical power. In

contrast, when samples are highly correlated, as is typical in MCMC, the autocorrelations

R(k) remain positive for many lags. This makes the sum in the denominator large, which in
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turn makes the denominator greater than 1, reducing the ESS below N . The stronger and

more persistent these autocorrelations are, the smaller the ESS becomes relative to N .

For example, if the autocorrelation time equals 20, it means we need approximately

20 MCMC samples to get the equivalent information of one independent sample. In this

case, a chain of 10,000 samples would have an ESS of only about 500, meaning our precision

is equivalent to what we would get from just 500 independent samples. This relationship

between autocorrelation and ESS helps explain why tuning the proposal distribution is so

important. A well-tuned proposal allows the chain to move efficiently through parameter

space, reducing autocorrelation and maximizing the ESS for a given computational budget.

The interpretation of ESS is straightforward: it tells us how many truly independent

samples our correlated chain is equivalent to. A rule of thumb is to aim for ESS > 100 for

reliable posterior estimates, though more demanding applications may require higher values.

This threshold ensures that we have sufficient independent information to characterize the

posterior distribution and compute meaningful uncertainties on our parameter estimates.

In practice, calculating the autocorrelation function R(k) efficiently is crucial, es-

pecially for long chains. A computationally efficient approach leverages the Fast Fourier

Transform (FFT). While the details are beyond the scope of this chapter, the key insight

is that the autocorrelation function can be calculated by taking the inverse Fourier trans-

form of the power spectrum (which is the squared magnitude of the Fourier transform of

the data). This relationship is a consequence of the Wiener-Khinchin theorem, which con-

nects the autocorrelation function to the power spectrum in the frequency domain. This

FFT-based method reduces the computational complexity from O(N2) for direct calculation

to O(N logN), making it practical for the long chains typically generated in astronomical

applications.

13.12 Thinning MCMC Chains

Given the autocorrelation in MCMC samples, a common practice is “thinning”—keeping

only every k-th sample from the chain to reduce correlation. For example, if we have a chain

of 10,000 samples, we might keep only every 10th sample, resulting in a thinned chain of

1,000 samples.

The motivation for thinning stems from the autocorrelation we’ve just discussed. If

successive samples are highly correlated, then keeping every sample may provide redundant
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information. By keeping only every k-th sample, we can potentially reduce the correla-

tion between retained samples while decreasing storage and computational requirements for

subsequent analysis.
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Figure 13.12: Illustration of MCMC thinning based on proposal width and autocorrelation.
Left panel: Early iterations of MCMC chains with three different proposal widths (vertically
shifted for clarity). The small width chain (blue) makes tiny steps with high acceptance
rate but explores the parameter space very slowly. The medium width chain (red) and large
width chain (green) show markers indicating which samples would be kept after appropriate
thinning, with thinning factors determined by their autocorrelation properties. Right panel:
Corresponding autocorrelation functions with vertical dashed lines indicating the thinning
factors for the medium and large width chains, chosen where autocorrelation drops below 0.1
(horizontal dashed line). Conversely, an overly large proposal width means that most of the
proposed steps are rejected during the chain, resulting in many duplicate samples where the
chain remains stuck at the same position, which also reduces efficiency and effective sample
size.

Thinning can be beneficial in several contexts. When the cost of storing or processing

samples is high, thinning reduces these burdens while maintaining a representative sample

of the posterior. When autocorrelation is very strong, thinning can make the data more

manageable for analysis and visualization. Additionally, certain Monte Carlo estimators

perform better with less correlated samples, making thinning advantageous in those specific

applications.

However, it’s important to recognize that thinning does discard some information,

since correlation between samples is not perfect. For estimating posterior means and quan-

tiles, using the entire chain (after burn-in) will generally provide more precise estimates than
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a thinned chain of the same computational cost. This is because even correlated samples

contain some independent information about the target distribution.

From a mathematical perspective, we can compare the variance of estimators com-

puted from thinned versus full chains. Consider a chain of length N with autocorrelation

function R(k). If we thin by keeping every m-th sample, we obtain a chain of length N/m

with a modified autocorrelation structure. The thinned chain has autocorrelation function

Rthin(k) = R(mk), since samples separated by lag k in the thinned chain correspond to

samples separated by lag mk in the original chain.

The effective sample size of the thinned chain is:

ESSthin =
N/m

1 + 2
∑∞

k=1R(mk)
(13.65)

Comparing this to the ESS of the full chain reveals the trade-off involved in thinning.

While thinning reduces the autocorrelation between consecutive samples in the thinned chain,

it also reduces the total number of samples. The net effect on statistical efficiency depends

on the specific autocorrelation structure of the original chain.

To understand when thinning might be beneficial, consider two extreme cases. If

the original chain has very weak autocorrelation (samples are nearly independent), then

R(k) ≈ 0 for k > 0, and the ESS of the full chain is approximately N . Thinning this chain

by a factor of m would give us an ESS of approximately N/m, which is clearly worse than

using the full chain.

Conversely, if the original chain has very strong autocorrelation that persists for

many lags, thinning might remove redundant information without significantly reducing the

effective sample size. In this case, the thinned chain might be nearly as informative as the

full chain while being much more manageable computationally.

The decision to thin should therefore be based on a balance between computational

constraints and statistical precision. In many astronomical applications, where we’re pri-

marily interested in posterior summaries and uncertainties, thinning should be applied judi-

ciously rather than as a default practice. When computational resources permit, using the

full chain will typically yield more precise estimates.

The balance consideration between storage costs and statistical efficiency becomes
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particularly important in astronomical applications where chains may contain millions of

samples across hundreds of parameters. In such cases, the computational and storage benefits

of thinning may outweigh the loss in statistical precision, especially if the original chain has

very high autocorrelation. However, modern computational resources and efficient storage

formats often make it feasible to work with full chains, making thinning less necessary than

in earlier decades of MCMC applications.

A practical approach to thinning is to base the thinning factor on the autocorrelation

length of the chain. If the autocorrelation function drops to negligible values (say, below

0.1) at lag k0, then thinning by a factor of k0 will retain samples that are approximately

independent. This approach ensures that thinning removes truly redundant information

while preserving the statistical content of the chain.

In summary, while thinning can be a useful tool for managing computational and

storage requirements, it should be applied thoughtfully. The benefits of reduced storage

and computational costs must be weighed against the potential loss in statistical precision.

For most modern applications, the default should be to use the full chain when feasible,

resorting to thinning only when computational constraints make it necessary or when the

autocorrelation structure suggests that little information would be lost.

13.13 Burn-in

Our discussion of autocorrelation and effective sample size assumed that the Markov

chain has already converged to its stationary distribution—that is, the chain is sampling from

the target posterior distribution we’re interested in. However, when we initialize an MCMC

algorithm at an arbitrary starting point, the chain doesn’t immediately represent samples

from the target distribution. The initial portion of the chain, during which it transitions

from the starting state to sampling from the stationary distribution, is called the “burn-in”

period.

Before convergence, the samples are influenced by the arbitrary starting point and

don’t represent our target posterior. Using these pre-convergence samples would bias our

posterior estimates and lead to incorrect inferences. The challenge lies in determining when

the chain has sufficiently converged to begin collecting useful samples.

Determining when a Markov chain has converged to its stationary distribution is a

critical challenge in MCMC analysis. To illustrate this concept, let’s return to our Columbus
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analogy: the burn-in period corresponds to the time it takes our explorer to navigate from

their arbitrary starting location (perhaps the outskirts of the city) to the more representa-

tive regions where their movement pattern matches the city’s population distribution. Any

observations made during this initial journey would skew their understanding of Columbus’s

demographics.

This convergence problem is particularly challenging because the true target distri-

bution is usually unknown—that’s why we’re using MCMC in the first place! Instead, we

must rely on various diagnostics that examine the behavior of the chain itself to determine

when burn-in has completed and the chain is sampling from the target distribution.

The simplest and most common approach is visual inspection of trace plots, which

show the parameter values at each iteration of the chain. A well-converged chain should

exhibit several key characteristics. It should stabilize around a central value, fluctuating

around what appears to be a stable mean without obvious drift or trends. It should maintain

a consistent spread, with the variability or “width” of the fluctuations remaining relatively

constant without systematic changes in the amplitude of oscillations. The chain shouldn’t

display “stickiness” by getting stuck at particular values for extended periods, which would

indicate poor mixing. And it should properly explore the full posterior, visiting all relevant

regions of the parameter space with frequencies proportional to their posterior probabilities.

Beyond visual inspection, the effective sample size (ESS) we discussed earlier can serve

as another important convergence diagnostic. Since ESS depends on the autocorrelation

structure of the chain, monitoring how the ESS changes as we include more samples can

provide insights into convergence.

For a well-converged chain, the ESS should grow approximately linearly with the

number of samples after burn-in. If we plot the ESS against the number of iterations, we

should see an initial nonlinear phase (during burn-in) followed by a roughly linear increase

once the chain has converged. A low ESS relative to the chain length might indicate poor

mixing and potential convergence issues. However, a high ESS doesn’t necessarily guarantee

convergence—it’s possible for a chain to mix well within a restricted region of the parameter

space without fully exploring the target distribution.

Visual inspection and ESS calculations provide useful initial diagnostics, but they be-

come impractical for complex models with many parameters and may miss subtle convergence

problems. For more rigorous assessment of convergence, we need quantitative diagnostics

that can systematically detect when chains have reached their target distributions. The



Statistical Machine Learning for Astronomy — Y.-S. Ting 475

following sections explore two such approaches that have become standard tools in MCMC

analysis.

13.13.1 Gelman-Rubin Diagnostic

A powerful approach to assessing convergence involves running multiple chains from

different starting points and comparing their behavior. If all chains converge to the same

distribution, they should, after some burn-in period, be statistically indistinguishable from

each other.

The Gelman-Rubin diagnostic formalizes this intuition. For a parameter x, we run

M chains (typically at least 3 or 4), each of length 2N . We consider discarding the first N

iterations from each chain as burn-in, then compare the within-chain variance to the between-

chain variance. If the chains have converged to the same distribution, these variances should

be similar.

Let’s denote by xij the i-th sample of parameter x in the j-th chain (after the burn-in).

For each chain j, we compute the mean x̄j and variance s2j :

x̄j =
1

N

N∑

i=1

xij (13.66)

s2j =
1

N

N∑

i=1

(xij − x̄j)2 (13.67)

The within-chain variance W is the average of these individual variances:

W =
1

M

M∑

j=1

s2j (13.68)

This represents the average variance we observe within each chain. If the chains have con-

verged, this should directly estimate the true variance of the target distribution σ2.

Now, we need to compute a measure of the between-chain variance. We first calculate

the variance of the chain means:

Var(x̄j) =
1

M

M∑

j=1

(x̄j − x̄)2 (13.69)



476 Statistical Machine Learning for Astronomy — Y.-S. Ting

−50

0

50

P
ar

am
et

er
V

al
ue

MCMC Chain

Chain 1

Chain 2

Chain 3

Chain 4

0 5000 10000 15000 20000 25000 30000
Iteration

0.0

0.5

1.0

1.5

2.0

2.5

V
ar

ia
nc

e

×106 Evolution of Within-Chain (W) and Between-Chain (B) Variances

W (Within-chain variance)

B (Between-chain variance)

W ≈ B (Convergence)

Figure 13.13: Illustration of the Gelman-Rubin diagnostic components and their evolution
in MCMC sampling. Top panel: Four chains starting from different widely separated points
gradually converge toward the target distribution. The small proposal width deliberately
slows convergence to clearly demonstrate the diagnostic process. Bottom panel: Evolution
of the within-chain variance (W ) and between-chain variance (B) calculated over sliding
windows. Initially, B is much larger than W , as chains are exploring different regions of
the parameter space. As sampling progresses, B decreases substantially while W stabilizes,
indicating chains are mixing across the same regions. Convergence is achieved when B
approaches W (dashed reference line), corresponding to chains that are statistically indis-
tinguishable from each other. This visualization demonstrates why the Gelman-Rubin diag-
nostic is effective at assessing MCMC convergence by comparing variability within chains to
variability between chains, without requiring knowledge of the true target distribution.

where x̄ = 1
M

∑M
j=1 x̄j is the overall mean across all chains.

However, this variance of chain means is not directly comparable to W because each
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mean x̄j is based on N samples, which reduces its variance by a factor of N compared to

individual samples. From statistical theory, we know that Var(x̄j) = σ2/N when the chain

has converged to the target distribution.

To make this between-chain variance comparable to the within-chain variance, we

define B by multiplying by N :

B = N · Var(x̄j) =
N

M

M∑

j=1

(x̄j − x̄)2 (13.70)

With this definition, under perfect convergence, we would expect:

B ≈ W (13.71)

This is because when chains have converged to the target distribution with variance σ2, we

have Var(x̄j) = σ2/N , so B = N · σ2/N = σ2. Meanwhile, W directly estimates σ2 from

within-chain variability. Thus, B and W should be approximately equal when the chains

have fully converged.

When chains have not converged, they will be exploring different regions of the param-

eter space, resulting in a between-chain variance that is larger than expected. In this case,

B will be larger than W , indicating additional uncertainty due to incomplete convergence.

The Gelman-Rubin statistic R̂ quantifies this relationship by forming the ratio:

R̂ =

√
1 +

B −W
NW

(13.72)

The numerator represents our estimate of the marginal posterior variance that ac-

counts for both within-chain and between-chain variability. The term (B−W )/N represents

the additional variance due to the chains not having fully converged. The division by W

then creates a ratio that measures how much larger our total variance estimate is compared

to the within-chain variance alone. This normalization makes R̂ a dimensionless quantity

that can be interpreted consistently across different parameters regardless of their scales.

As the chains converge, B approaches W , causing R̂ to approach 1 from above. In

practice, values below 1.1 or even 1.05 are often considered acceptable evidence of con-

vergence, while values substantially greater than 1 indicate that the chains have not yet
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converged.

To understand this diagnostic intuitively, think ofM explorers starting from different

parts of Columbus. If they’ve all learned the city’s true population distribution, they should

report similar statistics about neighborhood populations (low between-explorer variance). If

their reports differ significantly, it suggests they haven’t fully explored the city or are still

influenced by their starting locations.

The Gelman-Rubin diagnostic is particularly powerful because it doesn’t require

knowing anything about the true target distribution. It only relies on comparing differ-

ent chains’ behaviors. However, it does require running multiple chains, which increases the

computational cost.

The interpretation of R̂ is that it measures the factor by which credible intervals might

shrink with more sampling. For example, if R̂ = 1.2, it suggests that credible intervals based

on the current chains might be about 20% wider than they would be with perfect convergence.

For practical implementation, the Gelman-Rubin diagnostic should be applied to each

parameter separately in multivariate problems. This allows identification of which specific

parameters may have convergence issues. However, this approach has limitations: it may

miss problems in parameters that aren’t explicitly checked, and it cannot detect complex

parameter interactions that might indicate convergence problems even when individual pa-

rameters appear well-behaved.

The convergence criterion typically used is R̂ < 1.1 for acceptable convergence, or

R̂ < 1.05 for more stringent requirements. These thresholds represent practical compromises

between computational cost and statistical rigor, recognizing that perfect convergence (R̂ =

1) is rarely achieved in finite sampling.

13.13.2 Geweke Diagnostic

While the Gelman-Rubin diagnostic requires multiple chains, there are situations

where running multiple chains may not be feasible due to limited computational resources or

other practical constraints. In such cases, we can use the Geweke diagnostic, which assesses

convergence using a single MCMC chain.

The Geweke diagnostic is based on a simple but powerful principle: if a Markov

chain has converged to its stationary distribution, then different segments of that chain

should exhibit similar statistical properties. In particular, the means of different portions
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of the chain should be approximately equal, as they’re all sampling from the same target

distribution.
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Figure 13.14: Illustration of the Geweke convergence diagnostic for a single MCMC chain.
Top panel: A single MCMC chain starting from a point far from the target distribution. The
gray shaded area represents a candidate burn-in period, with segments A (first 10% of post-
burn-in samples, red) and B (last 50% of post-burn-in samples, green) used for the Geweke
test. If the chain has converged, these two segments should have statistically similar means.
Bottom panel: Geweke Z-scores computed for different burn-in sizes. The Z-score measures
the difference between the means of segments A and B, properly adjusted for autocorrelation.
Values within the gray band (|Z| < 2) suggest convergence, while values outside indicate that
more burn-in may be needed. This diagnostic is particularly valuable when computational
constraints limit the ability to run multiple chains for the Gelman-Rubin diagnostic, allowing
convergence assessment using a single chain while properly accounting for autocorrelation in
the samples.

To implement the Geweke diagnostic, we first run a single chain and discard the initial

burn-in period. Then, we compare two specific segments of the remaining chain:

• The mean x̄A of the first NA samples (typically the first 10% of the post-burn-in chain)
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• The mean x̄B of the last NB samples (typically the last 50% of the post-burn-in chain)

These proportions (10% and 50%) are chosen strategically: they provide enough sam-

ples in each segment for reliable statistical estimation while ensuring the segments are suffi-

ciently separated in the chain to effectively detect any remaining non-convergence issues.

We calculate these means as:

x̄A =
1

NA

NA∑

i=1

xi (13.73)

x̄B =
1

NB

N∑

i=N−NB+1

xi (13.74)

If the chain has truly converged, these means should be equal except for random

sampling variation. To determine if any observed difference is statistically significant, we

need to account for the uncertainty in our estimates of these means.

Here’s where MCMC introduces a complication: the samples in our chain are not

independent. As we discussed in our section on autocorrelation and effective sample size,

consecutive samples in MCMC are correlated, which affects the standard error of sample

means. If we were to use the standard formula for independent samples, we would underes-

timate the true uncertainty, making our test too sensitive.

To address this, we need to properly account for the autocorrelation in our chain

when estimating the variance of the sample mean. Earlier, we saw that for autocorrelated

samples, the variance of the sample mean is inflated by a factor related to the autocorrelation

function:

Var(x̄) =
σ2

N

(
1 + 2

∞∑

k=1

R(k)

)
≡ S (13.75)

This expression captures how autocorrelation increases the variance of our mean es-

timate. The term S represents the attenuated variance, which encapsulates the entire auto-

correlation structure’s effect on the variance of the sample mean.

In practice, however, we cannot sum an infinite number of autocorrelation terms

because we don’t have an infinite chain. Additionally, estimates of autocorrelation at high

lags become increasingly noisy due to fewer available pairs of observations. To address these
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issues, we use a windowed estimator that gives less weight to the higher lags:

Ŝ =
σ̂2

N

(
1 + 2

l∑

k=1

w(k, l)R̂(k)

)
(13.76)

where σ̂2 is the sample variance of the chain segment, w(k, l) is a window function that

decreases with increasing k (like 1 − k/l), and l is the maximum lag considered. The term

σ̂2 estimates the marginal variance of the target distribution based on the available samples,

while the remaining terms adjust for the autocorrelation structure.

This windowed estimator can be viewed as integrating over a triangular region in

lag space. As k increases, the window function w(k, l) decreases linearly, forming a triangle

that gives full weight to the first lag and zero weight to lags beyond l. This triangular

weighting scheme acknowledges that small lags are more important and reliable in capturing

the autocorrelation structure of the chain.

With these attenuated variance estimates ŜA and ŜB for the two segments, we can

compute the Geweke statistic as a Z-score:

Z =
x̄A − x̄B√
ŜA + ŜB

(13.77)

This Z-score represents the difference between the means, normalized by the standard

error of that difference, properly adjusted for autocorrelation. Under the null hypothesis that

the chain has converged (meaning both segments are sampling from the same distribution),

this Z-score should approximately follow a standard normal distribution. In practice, we

typically consider the chain to have converged if the Z-score has magnitude less than 2,

corresponding to the 95% confidence interval of the standard normal distribution. Larger

Z-scores suggest the chain may not have reached its stationary distribution yet.

Returning to our Columbus analogy, the Geweke diagnostic is like comparing observa-

tions made by our explorer during different phases of their journey. If they’ve truly learned

the city’s population distribution, their observations from the early part of their exploration

(after initial familiarization) and from the end of their journey should yield statistically

similar assessments of neighborhood populations.

A key advantage of the Geweke diagnostic is that it can be applied to individual

parameters separately, helping identify which aspects of the model might have convergence
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issues. In complex astronomical models, some parameters often converge more slowly than

others, and the Geweke diagnostic can highlight these problematic parameters.

However, the Geweke diagnostic has limitations. It only compares two specific seg-

ments of the chain, potentially missing convergence issues in the middle portions. It also

relies on asymptotic properties of autocorrelation, which can be less reliable for shorter

chains. Additionally, if the posterior distribution has multiple modes and the chain hasn’t

explored all of them, the Geweke diagnostic might incorrectly suggest convergence based on

exploration of just one mode.

The implementation details of the Geweke diagnostic involve several technical consid-

erations. Spectral density estimation methods are used to compute the windowed variance

estimates, with different approaches offering trade-offs between bias and variance. Window

function selection affects how much weight is given to different lags in the autocorrelation

estimate, with common choices including triangular, rectangular, and Tukey windows.

The advantages of the Geweke diagnostic include its ability to work with a single

chain and its established theoretical basis in the Central Limit Theorem for Markov chains.

This makes it particularly valuable when computational constraints prevent running multiple

chains. However, its limitations include sensitivity to segment choices and the potential to

miss multimodality in the posterior distribution.

In astronomical applications where models are computationally expensive, a prac-

tical approach is to run a single long chain initially, use the Geweke diagnostic to assess

convergence and determine an appropriate burn-in period, and then, if resources permit,

run multiple shorter chains from dispersed starting points for the final analysis, verifying

convergence with the Gelman-Rubin diagnostic.

13.14 The Metropolis-Hastings Algorithm

As we’ve established, the theoretical guarantees of MCMC methods rest on two key

properties: detailed balance and ergodicity. We’ve shown how the Metropolis algorithm, with

its symmetric proposal distribution, satisfies detailed balance and thus ensures convergence

to our target distribution. This algorithm has proven remarkably effective and is widely

applied in astronomical research for posterior sampling problems.

However, the symmetric proposal requirement of the Metropolis algorithm, while

mathematically elegant, can sometimes limit sampling efficiency in practice. This is partic-
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ularly true when the geometry of the posterior distribution is complex—for instance, when

parameters have different scales or are strongly correlated. In such cases, we can benefit

from a more general framework: the Metropolis-Hastings algorithm.

The Metropolis-Hastings algorithm generalizes the Metropolis method by removing

the requirement for symmetric proposal distributions while preserving the detailed balance

property that guarantees convergence to the target distribution. In the standard Metropolis

algorithm, we’re restricted to symmetric proposal distributions where q(x′|x) = q(x|x′), typ-

ically implemented as a Gaussian centered at the current position. By allowing asymmetric

proposals where q(x′|x) ̸= q(x|x′), Metropolis-Hastings offers greater flexibility in exploring

the parameter space, which becomes particularly valuable when we have prior knowledge

about the geometry or preferred directions of movement within the posterior distribution.
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Figure 13.15: Comparison of the Metropolis algorithm (left) versus the Metropolis-Hastings
algorithm (right). Both panels show the same bimodal posterior distribution (blue contours)
and start from the same current state (blue point). The Metropolis algorithm uses a symmet-
ric proposal distribution (green dashed contours), where the probability of proposing a move
from x to x′ equals the probability of the reverse move. In contrast, the Metropolis-Hastings
algorithm uses a highly asymmetric proposal distribution (orange dashed contours), where
q(x′|x) ̸= q(x|x′). The Metropolis-Hastings algorithm compensates for the proposal asym-

metry through the additional correction term q(x|x′)
q(x′|x) in the acceptance ratio, maintaining

detailed balance despite the directional bias in the proposal mechanism. This generalization
allows for more efficient exploration of complex posterior geometries while preserving the
theoretical guarantees of convergence to the target distribution, assuming ergodic conditions
are met.

To understand the power of asymmetric proposals, consider sampling from a highly
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skewed distribution, such as a gamma or log-normal distribution. With a symmetric Gaus-

sian proposal, we would need to take very small steps to maintain a reasonable acceptance

rate in the narrow tail region, which would make exploration of the wider region inefficiently

slow. An asymmetric proposal could instead adapt to the local geometry, proposing smaller

steps in the tail and larger steps in the wider region.

Recall that what we can directly control in MCMC is the transition matrix T (x,x′).

In both the Metropolis and Metropolis-Hastings algorithms, this transition probability is

decomposed into two components: the proposal distribution q(x′|x) and the acceptance

probability A(x,x′):

T (x,x′) = q(x′|x)A(x,x′) (13.78)

The flexibility to use asymmetric proposal distributions comes with a requirement:

we need to adjust our acceptance probability to maintain detailed balance. The acceptance

probability for the Metropolis-Hastings algorithm is defined as:

A(x,x′) = min

(
1,
p(x′)q(x|x′)

p(x)q(x′|x)

)
(13.79)

Notice the addition of the q(x|x′)/q(x′|x) term compared to the Metropolis algorithm.

This ratio acts as a correction factor for the asymmetry in our proposal distribution, ensuring

that detailed balance is maintained despite the non-symmetric proposal mechanism.

To understand this intuitively, consider our Columbus explorer again. In the standard

Metropolis algorithm, they were equally likely to propose traveling from the Short North to

German Village as from German Village to the Short North. But with Metropolis-Hastings,

they might be more likely to propose traveling downhill than uphill, or more likely to propose

traveling toward the city center than away from it. The q(x|x′)/q(x′|x) term in the accep-

tance probability compensates for this directional bias, ensuring that the explorer’s long-term

visitation pattern still matches the population distribution despite their directionally biased

proposals.

As with the Metropolis algorithm, the crucial property we need to verify is that

the Metropolis-Hastings algorithm satisfies detailed balance. This ensures that our target

posterior distribution p(x) is a stationary distribution of our Markov chain. Let’s verify this

directly:
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For detailed balance to hold, we need:

p(x)T (x,x′) = p(x′)T (x′,x) (13.80)

Substituting the transition probability for Metropolis-Hastings, we get:

p(x)q(x′|x)A(x,x′) = p(x′)q(x|x′)A(x′,x) (13.81)

The key difference between Metropolis-Hastings and the standard Metropolis algo-

rithm lies in how we handle the proposal distribution. In the Metropolis algorithm, we

required q(x′|x) = q(x|x′), which meant the proposal terms would cancel out in our ac-

ceptance ratio. However, in Metropolis-Hastings, we allow for asymmetric proposals where

q(x′|x) ̸= q(x|x′). The correction term in the acceptance probability accounts for any direc-

tional bias in our proposal mechanism, ensuring that our chain still converges to the correct

posterior distribution despite the asymmetry in how we propose moves.

Let’s verify detailed balance by considering two cases:

Case 1: If p(x′)q(x|x′)
p(x)q(x′|x) ≥ 1, then:

A(x,x′) = min

(
1,
p(x′)q(x|x′)

p(x)q(x′|x)

)
= 1 (13.82)

A(x′,x) = min

(
1,
p(x)q(x′|x)
p(x′)q(x|x′)

)
=
p(x)q(x′|x)
p(x′)q(x|x′)

(13.83)

Substituting these into our detailed balance equation:

p(x)q(x′|x) · 1 = p(x′)q(x|x′) · p(x)q(x
′|x)

p(x′)q(x|x′)
(13.84)

p(x)q(x′|x) = p(x)q(x′|x) (13.85)

which is true.
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Case 2: If p(x′)q(x|x′)
p(x)q(x′|x) < 1, then:

A(x,x′) = min

(
1,
p(x′)q(x|x′)

p(x)q(x′|x)

)
=
p(x′)q(x|x′)

p(x)q(x′|x) (13.86)

A(x′,x) = min

(
1,
p(x)q(x′|x)
p(x′)q(x|x′)

)
= 1 (13.87)

Substituting these into our detailed balance equation:

p(x)q(x′|x) · p(x
′)q(x|x′)

p(x)q(x′|x) = p(x′)q(x|x′) · 1 (13.88)

p(x′)q(x|x′) = p(x′)q(x|x′) (13.89)

which is also true.

Thus, we’ve verified that the Metropolis-Hastings algorithm satisfies detailed balance

with respect to our target posterior distribution. Like the Metropolis algorithm, Metropolis-

Hastings requires the same ergodicity conditions we discussed earlier. The chain must be

irreducible, meaning it can reach any state from any other state given enough time. It must

also be aperiodic, avoiding deterministic cycles that would prevent proper exploration of the

parameter space. Finally, it must be positive recurrent, guaranteeing that the chain will

return to previously visited states in finite time.

In practice, these conditions are usually satisfied in astronomical applications, but

with the same caveats we discussed for the Metropolis algorithm. It’s generally advisable

to use bounded priors to ensure the chain doesn’t wander into regions of parameter space

that are physically meaningless or computationally problematic. We should also be careful

to avoid regions of zero probability in our parameter space, as these can create barriers

that prevent the chain from being truly irreducible. When these conditions are properly

addressed, the chain will eventually converge to sampling from our target distribution.

The Metropolis-Hastings algorithm encompasses several special cases that are com-

monly used in practice. The random walk Metropolis-Hastings uses a proposal of the form

q(x′|x) = g(x′ − x) for some function g, essentially proposing moves based on the displace-

ment from the current position. The independence sampler uses a proposal that doesn’t

depend on the current state: q(x′|x) = g(x′), which can be effective when we have good

prior knowledge about the target distribution. Langevin dynamics incorporates gradient in-

formation from the target distribution to propose moves that tend toward higher-probability
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regions, making it particularly effective for smooth, differentiable target distributions.

13.15 Gibbs Sampling

After exploring the Metropolis and Metropolis-Hastings algorithms, we now turn to

Gibbs sampling—an MCMC technique that offers advantages in certain scenarios. While the

previous methods treat the entire parameter vector as a single entity, Gibbs sampling takes

a more targeted approach by updating one parameter (or block of parameters) at a time.

In many astronomical applications, we encounter a common scenario: while sampling

from the full joint posterior distribution p(x) is challenging, the conditional distributions for

subsets of parameters are often tractable. For a parameter vector x = (x1, x2, . . . , xd), we

can partition it into subdimensions, and the conditional distributions of these subdimensions

frequently follow standard forms that we can sample from directly.

This structure creates an opportunity. Even when the joint distribution is complex

and difficult to sample from, we can often sample efficiently from the conditional distributions

of parameter subsets. Gibbs sampling exploits this by decomposing the high-dimensional

sampling problem into a sequence of lower-dimensional sampling tasks—a “divide and con-

quer” approach that can dramatically improve efficiency when the conditional distributions

are well-behaved.

When these subdimensions consist of individual parameters, the Gibbs sampling pro-

cedure is straightforward. Starting from an initial state x(t) = (x
(t)
1 , x

(t)
2 , . . . , x

(t)
d ), one itera-

tion proceeds as follows:

• Sample x
(t+1)
1 ∼ p(x1|x(t)2 , . . . , x

(t)
d )

• Sample x
(t+1)
2 ∼ p(x2|x(t+1)

1 , x
(t)
3 , . . . , x

(t)
d )

•
...

• Sample x
(t+1)
i ∼ p(xi|x(t+1)

1 , . . . , x
(t+1)
i−1 , x

(t)
i+1, . . . , x

(t)
d )

•
...

• Sample x
(t+1)
d ∼ p(xd|x(t+1)

1 , . . . , x
(t+1)
d−1 )

At each step, we focus on a single parameter xi and sample directly from its condi-
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tional distribution. Importantly, we immediately use this newly sampled value when con-

ditioning subsequent parameters. This sequential updating approach transforms a complex

joint sampling problem into a series of more manageable one-dimensional tasks.
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Figure 13.16: Illustration of Gibbs sampling. The main panel shows the joint posterior distri-
bution (blue contours) with the characteristic stair-step pattern of Gibbs sampling. Purple
dashed lines indicate the conditional slices where we sample one parameter given the other.
Each iteration consists of two steps: first sampling x1 given x2 (horizontal movement), then
sampling x2 given the new value of x1 (vertical movement). The top and right panels show
the one-dimensional conditional distributions p(x1|x2) and p(x2|x1), with purple solid lines
marking the modes of these conditionals and green dashed lines showing the actual values
sampled. This visual demonstrates how Gibbs sampling decomposes the high-dimensional
sampling problem into a series of conditional sampling tasks.
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Gibbs sampling offers advantages when the conditional distributions have standard

forms (e.g., Gaussian, gamma, beta). In these cases, we can employ efficient exact sampling

methods like inverse CDF transformation or specialized random number generators, avoid-

ing the need for proposal distributions and acceptance/rejection steps. Even when some

conditional distributions lack standard forms, we can apply MCMC methods just for those

specific parameters while directly sampling the others.

Theoretical Foundation: Gibbs as Metropolis-Hastings Why does Gibbs sampling

work? At first glance, it might seem puzzling that we never directly sample from the

joint distribution—only from subdimensional conditional distributions. To understand the

theoretical foundation, we can show that Gibbs sampling is actually a special case of the

Metropolis-Hastings algorithm.

A key distinction from the Metropolis algorithm is that Gibbs sampling doesn’t require

us to define an arbitrary proposal distribution (like a Gaussian). Instead, it cleverly uses the

conditional distributions of the target distribution itself as the proposal mechanism. When

updating the i-th component, the Gibbs sampler uses the conditional distribution as the

proposal distribution:

qi(x
′|x) = p(x′i|x1, . . . , xi−1, xi+1, . . . , xd) ·

∏

j ̸=i

δ(x′j − xj) (13.90)

where δ is the Dirac delta function, ensuring that all components except the i-th remain

unchanged. In simpler terms, we’re proposing new values only for the i-th component,

drawing them directly from its conditional distribution.

This approach might seem unusual at first—we’re using the target distribution’s own

conditional as our proposal. However, this is perfectly valid within the Metropolis-Hastings

framework, provided we adjust the acceptance probability accordingly to maintain detailed

balance. The key question becomes: what is the appropriate acceptance probability when

using conditional distributions as proposals?

To determine this, we need to apply the standard Metropolis-Hastings acceptance

criterion:

A(x,x′) = min

(
1,
p(x′)q(x|x′)

p(x)q(x′|x)

)
(13.91)

For the Gibbs sampler, we need to carefully analyze this acceptance probability. First,

let’s note that since we’re only updating the i-th component, we have x′j = xj for all j ̸= i.
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We can apply the product rule of probability to express the joint distributions:

p(x) = p(xi|x1, . . . , xi−1, xi+1, . . . , xd) · p(x1, . . . , xi−1, xi+1, . . . , xd) (13.92)

Similarly for x′:

p(x′) = p(x′i|x1, . . . , xi−1, xi+1, . . . , xd) · p(x1, . . . , xi−1, xi+1, . . . , xd) (13.93)

Notice that the second term in both expressions is identical because all components

except the i-th are the same in x and x′. Now, let’s look at the proposal distributions:

q(x′|x) = p(x′i|x1, . . . , xi−1, xi+1, . . . , xd) (13.94)

and

q(x|x′) = p(xi|x1, . . . , xi−1, xi+1, . . . , xd) (13.95)

For notational convenience, let’s define x−i to represent all components of x except

the i-th component, i.e., x−i = (x1, . . . , xi−1, xi+1, . . . , xd). Using this notation, we can write

the conditional distributions more compactly as p(xi|x−i).

Substituting these into our acceptance probability:

A(x,x′) = min

(
1,
p(x′)q(x|x′)

p(x)q(x′|x)

)
(13.96)

= min

(
1,
p(x′i|x−i) · p(x−i) · p(xi|x−i)

p(xi|x−i) · p(x−i) · p(x′i|x−i)

)
(13.97)

= min(1, 1) = 1 (13.98)

The acceptance probability for Gibbs sampling is always exactly 1. This makes in-

tuitive sense: unlike standard Metropolis-Hastings where we use an arbitrary proposal dis-

tribution, in Gibbs sampling we’re directly sampling from the exact conditional distribution

we want. There’s no need for rejection because we’re already drawing from the correct dis-

tribution for each parameter given all others. This is why Gibbs sampling is often described

as a “rejection-free” MCMC method.

Since Gibbs sampling is a special case of Metropolis-Hastings, and we’ve already

established that Metropolis-Hastings satisfies detailed balance and converges to the target
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distribution (assuming ergodicity), we know Gibbs sampling will also converge to the desired

posterior distribution.

However, it’s crucial to understand that a perfect acceptance rate doesn’t necessarily

mean efficient sampling. While every proposal is accepted, the samples can still be highly

correlated with each other. The lack of rejection doesn’t guarantee that our samples are

independent or that they efficiently explore the full posterior distribution.

To understand when Gibbs sampling works well and when it struggles, we need to

examine how the structure of the target distribution affects sampling efficiency.

Bivariate Gaussian Example To better understand both the strengths and limitations

of Gibbs sampling, let’s examine a concrete and pedagogically rich example: sampling from

a bivariate Gaussian distribution. This example is particularly instructive because we can

derive the conditional distributions analytically and directly observe how the performance

of Gibbs sampling varies with the correlation structure of the target distribution.

Consider sampling from a bivariate Gaussian distribution with zero mean and corre-

lation coefficient ρ: (
x1

x2

)
∼ N

(
0,

[
1 ρ

ρ 1

])
(13.99)

To implement Gibbs sampling, we need the conditional distributions p(x1|x2) and

p(x2|x1). For a bivariate Gaussian distribution, we can directly apply the standard formula

for conditional distributions. If we have a joint Gaussian distribution:

(
x1

x2

)
∼ N

((
µ1

µ2

)
,

[
Σ11 Σ12

Σ21 Σ22

])
(13.100)

Then the conditional distribution of x1 given x2 is:

p(x1|x2) = N (µ1 + Σ12Σ
−1
22 (x2 − µ2),Σ11 − Σ12Σ

−1
22 Σ21) (13.101)

In our specific case, we have µ1 = µ2 = 0, Σ11 = Σ22 = 1, and Σ12 = Σ21 = ρ.
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Substituting these values:

p(x1|x2) = N (0 + ρ · 1−1 · (x2 − 0), 1− ρ · 1−1 · ρ) (13.102)

= N (ρx2, 1− ρ2) (13.103)

Therefore, the conditional distributions are:

p(x1|x2) = N (ρx2, 1− ρ2) (13.104)

and by symmetry:

p(x2|x1) = N (ρx1, 1− ρ2) (13.105)

These closed-form expressions make this distribution ideal for Gibbs sampling. At

each step, we can directly sample from these conditional distributions without needing any

rejection steps. The Gibbs sampling procedure would alternate between:

1. Sample x
(t+1)
1 ∼ N (ρx

(t)
2 , 1− ρ2)

2. Sample x
(t+1)
2 ∼ N (ρx

(t+1)
1 , 1− ρ2)

Effect of Parameter Correlation Let’s analyze how the correlation coefficient ρ affects

the performance of Gibbs sampling in our bivariate Gaussian example.

When ρ = 0 (no correlation), the conditional distributions simplify to:

p(x1|x2) = N (0, 1) and p(x2|x1) = N (0, 1) (13.106)

In this case, the Gibbs sampler generates independent samples in each dimension.

Each conditional sampling step provides a completely new value unrelated to the previous

samples, and the chain explores the joint distribution with optimal efficiency. The bivari-

ate Gaussian appears as a circular contour, and the Gibbs sampler moves freely in both

dimensions.

As |ρ| increases, the conditional relationship between x1 and x2 strengthens. For high

correlation (e.g., ρ = 0.95), the conditional distributions become:

p(x1|x2) = N (0.95x2, 0.0975) and p(x2|x1) = N (0.95x1, 0.0975) (13.107)
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The means now depend very strongly on the other variable, and the variance is re-

duced to 0.0975 (which equals 1 − ρ2 for ρ = 0.95). The Gibbs sampler now shows high

autocorrelation between successive samples. The bivariate Gaussian appears as a highly

elongated elliptical contour, and the Gibbs sampler moves in a narrow stair-step pattern

along this ellipse.

This behavior reveals a limitation of standard Gibbs sampling: it can struggle with

strongly correlated parameters, which are common in astronomical models. In such cases,

the chain may require many iterations to effectively explore the posterior, resulting in high

autocorrelation and a low effective sample size despite the perfect acceptance rate. This ex-

ample demonstrates that a rejection-free sampling method does not automatically guarantee

efficient exploration of the parameter space.

Returning to our Columbus explorer analogy, a Gibbs sampler with highly correlated

parameters is like an explorer who can only move north-south or east-west, never diagonally,

in a city where all the important pathways run diagonally. Each individual step is valid, but

the overall exploration pattern is inefficient.

Block Gibbs Sampling The challenges posed by correlated parameters naturally lead to

several strategies for improving the efficiency of Gibbs sampling. One powerful approach

is block Gibbs sampling, where we update groups of correlated parameters simultaneously

rather than individually.

In our bivariate Gaussian example, instead of alternating between x1 and x2, we could

update them jointly—effectively sampling directly from the joint distribution. While this

trivializes our specific example, it illustrates an important general principle: by grouping

correlated parameters together, we can often sample more efficiently.

Mathematically, if we partition our parameter vector x intoB blocks (x(1),x(2), . . . ,x(B)),

the block Gibbs sampler proceeds as:

1. Sample x
(t+1)
(1) ∼ p(x(1)|x(t)

(2), . . . ,x
(t)
(B))

2. Sample x
(t+1)
(2) ∼ p(x(2)|x(t+1)

(1) ,x
(t)
(3), . . . ,x

(t)
(B))

3.
...

4. Sample x
(t+1)
(B) ∼ p(x(B)|x(t+1)

(1) , . . . ,x
(t+1)
(B−1))
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Figure 13.17: Effect of parameter correlation on Gibbs sampling efficiency. Top row:
Sampling paths in parameter space for bivariate Gaussian distributions with no correla-
tion (ρ = 0, left) and high correlation (ρ = 0.95, right). The characteristic rectangular
pattern of Gibbs sampling becomes increasingly narrow with higher correlation, showing the
algorithm’s difficulty in exploring the major axis of the distribution. Middle row: MCMC
chains showing stronger autocorrelation in the high-correlation case. Note the dramatically
reduced effective sample size (ESS) percentage when correlation is high. Bottom row:
Autocorrelation functions for both parameters, demonstrating how autocorrelation decays
much more slowly with higher parameter correlation. This example illustrates why Gibbs
sampling, despite its rejection-free nature, can be highly inefficient for strongly correlated
parameters. While the acceptance rate remains perfect in both cases, the high-correlation
scenario requires many more iterations to effectively explore the posterior distribution.

It’s worth noting that block Gibbs sampling is also a special case of the Metropolis-

Hastings algorithm with an acceptance probability of 1. To see this, consider the proposal
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distribution for updating block x(i):

q(x′
(i)|x(i),x(−i)) = p(x′

(i)|x(−i)) (13.108)

where x(−i) represents all blocks except the i-th. The Metropolis-Hastings acceptance ratio

becomes:

α = min

(
1,
p(x′

(i),x(−i))

p(x(i),x(−i))
·
q(x(i)|x′

(i),x(−i))

q(x′
(i)|x(i),x(−i))

)
(13.109)

= min

(
1,
p(x′

(i)|x(−i)) · p(x(−i))

p(x(i)|x(−i)) · p(x(−i))
· p(x(i)|x(−i))

p(x′
(i)|x(−i))

)
(13.110)

= min(1, 1) = 1 (13.111)

This shows that the proof of convergence for block Gibbs sampling follows directly

from the general Metropolis-Hastings framework. The key insight is that by proposing from

the exact conditional distribution, the acceptance ratio simplifies to 1, making the algorithm

rejection-free. This generalizes the single-component case we discussed earlier to blocks

of arbitrary size, maintaining the perfect acceptance property while potentially improving

mixing by updating correlated parameters together.

Applications to Hierarchical Models The conditional sampling approach of Gibbs

sampling makes it particularly well-suited for hierarchical Bayesian models, where parame-

ters are organized in layers, with higher-level parameters (hyperparameters) governing the

distributions of lower-level parameters.

For example, consider a model for a population of exoplanets, where we have obser-

vations of multiple planetary systems. At the lowest level, we have parameters for individual

planets (masses, radii, orbital parameters). At a higher level, we have hyperparameters that

describe the population-wide distributions of these properties (e.g., the mean and variance

of planetary masses across all systems).

The conditional structure in such models often follows a natural pattern. Given the

hyperparameters, the individual planet parameters are conditionally independent of each

other, which means we can update each planet’s parameters without considering the other

planets. Conversely, given the individual planet parameters, the hyperparameters typically

have simple conditional distributions that depend only on the collection of individual pa-

rameters.
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This hierarchical structure is ideal for Gibbs sampling. We can implement an efficient

sampling strategy by alternating between two main steps. First, we update all individual

planet parameters, potentially in parallel since they’re conditionally independent given the

hyperparameters. Then, we update the population hyperparameters based on the current

values of all the individual parameters. This back-and-forth approach allows us to efficiently

explore the joint posterior distribution.

The power of this approach extends to many astronomical applications. In stellar

population modeling, individual star properties are governed by cluster-wide hyperparame-

ters, creating a natural hierarchy. Similarly, in galaxy clustering studies, individual galaxy

properties depend on their host dark matter halos, forming another hierarchical relationship.

Cosmological parameter estimation often combines different observational probes in a hier-

archical framework, where Gibbs sampling can efficiently navigate the complex parameter

space.

In these contexts, Gibbs sampling offers a natural and efficient approach that respects

the inherent conditional independence structure of the model. By exploiting this structure,

we can often achieve much more efficient sampling than would be possible with generic

Metropolis-Hastings approaches that treat all parameters as a single block.

13.16 Summary

This chapter has introduced Markov Chain Monte Carlo (MCMC) methods as a

powerful solution to the high-dimensional sampling problems that arise in Bayesian inference

for astronomical applications. We began by establishing the fundamental challenge: while

the direct sampling methods from Chapter 12 work well for simple problems, they face

the curse of dimensionality that renders them impractical for the complex, multi-parameter

models common in modern astronomy.

The central insight of MCMC is to replace global exploration strategies with sequen-

tial, local moves through parameter space. Rather than attempting to characterize entire

distributions at once, MCMC constructs random walks where each step depends only on the

current position. This transformation of an intractable sampling problem into a manageable

sequence of local decisions represents one of the most important computational advances in

statistical inference.

We developed this concept through the Columbus explorer analogy, where a traveler
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following simple local rules eventually produces a visitation pattern that matches the target

distribution. This analogy helped illustrate how individual-level behavior (the explorer’s

path) connects to population-level distributions (the equilibrium pattern), providing intuitive

understanding for the mathematical principles that follow.

The theoretical foundation of MCMC rests on two key pillars. Detailed balance

provides a sufficient condition for ensuring that our target posterior distribution becomes the

stationary distribution of the Markov chain. We showed how this principle naturally balances

flows between different regions of parameter space, creating equilibrium when the system

reaches the target distribution. Ergodicity guarantees both convergence and uniqueness,

ensuring that chains will reach the target distribution from any starting point and that this

distribution is the only possible equilibrium.

The Metropolis algorithm provided our first concrete implementation of these princi-

ples. By decomposing transitions into proposal and acceptance steps, this algorithm offers a

simple yet powerful approach to sampling from complex distributions. The acceptance prob-

ability, based on ratios of posterior densities, naturally implements detailed balance while re-

quiring only that we can evaluate the posterior up to a proportionality constant—eliminating

the need for difficult normalization calculations.

We then explored the Metropolis-Hastings generalization, which removes the symme-

try restriction on proposal distributions. This flexibility allows for more efficient exploration

of complex parameter spaces, particularly when we have prior knowledge about the geom-

etry of the posterior distribution. Gibbs sampling introduced a different approach entirely,

focusing on conditional distributions rather than joint proposals. When conditional distri-

butions are tractable, this method can be highly efficient, though our analysis revealed that

efficiency depends critically on parameter correlations.

Throughout our algorithmic development, we emphasized practical considerations

that arise in real implementations. Burn-in periods are necessary because chains must transi-

tion from arbitrary starting points to sampling from the target distribution. Autocorrelation

between successive samples reduces their effective information content, requiring careful as-

sessment through the effective sample size. The diagnostic tools we developed—particularly

the Gelman-Rubin and Geweke tests—provide practical methods for assessing convergence

without knowing the true target distribution.

The methods developed in this chapter have revolutionized Bayesian inference in as-

tronomy over the past three decades. Complex problems that were previously intractable—such
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as characterizing exoplanet populations, inferring cosmological parameters from multiple

observational probes, or modeling stellar evolution with uncertain physics—have become

routine applications of MCMC methods.

The transition from direct sampling methods to MCMC represents more than just a

computational advancement—it reflects a shift in perspective from trying to solve problems

globally to exploring them locally through guided random walks. This perspective proves

valuable far beyond the specific algorithms we’ve studied, providing a general framework for

tackling complex inference problems across many domains.

MCMC methods have broad applicability that extends well beyond the scope of this

course. They serve as the computational backbone for sophisticated modeling techniques

across statistics, machine learning, physics, and many other fields where complex proba-

bility distributions arise. However, our journey through statistical methods for astronomy

is not complete. While MCMC provides powerful tools for complex inference problems,

there remain modeling scenarios where analytical calculations are still possible and often

preferable.

In our next chapter, we return to such a scenario as we explore Gaussian processes—an

advanced technique that, despite its sophistication, often admits analytical solutions for key

quantities like posterior predictions and marginal likelihoods. The journey from the simple

grid methods of Chapter 12 to the sophisticated MCMC algorithms of this chapter illustrates

a recurring theme in computational statistics: as problems become more complex, we must

often abandon exact solutions in favor of approximate methods that scale effectively. Yet as

we’ll see, the interplay between analytical and computational approaches continues to drive

advances in statistical methodology, with each having its place in the modern statistician’s

toolkit.

Further Readings: The development of Markov Chain Monte Carlo methods builds upon

foundational algorithms in computational physics, with early contributions from Metropolis

et al. [1953] who developed the algorithm for equation of state calculations, later gener-

alized by Hastings [1970] to accommodate asymmetric proposal distributions. For readers

interested in theoretical foundations, Tierney [1994] provides rigorous treatment for general

state spaces, while Roberts and Smith [1994] offers practical convergence conditions essen-

tial for implementation. The Gibbs sampling approach emerged through work on image

restoration by Geman and Geman [1984], with Gelfand and Smith [1990] demonstrating its

broader applicability to calculating marginal densities in complex Bayesian models. Earlier
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applications to astronomical problems developed through contributions from Christensen

et al. [2001] who applied MCMC to cosmological parameter estimation from CMB data, and

Lewis and Bridle [2002] whose CosmoMC package became widely adopted for cosmologi-

cal inference. Verde et al. [2003] presents methodology for analyzing WMAP observations,

while Tegmark et al. [2004] demonstrates combined analysis of CMB and large-scale struc-

ture data. In exoplanet studies, Ford [2005] addresses uncertainty quantification through

MCMC, with Gregory [2005] developing hybrid algorithms for planet detection. Practical

implementation concerns are addressed through convergence diagnostics by Gelman and Ru-

bin [1992] and Geweke [1992], with Cowles and Carlin [1996] providing comparative review

of available methods. Alternative approaches to posterior sampling emerged through nested

sampling introduced by Skilling [2006], with astronomical implementation in MultiNest by

Feroz and Hobson [2008] for multimodal distributions. Modern software implementations

include emcee by Foreman-Mackey et al. [2013] featuring an affine-invariant ensemble sam-

pler, and PyMC described in Abril-Pla et al. [2023] with advanced algorithms including the

No-U-Turn Sampler. For readers seeking comprehensive treatment, Gilks et al. [1996] of-

fers practical guidance, Robert and Casella [1999] provides mathematical foundations, Liu

[2001] bridges theory and computational strategies, while Sharma [2017] presents a review

focused on astronomical applications and Hogg and Foreman-Mackey [2018] offers practical

implementation advice.
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Chapter 14

Gaussian Processes

Throughout our exploration of machine learning methods, we have built a foundation

spanning linear models, Bayesian inference, and MCMC techniques. Each approach we’ve

studied has offered particular strengths while revealing certain limitations. Linear regression

and its Bayesian extensions provide analytical solutions with rigorous uncertainty quantifica-

tion, but they require us to specify the functional form through careful feature engineering.

MCMC techniques can handle arbitrarily complex models, but they become computationally

intensive and require careful diagnostics to ensure convergence.

This progression highlights a recurring challenge in statistical modeling: we often face

a choice between analytical tractability and modeling flexibility. Simple parametric models

give us mathematical convenience but may be too rigid to capture complex relationships.

Nonparametric approaches offer flexibility but often sacrifice the clean analytical properties

that make inference straightforward.

Consider the challenge of modeling stellar variability from photometric time series

data. A linear model could capture this if we carefully design features like polynomial

terms, Fourier components, or physical basis functions. But how do we choose the right

features? If a star exhibits complex multi-timescale behavior—pulsations on short timescales,

rotational modulation on intermediate timescales, and long-term evolutionary changes—

designing appropriate features becomes extraordinarily difficult.

We could alternatively use MCMC to fit a complex parametric model incorporating

multiple physical processes. But such models require numerous parameters to capture dif-

ferent types of variability, making the sampling computationally expensive and potentially

501



502 Statistical Machine Learning for Astronomy — Y.-S. Ting

unstable. We face the classic bias-variance tradeoff: simple models may be too rigid, while

complex models may overfit or become intractable.

Gaussian Processes offer a different approach to this tension. Instead of explicitly

defining a parametric model, GPs work by specifying properties we expect the underlying

function to have and letting the data determine the functional form within these constraints.

Rather than choosing between simplicity and flexibility, GPs provide a framework where

complexity emerges naturally from the data structure.

The key insight is to move from explicit parametric models to implicit functional

models. We specify our beliefs about function properties—smoothness, periodicity, charac-

teristic length scales—through a kernel function rather than through explicit mathematical

forms. This approach has proven valuable across diverse astronomical problems where the

underlying processes are well-understood qualitatively but difficult to model explicitly.

For stellar variability, we might expect smooth changes on certain timescales com-

bined with periodic modulation, but we don’t know the exact functional form. For exoplanet

transit analysis, stellar intrinsic variability creates complex patterns that resist simple pa-

rameterization. Quasar light curves exhibit stochastic variations driven by chaotic accretion

processes that would be extremely difficult to model explicitly.

GPs handle these challenges by using kernels—functions that measure similarity be-

tween data points—to encode our beliefs about the underlying process. When predicting

stellar brightness at a given time, we base our estimate on observations from nearby times,

weighted by their similarity as measured by the kernel function. This assumes smoothness

and continuity without requiring us to model the complex physics explicitly.

Two mathematical perspectives illuminate how GPs work. We can derive them by

extending linear regression using the kernel trick, showing how GPs connect to familiar

models while working in potentially infinite-dimensional feature spaces. Alternatively, we

can approach GPs through the function space view, treating them as distributions over

functions rather than parameters. Both perspectives lead to identical predictive equations

but provide different insights into why and how GPs work.

The practical advantages of GPs for astronomical applications are substantial. They

automatically adapt their complexity to the data, becoming more flexible where observations

are dense while maintaining appropriate uncertainty where data is sparse. They provide

principled uncertainty quantification that accounts for both measurement noise and model
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uncertainty. Most importantly, they eliminate the need for explicit feature engineering—we

specify similarity through kernels rather than designing transformations of our inputs.

This chapter develops GPs through both mathematical perspectives, showing how

the kernel trick connects them to linear models while the function space view provides clean

probabilistic interpretations. We then extend the framework from regression to classifica-

tion, providing a complete treatment of GP methods for supervised learning problems in

astronomy.

14.1 The Kernel Trick

Before diving into Gaussian Processes, we need to understand a fundamental con-

cept that underlies many modern machine learning methods: the kernel trick. This idea

transforms how we think about modeling complex relationships, shifting from explicit fea-

ture engineering to implicit similarity measures. To build this intuition, we’ll start with a

familiar problem from statistics and show how kernels provide a natural solution.

Kernel Density Estimation: Building Intuition Consider the challenge of estimat-

ing probability distributions from data. In many astronomical applications, we encounter

datasets where the underlying distribution doesn’t follow standard parametric forms. We

might have measurements of stellar masses, galaxy luminosities, or exoplanet orbital periods

that exhibit complex, multimodal, or skewed distributions that resist simple mathematical

description.

The traditional approach offers us a choice between parametric models and his-

tograms. Parametric distributions like Gaussians work well when the data follows familiar

patterns, but they fail when the true distribution has complex shapes. Histograms provide

flexibility but come with significant drawbacks—they are highly sensitive to bin width choices

and produce discontinuous estimates that poorly represent smooth underlying processes.

Kernel Density Estimation (KDE) provides an alternative solution that should be

familiar to astronomers. KDE is a non-parametric method that estimates probability distri-

butions without assuming a specific functional form. The approach is intuitive: we place a

kernel function (typically Gaussian) at each observed data point and sum their contributions:

p(x) =
1

N

N∑

n=1

1

(2πh2)1/2
exp

(
−∥x− xn∥

2

2h2

)
(14.1)
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Figure 14.1: Comparison of feature-based and kernel-based approaches for regression tasks.
The top panel illustrates the feature-based approach, where inputs x are explicitly mapped
to a feature space ϕ(x) before applying linear regression. The black points represent training
data, while the blue dashed and orange solid lines show predictions from low-degree (under-
fitting) and high-degree (more flexible) polynomial models, respectively. The bottom panel
demonstrates the kernel-based approach using Gaussian Processes, which implicitly works in
an infinite-dimensional feature space through the kernel trick. The blue line shows the GP
mean prediction with the light blue region indicating the 95% confidence interval, naturally
providing uncertainty quantification. The green dashed line (right y-axis) visualizes the ker-
nel similarity function from the reference point x0 = 0, illustrating how Gaussian Processes
measure similarity between inputs rather than explicitly defining features.
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Figure 14.2: Kernel Density Estimation (KDE) illustrating the core concept behind ker-
nel methods. The figure shows how KDE constructs a flexible, non-parametric probability
density estimate by placing a kernel function at each observed data point (black tick marks
along the x-axis). The overall density estimate is created by summing these kernels, allowing
complex functions to emerge from simple building blocks without requiring explicit feature
engineering. The bandwidth parameter h controls the smoothness of the estimate, showcas-
ing the bias-variance tradeoff: the red curve (h=0.05) is undersmoothed with high variance
but captures fine details, the blue curve (h=0.15) provides optimal smoothing that closely
follows the true density, while the green (h=0.6) and purple (h=1.5) curves progressively
oversmooth the data. This same principle—using kernels to measure similarity between
points—underlies Gaussian Process regression, where inputs with similar features produce
similar outputs without requiring explicit feature mappings.

Here, N represents the number of data points, and h is a smoothing parameter (band-

width) that controls the width of each kernel. This parameter determines how much influence

each data point has on its surroundings. For astronomers, this concept should feel famil-

iar from applications like N-body simulations and galaxy density mapping, where similar

smoothing techniques are routinely applied.

The key insight of KDE is that we are not specifying a parametric form for p(x).

Instead, we let the data speak for itself, with each data point contributing a “bump” to the
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overall density. The only parameter we need to specify is h, which controls the smoothness

of our estimate. A small h produces a spiky distribution that may overfit to noise, while a

larger h gives a smoother distribution that may miss important local variations.

This same principle appears in many computational physics problems familiar to

astronomers. In N-body simulations, when calculating gravitational forces or smoothing

density fields, kernels distribute the mass or influence of each particle over a finite region,

providing continuous approximations to inherently discrete systems. The approach offers

several key advantages: there’s no need to specify a rigid functional form, the model adapts

to the data, and we only need to choose parameters that control smoothness rather than

defining exact shapes.

From Density Estimation to Regression The kernel concept extends naturally from

density estimation to regression problems. In regression, we have paired data: for each input

xi, we have a corresponding output value yi. This pairing allows us to leverage similarity in

a more directed way, connecting input similarities to output predictions.

A fundamental assumption in many physical systems is that similar inputs should

produce similar outputs. This principle appears throughout astronomy: measurements taken

at similar times often exhibit similar behavior, observations from nearby spatial regions tend

to be correlated, and objects with similar physical properties frequently show comparable

observational signatures.

Rather than constructing complex parametric models with carefully engineered fea-

tures, we can leverage this similarity principle directly. Consider a concrete example from

quasar variability analysis. If we want to predict the luminosity at time t∗, we could compute

a weighted average of luminosities observed at nearby times:

y(t∗) =

∑N
i=1wiyi∑N
i=1wi

(14.2)

where wi is a weight that decreases with the temporal distance between t∗ and observation

time ti.

This approach assumes continuity in the luminosity function based on temporal prox-

imity, without requiring us to explicitly model the complex accretion physics that drive

quasar variability. We’re not trying to solve the equations of magnetohydrodynamics around

black holes—instead, we’re using the empirical pattern that nearby times tend to have similar
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Figure 14.3: Illustration of kernel-based regression through weighted averaging. This figure
demonstrates how predictions can be made at a new point x∗ (red star) using weighted
combinations of existing observations (black dots) without requiring an explicit parametric
model. The weights are determined by a kernel function (light blue curve) centered at the
prediction point, which assigns higher weights to temporally proximate observations. The
thickness of the blue arrows represents the relative contribution (weight) of each observation
to the final prediction, with nearby points having stronger influence. Instead of engineering
explicit features or constructing a complex physical model, we define similarity between
points via the kernel function and let the data speak for itself. The prediction is a weighted

average y(x∗) =
∑N

i=1 wiyi∑N
i=1 wi

, where weights naturally decrease with distance from the prediction

point.

brightness levels.

More generally, we can express kernel-based predictions as:

f(x∗) =
N∑

i=1

k(x∗,xi)αi (14.3)

where k(x∗,xi) is a kernel function measuring similarity between the prediction point and

training point i, and αi are coefficients determined from the data. The kernel function en-
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codes our beliefs about what makes inputs similar, while the data determines the appropriate

coefficients.

The Power of Similarity-Based Modeling This similarity-based perspective represents

a shift in modeling philosophy. Instead of asking “What mathematical function describes

this relationship?” we ask “How should we measure similarity between observations?” This

reframing often proves more intuitive and tractable.

For temporal data like stellar light curves, we might expect that observations close

in time should be more similar than those far apart. For spatial data in galaxy surveys,

similarity might depend on angular separation. The flexibility to define domain-appropriate

similarity measures makes this approach broadly applicable across astronomical problems.

The key insight is that we can often define meaningful similarity measures even when

we cannot easily specify explicit functional forms. We might not know the exact equations

governing quasar variability, but we have strong intuitions about which observations should

be considered similar. This transforms a difficult function specification problem into a more

manageable similarity definition problem.

This kernel perspective—using similarity measures rather than explicit functional

forms—underlies Gaussian Processes and many other modern machine learning methods.

The challenge now becomes: how do we rigorously integrate this similarity-based approach

with the statistical frameworks we’ve developed throughout this course? In the next section,

we’ll see how this intuitive concept can be formally connected to linear regression, creating a

mathematical foundation that maintains statistical rigor while gaining modeling flexibility.

14.2 Kernelizing Linear Regression

Having established the intuition behind kernel methods through density estimation

and similarity-based prediction, we now turn to the mathematical framework that makes this

approach rigorous. The key insight is that we can reformulate linear regression—a method we

understand well—entirely in terms of similarity measures, without ever explicitly computing

features. This transformation, known as “kernelizing,” bridges the gap between our intuitive

similarity-based approach and the statistical rigor of parametric models.

Let us begin with the linear regression framework we have studied throughout this
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course. In linear regression, we assume the output y is a linear function of features ϕ(x):

y(x) = ϕ(x)Tw (14.4)

where w ∈ Rm represents the weights, and m is the number of features. For N training data

points, we construct a design matrix Φ ∈ RN×m containing all input features, and a target

vector t ∈ RN for the corresponding outputs.

As we have seen in previous chapters, the maximum likelihood solution for het-

eroskedastic noise (where each data point has its own noise variance) is:

w∗ = (ΦTS−1Φ)−1ΦTS−1t (14.5)

where S represents the noise covariance matrix. This weighted least squares solution natu-

rally gives more weight to reliable measurements and less influence to noisy data points.

The limitation we identified in the previous section now becomes clear: linear regres-

sion requires us to explicitly define the feature mapping ϕ(·). In astronomical applications,

choosing appropriate features becomes extraordinarily challenging. How do we design fea-

tures that capture the complex physics of stellar variability, the chaotic dynamics of quasar

accretion, or the multiscale structure of galaxy formation? Traditional approaches require

us to encode our physical understanding into mathematical transformations—an approach

that quickly becomes intractable as system complexity increases.

The Key Mathematical Insight The breakthrough comes from recognizing that linear

regression predictions depend only on inner products between feature vectors. For a new

input x∗, the prediction is:

y(x∗) = ϕ(x∗)
Tw∗ = ϕ(x∗)

T (ΦTΦ)−1ΦT t (14.6)

Examining this expression, we see that it depends on two types of inner products:

• ΦTΦ contains all pairwise inner products between training feature vectors

• ϕ(x∗)
TΦT contains inner products between the test point and all training points

This observation suggests a different approach. Instead of working with features
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explicitly, we can work with these inner products directly. We define a kernel function as:

k(x, x′) = ϕ(x)Tϕ(x′) (14.7)

This kernel measures similarity between inputs based on their inner product in feature

space. The crucial realization is that we can often compute these kernels without ever

constructing the feature vectors ϕ(x) explicitly.

For our N training data points, we construct an N ×N kernel matrix K:

K = ΦΦT ∈ RN×N (14.8)

where each entry Kij = k(xi, xj) represents the similarity between training points i and j.

The computational advantage becomes apparent when we consider dimensions. In

the original formulation, we invert an m ×m matrix (where m is the number of features).

With kernels, we invert an N ×N matrix (where N is the number of training points). When

we want flexible models with many features (m ≫ N), or when m is infinite, the kernel

approach becomes not just preferable but necessary.

Deriving the Kernelized Form To reformulate linear regression in terms of kernels,

we need to eliminate explicit dependence on feature vectors. For clarity, we focus on the

homoskedastic noise case where S = σ2
nI (constant noise variance). The heteroskedastic case

follows the same principles but involves more complex matrix manipulations, which we will

address later when we introduce the function space view that handles varying noise more

naturally.

With homoskedastic Gaussian noise, the regularized maximum likelihood estimate

becomes:

w∗ = (ΦTΦ+ σ2
nI)

−1ΦT t (14.9)

For prediction at x∗:

y(x∗) = ϕ(x∗)
T (ΦTΦ+ σ2

nI)
−1ΦT t (14.10)
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To kernelize this expression, we apply the Woodbury matrix identity:

(A+ UCV )−1 = A−1 − A−1U(C−1 + V A−1U)−1V A−1 (14.11)

Setting A = σ2
nI, U = ΦT , C = I, and V = Φ, we get:

(ΦTΦ+ σ2
nI)

−1ΦT =
1

σ2
n

(I−ΦT (ΦΦT + σ2
nI)

−1Φ)ΦT (14.12)

=
1

σ2
n

(ΦT −ΦT (ΦΦT + σ2
nI)

−1ΦΦT ) (14.13)

The matrices ΦΦT and (ΦΦT + σ2
nI)

−1 commute because they share the same eigen-

vectors. If v is an eigenvector of ΦΦT with eigenvalue λ:

(ΦΦT + σ2
nI)

−1v = (λ+ σ2
n)

−1v (14.14)

ΦΦTv = λv (14.15)

Both products yield the same result for any eigenvector, confirming commutativity.

Continuing the derivation using I = (ΦΦT + σ2
nI)(ΦΦT + σ2

nI)
−1:

=
1

σ2
n

ΦT ((ΦΦT + σ2
nI−ΦΦT )(ΦΦT + σ2

nI)
−1) (14.16)

=
1

σ2
n

ΦT (σ2
nI)(ΦΦT + σ2

nI)
−1 (14.17)

= ΦT (K+ σ2
nI)

−1 (14.18)

Define the kernel vector between x∗ and all training points:

k∗ = [k(x1, x∗), k(x2, x∗), . . . , k(xN , x∗)]
T = Φϕ(x∗) (14.19)

Substituting into our prediction equation:

y(x∗) = ϕ(x∗)
T (ΦTΦ+ σ2

nI)
−1ΦT t (14.20)

= ϕ(x∗)
TΦT (K+ σ2

nI)
−1t (14.21)

= kT
∗ (K+ σ2

nI)
−1t (14.22)
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We have successfully kernelized linear regression! The prediction for a new point x∗ is

now expressed as a weighted sum of training targets, with weights determined by similarities

between x∗ and training points, modulated by the inverse of the kernel matrix plus noise.

This kernelization transforms our modeling approach fundamentally. We have elim-

inated the need to explicitly define feature mappings ϕ(x). Instead, we work directly with

similarity measures between data points. Even when the implicit feature space has infinite

dimensions, we perform regression efficiently using only the N ×N kernel matrix.

This mathematical framework provides the foundation for Gaussian Processes. How-

ever, we have only shown one direction: starting with features and deriving kernels. The next

critical question is: which functions can serve as valid kernels? Not every similarity function

corresponds to a legitimate inner product in some feature space. We need mathematical

conditions to ensure our kernel defines a valid feature space.

14.3 Mercer’s Theorem and Valid Kernels

Up to this point, we have been working in one direction: starting with a feature

mapping ϕ(x) and deriving a kernel function k(x, y) = ϕ(x)Tϕ(y). This approach shows

how kernels arise naturally from feature spaces. But the real power of kernel methods comes

from working in the opposite direction—defining kernels directly without explicitly specifying

features.

This raises a crucial question: When is a function k(x, y) a valid kernel? That is,

under what conditions can we guarantee that a function k(x, y) corresponds to some feature

mapping ϕ such that k(x, y) = ϕ(x)Tϕ(y)? Not any similarity function can be expressed as

a dot product in some feature space. We have only shown the forward direction: if we have

a feature mapping ϕ, then k(x, y) = ϕ(x)Tϕ(y) is a valid kernel. But we need the converse

direction as well.

This is precisely where Mercer’s theorem becomes essential. The theorem states that

a function k(x, y) is a valid kernel if and only if it satisfies two key properties:

1. Symmetry: k(x, y) = k(y, x) for all x and y in the input space.

2. Positive semi-definiteness: For any finite set of points {x1, ..., xn}, the kernel matrix

K with entries Kij = k(xi, xj) must be positive semi-definite. In other words, for any

vector u ∈ Rn, uTKu ≥ 0.
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Mercer’s theorem formally states that if these conditions are met, then there exists a

Hilbert space H and a mapping ϕ : X → H such that for all x, y ∈ X :

k(x, y) = ⟨ϕ(x), ϕ(y)⟩H (14.23)

where ⟨·, ·⟩H denotes the inner product in H.

The proof of Mercer’s theorem involves concepts from functional analysis and spectral

theory, and lies beyond the scope of this chapter. However, the key insight is that positive

semi-definite kernels can be represented through their eigendecomposition. Just as a sym-

metric matrix can be diagonalized as A = QΛQT , where Λ contains the eigenvalues and Q

the eigenvectors, a kernel function can be decomposed as k(x, y) =
∑∞

i=1 λiψi(x)ψi(y), where

λi are the eigenvalues and ψi the eigenfunctions. This decomposition allows us to construct

a feature mapping ϕ(x) = (
√
λ1ψ1(x),

√
λ2ψ2(x), . . .) that reproduces the kernel through the

inner product.

The significance of Mercer’s theorem for our purposes is this: it provides a mathe-

matical guarantee that if we define a kernel function that satisfies symmetry and positive

semi-definiteness, we can be confident that our kernel corresponds to some feature space,

even if we never explicitly construct that space. This allows us to design kernels based on

our domain knowledge about similarity in a particular problem, without having to worry

about finding the corresponding features.

Now that we understand what makes a valid kernel, let us explore some specific kernel

functions and their properties. Understanding these common kernels will help us appreciate

the power and flexibility of kernel methods in practice.

Linear and Polynomial Kernels The simplest kernel function is the linear kernel, de-

fined as:

k(xm, xn) = xTmxn (14.24)

This kernel is equivalent to using the identity feature map ϕ(x) = x. The kernel

simply computes the dot product in the original input space. While this might seem trivial,

it illustrates the duality: we can either work directly with features or implicitly via kernels,

and both approaches are mathematically equivalent.
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A natural extension of the linear kernel is the polynomial kernel of degree d:

k(xm, xn) = (xTmxn + c)d (14.25)

where c ≥ 0 is a constant that trades off the influence of higher-order versus lower-order

terms.

Consider a simple example of a polynomial kernel of degree 2 (quadratic kernel) with

c = 0:

k(xm, xn) = (xTmxn)
2 (14.26)

For two-dimensional inputs x = (x1, x2), this corresponds to the feature mapping:

ϕ(x) = (x21,
√
2x1x2, x

2
2) (14.27)

You can verify that the dot product of these feature vectors exactly reproduces our kernel:

ϕ(xm)
Tϕ(xn) = x2m1x

2
n1 + 2xm1xm2xn1xn2 + x2m2x

2
n2 = (xTmxn)

2 (14.28)

This example illustrates a key point: polynomial kernels implicitly map our data to a

higher-dimensional feature space that includes all monomials of degree d or less. For degree

2 in two dimensions, we get three features. But as the input dimensionality or polynomial

degree increases, the feature space grows rapidly.

The Gaussian (RBF) Kernel Perhaps the most famous and widely used kernel is the

radial basis function (RBF) kernel, also known as the Gaussian kernel:

k(xm, xn) = exp

(
−∥xn − xm∥

2

2σ2

)
(14.29)

This kernel has an intuitive interpretation: it measures the similarity between points

xn and xm based on their Euclidean distance, modulated by a length scale parameter σ.

Points that are close together have kernel values near 1, while points far apart have kernel

values approaching 0. The parameter σ controls the “width” of this similarity function—a

smaller σ means that points must be very close to be considered similar.

What makes the RBF kernel remarkable is that it corresponds to an infinite-dimensional

feature space. We can show this by expanding the kernel using the Taylor series of the ex-
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ponential function:

exp(x) = 1 + x+
x2

2!
+
x3

3!
+ . . . (14.30)

Applying this expansion to our kernel, we get an infinite series of terms, each corresponding

to a different feature in the implicit feature space. This means that using the RBF kernel

is equivalent to mapping our data to an infinite-dimensional feature space and performing

linear regression there.

The Matérn Kernel Another important generalization of the RBF kernel is the Matérn

kernel, which is particularly popular in spatial statistics and Gaussian process modeling.

The Matérn kernel is defined as:

k(xm, xn) =
21−ν

Γ(ν)

(√
2ν∥xm − xn∥

l

)ν

Kν

(√
2ν∥xm − xn∥

l

)
(14.31)

where Γ is the gamma function, Kν is the modified Bessel function of the second kind, ν

controls the smoothness of the resulting functions, and l is the length scale parameter.

The Matérn kernel is valuable because it allows precise control over the smoothness of

functions in the corresponding feature space through the parameter ν. Common choices for ν

include 1/2, 3/2, and 5/2, each resulting in functions with different degrees of differentiability.

Interestingly, when ν →∞, the Matérn kernel converges to the RBF kernel, making the latter

a special case of the former.

Combining Kernels An important property of valid kernels is that the sum of valid

kernels is also a valid kernel, allowing us to build complex models by combining simpler

components. This property follows directly from Mercer’s theorem, which states that a

kernel function is valid if and only if its corresponding kernel matrix is positive semi-definite

for any set of inputs. Since positive semi-definite matrices remain positive semi-definite

under addition, the sum of valid kernels must also be valid.

For example, we might model stellar variability using a composite kernel:

k(t, t′) = θ0 exp

(
−θ1

2
|t− t′|2

)
+ θ2 + θ3 exp

(
−2 sin2(π|t− t′|/θ4)

θ25

)
(14.32)

This kernel combines three components:

1. An RBF component that handles smooth evolution of active regions
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Figure 14.4: Comparison of RBF kernel (left) and Matérn kernels with different smoothness
parameters (right). Both panels show kernel functions k(x, x0) centered at the reference point
x0 = 0. The RBF kernel exhibits infinite smoothness, decreasing exponentially with squared
distance. Matérn kernels demonstrate how the smoothness parameter ν controls function
behavior: ν = 0.5 (red) produces continuous but not differentiable functions, ν = 1.5 (green)
yields once-differentiable functions, and ν = 2.5 (purple) produces twice-differentiable func-
tions. As ν increases, the Matérn kernel converges to the RBF kernel. This flexibility in
controlling function smoothness makes these kernels valuable for modeling astronomical phe-
nomena where different physical processes may exhibit varying degrees of smoothness.

2. A constant component that models baseline brightness level

3. A periodic component that captures rotational modulation

Similarly, we can multiply kernels (the product of valid kernels is valid) or compose

them in other ways to create sophisticated models tailored to specific physical processes.

When choosing kernels for astronomical data, we should consider both physical con-

siderations and empirical performance. Physical considerations include the characteristic

timescales of the phenomena we are studying, the expected smoothness of the underlying

processes, and any known periodicities or trends. For stellar variability, we might expect

smooth changes on certain timescales combined with periodic modulation. For quasar vari-

ability, we might expect a more irregular, stochastic process with correlations that decay

over characteristic timescales.

The practical value of working in these feature spaces without actually computing the

features cannot be overstated. Even with infinite-dimensional feature spaces, we only ever

need to compute pairwise similarities between our finite set of data points. This makes kernel
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methods, and by extension Gaussian Processes, computationally tractable while offering

considerable modeling flexibility.

Having established both the intuitive foundation of kernels and the mathematical

conditions that make them valid, we can now proceed to develop the full Bayesian framework

that transforms kernelized linear regression into Gaussian Processes.

14.4 Kernelizing Bayesian Linear Regression

In our exploration of kernelizing linear regression, we showed how to transform maxi-

mum likelihood estimation into a kernel-based framework. This transformation allowed us to

work with potentially infinite-dimensional feature spaces while maintaining computational

tractability. However, we have only addressed half of the statistical modeling challenge:

obtaining point estimates of our predictions.

For astronomical applications, point estimates alone are insufficient. We need rig-

orous uncertainty quantification to make reliable scientific inferences. When we measure

stellar brightness, detect exoplanet transits, or analyze galaxy spectra, understanding the

uncertainty in our predictions is as important as the predictions themselves. We need to

know not just what we expect to observe, but how confident we should be in that expectation

and how this confidence varies across different regions of our input space.

The maximum likelihood approach we kernelized provides no direct mechanism for

uncertainty quantification. This limitation motivates our transition to the full Bayesian

treatment of kernel methods. In our earlier chapters on Bayesian linear regression, we saw

how placing priors over parameters naturally leads to posterior distributions that quan-

tify uncertainty in our predictions. The question now becomes: how can we kernelize this

Bayesian framework to obtain the same rigorous uncertainty quantification while working

implicitly with complex feature spaces?

Recall from our previous chapters on Bayesian linear regression that with a Gaus-

sian prior p(w) = N (w|m0,S0) and likelihood p(t|X,w) = N (t|Φw, σ2
nI), the posterior
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distribution over weights is:

p(w|X, t) = N (w|mN ,SN) (14.33)

SN =

(
1

σ2
n

ΦTΦ+ S−1
0

)−1

(14.34)

mN = SN

(
S−1
0 m0 +

1

σ2
n

ΦT t

)
(14.35)

For simplicity, we will use a zero-mean prior m0 = 0. This is a common choice

that reflects our assumption that, before seeing any data, we have no reason to believe the

function is biased in any particular direction. While this derivation through the kernel trick

involves some mathematical manipulation, many of these concepts will be more intuitively

understood when we later introduce the function space view of Gaussian Processes.

With this choice, the posterior mean simplifies to:

mN = SN
1

σ2
n

ΦT t (14.36)

For a new input x∗, the predictive distribution is:

p(f∗|x∗,D) = N (f∗|ϕ(x∗)TmN , ϕ(x∗)
TSNϕ(x∗)) (14.37)

Our goal is to express this predictive distribution in terms of kernel functions rather

than explicit feature mappings. The approach we will take should be reminiscent of our

earlier kernelization of the MLE case, but now we need to kernelize both the mean and the

variance of our predictions.

Kernelizing the Predictive Mean Let us start with the predictive mean:

ϕ(x∗)
TmN = ϕ(x∗)

TSN
1

σ2
n

ΦT t (14.38)

To kernelize this expression, we need to find a form for SN that involves kernel ma-
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trices. Similar to the MLE case, we will apply the Woodbury matrix identity:

SN =

(
1

σ2
n

ΦTΦ+ S−1
0

)−1

(14.39)

= S0 − S0Φ
T (σ2

nIN +ΦS0Φ
T )−1ΦS0 (14.40)

Substituting this into our expression for the predictive mean:

ϕ(x∗)
TmN = ϕ(x∗)

T
[
S0 − S0Φ

T (σ2
nIN +ΦS0Φ

T )−1ΦS0

] 1

σ2
n

ΦT t (14.41)

=
1

σ2
n

ϕ(x∗)
TS0Φ

T t− 1

σ2
n

ϕ(x∗)
TS0Φ

T (σ2
nIN +ΦS0Φ

T )−1ΦS0Φ
T t (14.42)

Let us define our kernel functions in terms of the prior covariance:

k(x, x′) = ϕ(x)TS0ϕ(x
′) (14.43)

Using this definition, we can express the kernel matrix for our training data:

[K]ij = k(xi, xj) = ϕ(xi)
TS0ϕ(xj) (14.44)

Which means K = ΦS0Φ
T . We can also define the vector of kernel evaluations

between the test point and all training points:

k∗ = [k(x1, x∗), k(x2, x∗), . . . , k(xN , x∗)]
T = ΦS0ϕ(x∗) (14.45)

With these definitions, we can rewrite our expression for the predictive mean:

ϕ(x∗)
TmN =

1

σ2
n

ϕ(x∗)
TS0Φ

T t− 1

σ2
n

ϕ(x∗)
TS0Φ

T (σ2
nIN +K)−1Kt (14.46)

This looks complex, but we can simplify it using a matrix identity:

(σ2
nIN +K)−1K = IN − σ2

n(σ
2
nIN +K)−1 (14.47)

Let us prove this identity explicitly. We start by multiplying both sides by (σ2
nIN+K)
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from the left:

(σ2
nIN +K)(σ2

nIN +K)−1K = (σ2
nIN +K)[IN − σ2

n(σ
2
nIN +K)−1] (14.48)

K = (σ2
nIN +K)− σ2

n(σ
2
nIN +K)(σ2

nIN +K)−1 (14.49)

K = σ2
nIN +K− σ2

nIN (14.50)

K = K (14.51)

Using this identity in our expression:

ϕ(x∗)
TmN =

1

σ2
n

ϕ(x∗)
TS0Φ

T t− 1

σ2
n

ϕ(x∗)
TS0Φ

T [IN − σ2
n(σ

2
nIN +K)−1]t (14.52)

=
1

σ2
n

ϕ(x∗)
TS0Φ

T t− 1

σ2
n

ϕ(x∗)
TS0Φ

T t+ ϕ(x∗)
TS0Φ

T (σ2
nIN +K)−1t (14.53)

= ϕ(x∗)
TS0Φ

T (σ2
nIN +K)−1t (14.54)

= kT
∗ (σ

2
nIN +K)−1t (14.55)

Note that these kernels are very similar to those in the MLE case, with one key

difference: they incorporate the prior covariance S0 over weights. The kernel definition

k(x, x′) = ϕ(x)TS0ϕ(x
′) weights the feature inner products according to our prior beliefs

about parameter importance. If S0 has larger values for certain dimensions of the weight

space, we expect those corresponding features to potentially have larger coefficients, giving

them more influence in determining function similarity. When S0 = I (isotropic prior), this

reduces to the standard inner product ϕ(x)Tϕ(x′) from the MLE case.

Kernelizing the Predictive Variance While the mean prediction formula bears resem-

blance to the MLE case, a key advantage of the Bayesian approach is that we can also

kernelize the predictive variance. This allows us to quantify uncertainty in our predictions,

which is crucial for scientific applications. Let us tackle the predictive variance for the latent

function:

ϕ(x∗)
TSNϕ(x∗) = ϕ(x∗)

T

(
1

σ2
n

ΦTΦ+ S−1
0

)−1

ϕ(x∗) (14.56)

Using our expression for SN derived earlier:

SN = S0 − S0Φ
T (σ2

nIN +ΦS0Φ
T )−1ΦS0 (14.57)
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Figure 14.5: Gaussian Process regression demonstrating the key features of the full Bayesian
posterior. The figure shows observations (black points), the GP mean prediction (blue line),
and 95% confidence intervals (light blue region), along with the true underlying function
(dashed gray). Note how the posterior uncertainty varies with data density: it is minimal
near observed points and grows in regions where data is sparse or absent. This behavior
emerges naturally from the mathematics of GP regression through the posterior variance
σ2
f = k(x∗, x∗)−kT

∗ (K+σ2
nI)

−1k∗, which decreases when the test point x∗ is similar to many
training points. This automatic uncertainty quantification makes GPs particularly valuable
for astronomical applications with irregular sampling and data gaps, providing principled
uncertainty estimates that prevent overconfident conclusions in sparsely observed regions.

Substituting this into our variance expression:

ϕ(x∗)
TSNϕ(x∗) = ϕ(x∗)

T
[
S0 − S0Φ

T (σ2
nIN +ΦS0Φ

T )−1ΦS0

]
ϕ(x∗) (14.58)

= ϕ(x∗)
TS0ϕ(x∗)− ϕ(x∗)TS0Φ

T (σ2
nIN +ΦS0Φ

T )−1ΦS0ϕ(x∗) (14.59)

Using our kernel definitions from earlier:

ϕ(x∗)
TSNϕ(x∗) = ϕ(x∗)

TS0ϕ(x∗)− ϕ(x∗)TS0Φ
T (σ2

nIN +K)−1ΦS0ϕ(x∗) (14.60)

= k(x∗, x∗)− kT
∗ (K+ σ2

nI)
−1k∗ (14.61)

The Complete Bayesian Predictive Distribution Having derived both the mean and

variance in kernelized form, we now have a complete Bayesian predictive distribution that

depends only on kernel evaluations, without requiring explicit feature representations.
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Figure 14.6: Illustration of the difference between latent function values (f∗) and observed
outputs (y∗) in Gaussian Process regression. The plot shows training data with error bars
representing observation noise (black points), the true function (dashed gray), and GP mean
prediction (blue). Two types of uncertainty bands are displayed: the inner blue band shows
the 95% confidence interval for the latent function f∗ (uncertainty in the underlying pattern),
while the outer red band shows the 95% confidence interval for noisy observations y∗ (includes
both function uncertainty and observation noise). The mathematical relationship between
these uncertainties is straightforward: Var(y∗) = Var(f∗)+σ

2
n, where σ

2
n is the noise variance.

When analyzing phenomena like stellar variability or quasar light curves, astronomers are
often interested in the latent function f∗ to understand the underlying physical processes,
while accounting for the total uncertainty including noise when making predictions about
future observations y∗.

For the latent function value (without noise):

p(f∗|x∗,D) = N (f∗|µf , σ
2
f ) (14.62)

where:

µf = kT
∗ (K+ σ2

nI)
−1t (14.63)

σ2
f = k(x∗, x∗)− kT

∗ (K+ σ2
nI)

−1k∗ (14.64)
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For the observed output (including noise):

p(y∗|x∗,D) = N (y∗|µf , σ
2
f + σ2

n) (14.65)

The distinction between f∗ and y∗ is important in practice. When we want to un-

derstand the underlying pattern in our data, we examine p(f∗|x∗,D). When we want to

predict future observations with their associated noise, we use p(y∗|x∗,D). In astronomical

applications, this distinction allows us to separate the intrinsic variability of celestial objects

from measurement uncertainties.

Let us develop a deeper understanding of each component in these expressions:

• k(x∗, x∗) represents our prior uncertainty about the function value at the test point x∗.

This term captures how much variability we expect in the function before seeing any

data. For most common kernels (like the RBF), this term equals a constant value for

all inputs, reflecting our prior belief about the overall scale of function variations.

• kT
∗ (K+σ2

nI)
−1k∗ quantifies how much uncertainty is reduced by our observations. This

term is always non-negative, meaning observations can only decrease our uncertainty.

The reduction is greater when the test point x∗ is more similar to the training points

(i.e., when k∗ has larger values).

• The mean prediction µf = kT
∗ (K + σ2

nI)
−1t is a weighted sum of the training outputs

t. The weight for each training point depends on its similarity to the test point,

but crucially, these weights are also influenced by the correlations among training

points. If two training points are very similar, they effectively provide less independent

information than two dissimilar points would.

• The term (K + σ2
nI)

−1 serves dual purposes: it accounts for noise in the observations

(through σ2
n) and it handles redundancy in the training data (through the correlations

in K). As noise increases, the influence of the data on our predictions decreases.

• The combined effect produces intuitive behavior: in regions with dense, reliable data,

our predictions are confident and closely follow the observations; in regions with sparse

or noisy data, our predictions revert toward the prior mean (zero in our case) with

increasing uncertainty.

This formulation creates a characteristic pattern in GP uncertainty estimates that
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has important implications for scientific applications. In regions densely populated with

training data, our uncertainty (given by σ2
f = k(x∗, x∗) − kT

∗ (K + σ2
nI)

−1k∗) is small. This

occurs because when x∗ is close to many training points, the vector k∗ contains large values,

making the subtraction term kT
∗ (K+ σ2

nI)
−1k∗ approach k(x∗, x∗), thus reducing σ

2
f .

As we move away from training data, uncertainty grows smoothly because the ele-

ments of k∗ decrease (since kernel functions typically decrease with distance). This makes the

subtraction term kT
∗ (K+ σ2

nI)
−1k∗ smaller, leaving σ2

f closer to the prior variance k(x∗, x∗).

The model automatically adapts to varying data density through the matrix (K + σ2
nI)

−1,

which encodes the information content of the entire dataset.

Unlike parametric models that might overfit sparse data regions, GPs maintain appro-

priate uncertainty, preventing astronomers from drawing overly confident conclusions from

limited data. At the same time, GPs can identify meaningful patterns and correlations at

different timescales through the kernel function.

14.5 Gaussian Processes vs. Bayesian Linear Regres-

sion

Having explored Gaussian Processes through the kernel trick, we can now examine

how GPs relate to the Bayesian linear regression models from earlier chapters. This com-

parison reveals these approaches as complementary views of the same underlying principles

rather than entirely separate techniques.

Both Gaussian Processes and Bayesian linear regression represent Bayesian approaches

to function approximation. In Bayesian linear regression, we define a parametric model with

fixed basis functions and place a prior distribution over the weights. In Gaussian Processes,

we place a prior directly over the space of functions. Despite this apparent difference, we have

shown these approaches are mathematically equivalent under certain conditions—specifically,

when the GP kernel corresponds to the inner product of feature vectors.

The relationship becomes clear when we recall that a kernel function can be expressed

as an inner product in some feature space: k(x, x′) = ϕ(x)Tϕ(x′). For many commonly used

kernels, this feature space is infinite-dimensional. The RBF kernel, for example, corresponds

to an infinite-dimensional feature space of radial basis functions with all possible length

scales.
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In Bayesian linear regression, we work explicitly with features by manually designing

basis functions ϕ1(x), ϕ2(x), . . . , ϕm(x) to transform our inputs. The quality of our model

depends critically on our choice of these features—if they fail to capture the underlying

patterns, the model will perform poorly regardless of weight optimization. This approach

provides direct control and interpretability, as each feature has a corresponding weight that

quantifies its importance.

Gaussian Processes operate directly in function space. We define a kernel function

that encodes our beliefs about function properties (smoothness, periodicity, etc.) without

specifying explicit features. The GP framework automatically handles the mapping from

inputs to outputs, adapting its complexity to the data. This offers greater flexibility since

we are not restricted to predefined features, though it may provide less direct interpretability

regarding which input dimensions are most important.

A critical practical difference lies in computational scaling. In Bayesian linear regres-

sion, the computational complexity is dominated by operations involving the feature space

dimensionality m. Computing the posterior over weights requires inverting an m×m matrix

with O(m3) complexity. Once computed, making predictions requires only O(m) operations

per prediction.

In Gaussian Processes, complexity is dominated by the number of training points N .

Computing the predictive distribution requires inverting an N ×N matrix with O(N3) com-

plexity. Making a single prediction then requires O(N) operations for the mean and O(N2)

for the variance. Bayesian linear regression is generally more computationally efficient than

GPs, though GPs offer superior modeling flexibility and automatic complexity adaptation.

The computational cost of GPs comes with an important advantage: automatic com-

plexity adaptation. Model complexity adapts automatically to the data through kernel

hyperparameters, with longer length scales leading to smoother functions. This adaptivity

makes GPs particularly well-suited to problems where the appropriate complexity is difficult

to determine a priori, as often occurs in astronomical data analysis where underlying physical

processes may be complex and multiscale.

Bayesian linear regression tends to be preferable when we have strong prior knowledge

about the functional form that we can encode directly through feature choice. It excels when

interpretability of individual feature weights is important for scientific understanding, as the

weights provide direct insight into the importance of different model components. From a

practical perspective, Bayesian linear regression is often better for very large datasets where
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the O(N3) computational complexity of GPs would be prohibitive, and for problems with

high input dimensionality that can be effectively modeled using carefully chosen features.

Gaussian Processes excel when the functional form is uncertain or complex. They

are particularly valuable when principled uncertainty quantification is critical. GPs work

best for datasets that are moderate in size but potentially complex in structure, especially

when modeling functions with varying characteristics across the input space—light curves

exhibiting multiple timescales of variability, for example. However, they work best when

input dimensionality is relatively low, keeping kernel evaluations computationally tractable.

Many modern GP packages implement approximations achieving computational scal-

ing much better than O(N3), though usually with trade-offs in exactness or flexibility. Pack-

ages like GPyTorch offer specialized implementations that can handle much larger datasets

than traditional GP implementations, making them increasingly practical for astronomical

applications.

14.6 The Function-Space Perspective

Having explored Gaussian Processes through kernelizing Bayesian linear regression,

we now turn to an alternative mathematical perspective: the function-space view. Rather

than starting with a parametric model and applying the kernel trick, this approach directly

defines a probability distribution over functions. While initially more abstract, it offers

remarkable clarity and leads to the same mathematical results with less algebraic manipu-

lation.

Connection to Stochastic Processes This perspective connects directly to the stochas-

tic processes we encountered in our MCMC chapter. Recall that a stochastic process is

a collection of random variables indexed by time or space. In MCMC, we used Markov

chains—a type of stochastic process where each state depends only on the previous state.

A Gaussian process is another type of stochastic process, but with different properties that

make it useful for regression tasks.

This connection is more than terminological. Both MCMC and GPs deal with se-

quences of random variables, but they serve different purposes in our statistical toolkit.

MCMC uses a stochastic process (the Markov chain) as a computational tool to sample

from complex distributions, while GPs use a stochastic process as a modeling framework to

represent unknown functions. This duality highlights the versatility of stochastic processes
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in statistical inference—they can be both computational tools and modeling frameworks.

From Finite to Infinite Dimensions To understand stochastic processes more deeply,

let us revisit random variables. In earlier chapters, we dealt with finite-dimensional random

variables—vectors like x ∈ Rd with probability distributions p(x). Each element xi is a

single random variable indexed by integers: x1, x2, . . . , xd.

A stochastic process extends this indexing to potentially uncountable sets. Instead of

integers, we index random variables by elements of some set T , which might represent time

points, spatial locations, or inputs to a function. For each t ∈ T , we have a random variable

Xt. The entire collection {Xt : t ∈ T } forms a stochastic process.

The indexing differs between our two contexts:

• In MCMC, the index is typically the iteration number or “time step” in our sampling

algorithm. We have a sequence {X1, X2, X3, ...} where Xt represents the state of our

Markov chain at iteration t. The Markov property tells us that P (Xt+1|X1, X2, ..., Xt) =

P (Xt+1|Xt)—the next state depends only on the current state.

• In Gaussian processes, the index is the input to our function. If we are modeling a

function f : X → R, then for each x ∈ X , we have a random variable f(x). The

collection {f(x) : x ∈ X} forms our Gaussian process.

While MCMC indices are typically discrete (iteration numbers), GP indices can be

continuous (like spatial coordinates or time). This allows GPs to model smooth functions

over continuous domains.

When T is uncountable (like the real line R), we effectively have an infinite-dimensional

random variable. We never need to work with all dimensions simultaneously—just as we can

consider marginal distributions of subsets of components in a finite-dimensional vector, we

can examine the joint distribution of {Xt1 , Xt2 , . . . , Xtn} for any finite subset of indices

{t1, t2, . . . , tn} ⊂ T .

This makes stochastic processes tractable: while the full process is infinite-dimensional,

any actual computation involves only finite-dimensional marginals. In time series analysis,

for instance, we observe the process at discrete time points and make inferences based on

these finite observations.
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Defining Gaussian Processes A Gaussian process is a stochastic process where any finite

collection of random variables has a joint Gaussian distribution. More formally, a Gaussian

process is a collection of random variables {f(x) : x ∈ X}, any finite subset of which follows

a multivariate Gaussian distribution.

This definition extends the familiar multivariate Gaussian distribution to infinite di-

mensions. In our previous work with multivariate Gaussians, we dealt with random vectors

x ∈ Rd characterized by:

• A mean vector µ ∈ Rd where µi = E[xi]

• A covariance matrix Σ ∈ Rd×d where Σij = E[(xi − µi)(xj − µj)]

A Gaussian process follows the same principle, but extends it to functions. Instead of

discrete indices i ∈ {1, 2, ..., d}, we have a continuous index set x ∈ X . To specify a Gaussian

process, we need:

• A mean function m(x) that gives the expected value at each input:

m(x) = E[f(x)] (14.66)

• A covariance function (or kernel) k(x, x′) that specifies how function values at different

inputs relate:

k(x, x′) = E[(f(x)−m(x))(f(x′)−m(x′))] (14.67)

We denote this as:

f ∼ GP(m, k) (14.68)

The covariance function encodes our assumptions about the function’s smoothness,

connecting directly to our discussion of autocorrelation in MCMC. Recall that in MCMC, we

examined how samples at different lags were correlated, which told us about the “memory”

or smoothness of our Markov chain. Similarly, the covariance function in a GP tells us how

function values at different inputs relate to each other.

For instance, if k(x, x′) decreases rapidly as |x− x′| increases, we are modeling func-

tions that can change quickly—where knowing f(x) tells us little about f(x′) when x and

x′ are far apart. Conversely, if k(x, x′) decreases slowly with distance, we are modeling

smoother functions where distant points remain correlated. This resembles how a slowly
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decaying autocorrelation function in MCMC indicates a chain that moves slowly through

the parameter space.
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Figure 14.7: Visualization of function spaces defined by Gaussian Processes with different
RBF kernel parameters. Each panel shows five random functions sampled from a GP prior
with zero mean and a specified RBF kernel. Left: Functions sampled from a GP with longer
length scale (ℓ = 1.0) exhibit smoother behavior with gradual variations. Right: Functions
sampled from a GP with shorter length scale (ℓ = 0.3) show more rapid fluctuations and can
capture finer details. Both GPs use the same amplitude parameter (σf = 1.0) and the same
random seeds, isolating the effect of the length scale. This illustrates a key property of the
function-space view of Gaussian Processes: the kernel directly determines the properties of
functions in the prior distribution.

Finite-Dimensional Projections The key insight that makes Gaussian processes prac-

tical is that while the process itself is infinite-dimensional, we only ever need to evaluate

it at a finite number of points for any actual computation. For any finite set of inputs

X = [x1, x2, . . . , xn]
T , the corresponding function values follow a multivariate Gaussian:

f = [f(x1), f(x2), . . . , f(xn)]
T ∼ N (m,K) (14.69)

where m = [m(x1),m(x2), . . . ,m(xn)]
T and Kij = k(xi, xj).

While a GP defines a distribution over an infinite-dimensional space of functions,

any finite “slice” of this distribution is just a regular multivariate Gaussian. This prop-

erty—that any marginal distribution of a Gaussian is also Gaussian—makes GPs computa-

tionally tractable despite their infinite-dimensional nature.
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Mathematically, we can write this marginalization property as:

f ∼ GP(m, k) =⇒ [f(x1), f(x2), . . . , f(xn)]
T ∼ N (m,K) (14.70)

This connects directly to astronomical examples. When modeling stellar light curves,

we might have observations at a finite set of time points, but we believe there is an underlying

continuous process. The GP framework allows us to evaluate this continuous process at our

specific observation times through the marginalization property.

But marginalization alone is not enough for practical applications. We need to learn

from data. This brings us to the second crucial property of Gaussian distributions: con-

ditioning. Recall from earlier chapters that if a random vector x = [xA,xB]
T follows a

multivariate Gaussian, then the conditional distribution of xA given xB is also Gaussian.

This conditioning property is what transforms Gaussian processes from mathematical

curiosities into practical modeling tools. Through conditioning, we can update our prior

beliefs about functions after observing data, obtaining posterior distributions that reflect

both our initial assumptions and the evidence from observations.

14.7 Conditioning the Gaussian Process

We now face the central challenge in Gaussian process modeling: how do we learn from

data? We have established that GPs define distributions over functions, and we can extract

finite-dimensional marginals for computation. But how do we incorporate observations to

update our beliefs about the unknown function?

This is where conditioning becomes crucial. Consider the modeling scenario: we have

some noisy observations of an unknown function, and we want to predict what the function

looks like at new points. In parametric models like linear regression, we solve this by fitting

parameters. In Gaussian processes, we solve it by conditioning our prior distribution on the

observed data.

The challenge is more subtle than it first appears. We are not simply fitting a function

to data points—we are updating an entire distribution over functions. This requires us to

carefully account for the relationship between our prior beliefs, the noise in our observations,

and the correlations encoded by our kernel function. The beauty of the GP framework is

that this complex updating process reduces to familiar multivariate Gaussian conditioning,
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despite the infinite-dimensional nature of function space.

To see how this works, let us build up the conditioning process step by step, starting

with the simplest case and gradually adding the complexities that arise in real applications.

The Basic Setup: From Prior to Posterior Suppose we have observed some data

points and want to make predictions at new locations. In the GP framework, this means we

have a prior distribution over functions, we observe some noisy function evaluations, and we

want the posterior distribution over functions given these observations.

The key insight is that we can treat this as a standard multivariate Gaussian con-

ditioning problem. Even though our GP lives in infinite dimensions, we only care about

function values at a finite set of points: our training locations and our test location. By

focusing on this finite subset, we can apply the conditioning formulas we already know.

To build intuition, let us first consider a simple finite case. Imagine we have a mul-

tivariate Gaussian distribution over three variables (x1, x2, x3). If we observe the values of

x1 and x2, we can use the conditioning property to determine the distribution of x3 given

these observations. This conditional distribution will also be Gaussian, with updated mean

and variance that depend on the observed values and the correlations between all variables.

Gaussian processes work in exactly the same way, except that instead of three vari-

ables, we are dealing with function values at potentially many input points. Despite this

higher dimensionality, whenever we make practical computations, we are always working

with finite marginal distributions—precisely the property that makes GPs computationally

tractable.

Setting Up the Conditioning Problem Let us now formalize this intuition. Consider a

scenario where we have a collection of input-output pairs D = {(xi, ti)}ni=1, which constitute

our training data. We assume that the outputs ti are noisy observations of some underlying

function f(x), such that:

ti = f(xi) + ϵi (14.71)

where ϵi ∼ N (0, σ2
n) is Gaussian noise.

Our goal is to infer the function value at any arbitrary test point x∗. That is, we

want to compute p(f(x∗)|D). This is a classic Bayesian inference problem: we start with a

prior over functions and update it to a posterior after observing data.
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The power of Gaussian processes is that both the prior and posterior remain Gaus-

sian, allowing for closed-form computations. To see why, we need to construct the joint

distribution of all relevant function values and then apply standard Gaussian conditioning.

We begin with a prior Gaussian process over the function:

f ∼ GP(m, k) (14.72)

For simplicity, we will use a zero-mean prior, settingm(x) = 0, though the derivation extends

straightforwardly to non-zero means.

The key step is to construct the joint distribution of the training function values

f = [f(x1), . . . , f(xn)]
T and the test function value f∗ = f(x∗). By the definition of a

Gaussian process, this joint distribution is multivariate Gaussian:

[
f

f∗

]
∼ N

([
0

0

]
,

[
K k∗

kT
∗ k∗∗

])
(14.73)

Here, we have used the following notation:

• K is the n× n covariance matrix for the training inputs, with entries Kij = k(xi,xj)

• k∗ is the n × 1 vector of covariances between the test point and all training points,

with entries [k∗]i = k(xi,x∗)

• k∗∗ = k(x∗,x∗) is the prior variance at the test point

This joint distribution captures all the correlations between function values at different

points, as encoded by our kernel function. The matrix K tells us how training points relate

to each other, while k∗ tells us how the test point relates to the training points.

Accounting for Observation Noise There is one more crucial step before we can apply

conditioning. We do not observe the true function values f directly, but rather noisy obser-

vations t = [t1, . . . , tn]
T . This distinction between the latent function and our observations

is critical for realistic modeling.

Accounting for the independent Gaussian noise ϵi ∼ N (0, σ2
n), we have:

t = f + ϵ, ϵ ∼ N (0, σ2
nI) (14.74)
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Figure 14.8: Comparison of Gaussian Process prior and posterior, illustrating the connec-
tion to conditioning multivariate Gaussians. Left panel: The GP prior shows five random
functions sampled from a zero-mean GP with an RBF kernel. This is analogous to sampling
from the joint distribution of a high-dimensional Gaussian before conditioning. Right panel:
The GP posterior after conditioning on five observations (black points) demonstrates how
observing data updates our beliefs. The posterior mean (solid blue line) and 95% confi-
dence interval (light blue region) show reduced uncertainty near observations. The inset
plot directly illustrates this conditioning process through a 2D Gaussian representing the
joint prior distribution of function values at two arbitrary points (xa, xb). The red dashed
line shows conditioning on f(xa) = 1.0, while the red curve displays the resulting conditional
distribution p(f(xb)|f(xa)) - a direct visualization of how conditioning one point in a GP
affects correlated points based on their distance in correlation space. This reinforces that
GP regression applies Gaussian conditioning principles in infinite dimensions.

This means that the joint distribution of the observations t and the test function value f∗

is: [
t

f∗

]
∼ N

([
0

0

]
,

[
K+ σ2

nI k∗

kT
∗ k∗∗

])
(14.75)

Notice how the noise appears: it adds σ2
n to the diagonal of the covariance matrix.

This makes intuitive sense—observations at the same point become less perfectly correlated

because of measurement noise, but the noise does not affect correlations between different

points.

Now we can apply the standard conditioning formula for multivariate Gaussians.
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Recall that if a random vector

[
xA

xB

]
has a joint Gaussian distribution:

[
xA

xB

]
∼ N

([
µA

µB

]
,

[
ΣAA ΣAB

ΣBA ΣBB

])
(14.76)

Then the conditional distribution p(xB|xA) is also Gaussian:

p(xB|xA) = N (µB +ΣBAΣ
−1
AA(xA − µA),ΣBB −ΣBAΣ

−1
AAΣAB) (14.77)

Applying this formula to our case, with xA = t and xB = f∗, we get:

p(f∗|t) = N (µf∗ , σ
2
f∗) (14.78)

µf∗ = 0 + kT
∗ (K+ σ2

nI)
−1(t− 0) (14.79)

= kT
∗ (K+ σ2

nI)
−1t (14.80)

σ2
f∗ = k∗∗ − kT

∗ (K+ σ2
nI)

−1k∗ (14.81)

These equations give us the posterior distribution of the function value at the test

point x∗, conditioned on our observations. Remarkably, these are exactly the same equations

we derived earlier using the kernel trick! This confirms that both perspectives—the kernel

trick view and the function-space view—lead to identical mathematical formulations.

Extending to General Cases Given this equivalence, one might ask: why not just start

with the function-space view and avoid all the matrix manipulations of the kernel trick? The

answer lies in understanding the deeper connections between these approaches. While the

function-space view provides a more direct route to the final equations, the kernel trick view

reveals that Gaussian processes are, at their core, generalized linear models. By working

through the kernel trick derivation, we see that GPs are not a completely different approach

from the linear models we have studied extensively—they are an extension where we have

substituted explicit features with kernels.

This connection is conceptually important. It shows that the seemingly distinct worlds

of parametric models (like linear regression) and non-parametric models (like GPs) are actu-

ally closely related. Understanding both perspectives gives us a more complete picture: the

kernel-trick view connects GPs to our familiar linear models, while the function-space view
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provides computational simplicity and intuitive probabilistic interpretations.

While the function-space view might not be as mechanistic as the kernel-trick ap-

proach, it offers considerable advantages when extending our model. For instance, in our

derivation so far, we have made several simplifying assumptions: we used a zero-mean prior

and assumed homoskedastic noise (same noise variance for all observations). Let us now

explicitly derive the extensions to non-zero mean functions and heteroskedastic noise.

For a non-zero mean function m(x), we start with a prior Gaussian process:

f ∼ GP(m, k) (14.82)

The joint distribution of the training function values f and the test function value f∗ is:

[
f

f∗

]
∼ N

([
m

m∗

]
,

[
K k∗

kT
∗ k∗∗

])
(14.83)

where m = [m(x1), . . . ,m(xn)]
T and m∗ = m(x∗).

With noisy observations t = f + ϵ, the joint distribution becomes:

[
t

f∗

]
∼ N

([
m

m∗

]
,

[
K+ σ2

nI k∗

kT
∗ k∗∗

])
(14.84)

Applying the conditioning formula for multivariate Gaussians with xA = t, xB = f∗,

µA = m, µB = m∗, ΣAA = K+ σ2
nI, ΣAB = k∗, ΣBA = kT

∗ , and ΣBB = k∗∗, we get:

p(f∗|t) = N (µf∗ , σ
2
f∗) (14.85)

µf∗ = m∗ + kT
∗ (K+ σ2

nI)
−1(t−m) (14.86)

σ2
f∗ = k∗∗ − kT

∗ (K+ σ2
nI)

−1k∗ (14.87)

This formula has an intuitive interpretation: we start with our prior mean at the

test point m∗ and adjust it based on the deviation of observations from their prior means

(t−m), weighted by the similarity (as measured by the kernel) between the test point and

the training points.

For heteroskedastic noise, where each observation has its own noise variance σ2
i , we
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modify our observation model to:

ti = f(xi) + ϵi, ϵi ∼ N (0, σ2
i ) (14.88)

This means the covariance matrix of the noise vector ϵ is now a general covariance

matrix Σn rather than σ2
nI. While we often assume independent noise (making Σn diagonal),

the formulation works for any positive definite covariance structure. The joint distribution

becomes: [
t

f∗

]
∼ N

([
m

m∗

]
,

[
K+Σn k∗

kT
∗ k∗∗

])
(14.89)

Applying the conditioning formula again, we get:

p(f∗|t) = N (µf∗ , σ
2
f∗) (14.90)

µf∗ = m∗ + kT
∗ (K+Σn)

−1(t−m) (14.91)

σ2
f∗ = k∗∗ − kT

∗ (K+Σn)
−1k∗ (14.92)

This naturally handles varying noise levels, giving less weight to noisier observa-

tions—a critical feature for astronomical applications where measurement uncertainties can

vary substantially across different instruments or observing conditions.

So far, we have derived p(f∗|t), the distribution of this underlying function. When

predicting a new observation that will include noise, we need p(y∗|t). Since y∗ = f∗+ ϵ∗ with

ϵ∗ ∼ N (0, σ2
∗) independent of f∗, we have:

p(y∗|t) =
∫
p(y∗|f∗)p(f∗|t)df∗ (14.93)

=

∫
N (y∗|f∗, σ2

∗)N (f∗|µf∗ , σ
2
f∗)df∗ (14.94)

This is the convolution of two Gaussians, which results in another Gaussian:

p(y∗|t) = N (y∗|µf∗ , σ
2
f∗ + σ2

∗) (14.95)

The mean remains the same, but the variance increases to account for the additional obser-

vation noise.

This distinction is crucial in practice: we use the distribution of f∗ when interested in



Statistical Machine Learning for Astronomy — Y.-S. Ting 537

the underlying physical process (e.g., the intrinsic variability of a star) and the distribution

of y∗ when predicting future observations with their associated measurement uncertainties

(e.g., forecasting what a telescope will actually measure).

Through either derivation approach, we arrive at these predictive equations:

µf∗ = m∗ + kT
∗ (K+ σ2

nI)
−1(t−m) (14.96)

σ2
f∗ = k∗∗ − kT

∗ (K+ σ2
nI)

−1k∗ (14.97)

The function-space view provides several insights not apparent from the kernel trick

derivation. Most importantly, it shows that Gaussian Process regression emerges naturally

from applying standard Gaussian conditioning to infinite-dimensional distributions. The

complex matrix manipulations required in the kernel trick become simple applications of

familiar conditioning formulas when we work directly in function space.

Additionally, the function-space perspective makes extensions like non-zero means

and heteroskedastic noise straightforward—they follow immediately from the conditioning

formula without requiring new matrix identities. This view also makes clear why GPs provide

such natural uncertainty quantification: the posterior variance automatically reflects both

our prior uncertainty and the information gained from observations, with no additional

modeling required.

By understanding both the kernel trick and function-space perspectives, we gain a

complete view of Gaussian processes: they are both generalized linear models (connecting

to our familiar regression framework) and stochastic processes (offering natural probabilistic

interpretations). This dual understanding equips us to apply GPs effectively across a range of

astronomical problems, from modeling stellar variability to characterizing exoplanet transits,

with principled uncertainty quantification at every step.

14.8 Practical Implementation of Gaussian Processes

Having developed the theoretical foundations of Gaussian Processes through both the

kernel trick and function-space perspectives, we now face a crucial transition: how do we

actually implement these methods for real-world problems? While the mathematics of GPs

is elegant, the practical implementation requires careful attention to computational efficiency

and numerical stability.



538 Statistical Machine Learning for Astronomy — Y.-S. Ting

The challenge becomes apparent when we examine our predictive formulas. We have

derived beautiful closed-form expressions, but they all depend on computing terms like (K+

σ2
nI)

−1. For a dataset with N observations, this requires inverting an N × N matrix—an

operation that scales as O(N3) and quickly becomes prohibitive for large datasets.

We need computational approaches that maintain the mathematical rigor of our

derivations while making the calculations tractable. This is where careful algorithm design

becomes crucial for practical GP implementation.

The Computational Challenge At the core of Gaussian Process implementation is the

predictive distribution formula:

p(f∗|x∗,X, t) = N (m∗, σ
2
∗) (14.98)

with mean and variance given by:

m∗ = m(x∗) + kT
∗ (K+Σn)

−1(t−m) (14.99)

σ2
∗ = k(x∗,x∗)− kT

∗ (K+Σn)
−1k∗ (14.100)

where t represents our observed target values, m = [m(x1), . . . ,m(xN)]
T is the vector of

prior mean values, and Σn is the matrix of observation noise covariances.

The bottleneck is clear: both the mean and variance calculations require the inverse

matrix (K+Σn)
−1. For a dataset with N observations, this is an N ×N matrix, and direct

inversion requires O(N3) operations. In astronomy, where we often work with thousands of

data points, this computation can become prohibitively expensive.

Moreover, direct matrix inversion is numerically unstable. When the kernel matrix

is poorly conditioned—which can happen when data points are very close together or when

the kernel parameters are poorly chosen—small numerical errors can lead to large errors in

the final predictions. We need a more robust approach.

The Cholesky Decomposition Solution Fortunately, we can improve both efficiency

and numerical stability using the Cholesky decomposition. This technique is particularly

appropriate for our problem because K+Σn has a special structure: it is symmetric positive

definite. This property is guaranteed by the definition of valid kernels (which ensure K is

positive semidefinite) and the positive definiteness of the noise covariance matrix Σn.
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The key insight is that any symmetric positive definite matrix can be decomposed as:

K+Σn = LLT (14.101)

where L is a lower triangular matrix called the Cholesky factor. This decomposition offers

three key advantages:

1. It requires only N3/3 operations, compared to N3 for general matrix inversion

2. It provides greater numerical stability, especially for ill-conditioned matrices

3. It enables efficient computation of both predictive mean and variance

While we are still working with O(N3) complexity, reducing computation by a factor

of three can transform an hour-long calculation into a twenty-minute one—a meaningful

improvement during exploratory data analysis. More importantly, the numerical stability

improvements can mean the difference between reliable results and numerical garbage.

To understand why the Cholesky decomposition is more stable, consider what happens

during direct matrix inversion. The algorithm must compute many divisions by potentially

small numbers, each introducing round-off error that can accumulate catastrophically. The

Cholesky decomposition avoids this by working with the more stable triangular structure,

where operations proceed in a controlled sequence that limits error propagation.

Efficient Implementation Using Cholesky Decomposition Let us see how we can

use the Cholesky factor L to efficiently compute predictions without explicitly forming the

inverse matrix. The key insight is that instead of computing (K+Σn)
−1 and then multiplying

it by vectors, we can solve triangular systems of equations.

For the predictive mean, we need to compute:

m∗ = m(x∗) + kT
∗ (K+Σn)

−1(t−m) (14.102)

Instead of directly computing the inverse, we define α = (K + Σn)
−1(t − m) and

solve for it using a two-step process. Since K+Σn = LLT , we have:

LLTα = t−m (14.103)
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We solve this in two stages:

Lv = t−m (solve for v using forward substitution) (14.104)

LTα = v (solve for α using backward substitution) (14.105)

Forward substitution solves a lower triangular system by working from top to bottom.

For a system Lv = b:

v1 = b1/L11 (14.106)

vi =
1

Lii

(
bi −

i−1∑

j=1

Lijvj

)
for i = 2, 3, . . . , N (14.107)

Backward substitution solves an upper triangular system by working from bottom to

top. For a system LTα = v:

αN = vN/LNN (14.108)

αi =
1

Lii

(
vi −

N∑

j=i+1

Ljiαj

)
for i = N − 1, N − 2, . . . , 1 (14.109)

Both operations are O(N2), much faster than matrix inversion. Once we have α, the

predictive mean is simply:

m∗ = m(x∗) + kT
∗α (14.110)

For the predictive variance, we follow a similar approach. We need:

σ2
∗ = k(x∗,x∗)− kT

∗ (K+Σn)
−1k∗ (14.111)

We first solve Lv = k∗ for v using forward substitution, then compute:

σ2
∗ = k(x∗,x∗)− vTv (14.112)
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This works because:

vTv = kT
∗ (L

T )−1L−1k∗ (14.113)

= kT
∗ (LL

T )−1k∗ (14.114)

= kT
∗ (K+Σn)

−1k∗ (14.115)

The mathematical equivalence ensures we get exactly the same answer as direct matrix

inversion, but with better numerical properties and improved computational efficiency.

Complete Implementation Algorithm We can now summarize the complete imple-

mentation process for Gaussian Process prediction:

1. Compute the Cholesky decomposition: L = cholesky(K+Σn)

2. For the predictive mean:

• Solve Lv = t−m for v using forward substitution

• Solve LTα = v for α using backward substitution

• Compute m∗ = m(x∗) + kT
∗α

3. For the predictive variance:

• Solve Lv = k∗ for v using forward substitution

• Compute σ2
∗ = k(x∗,x∗)− vTv

This approach is both efficient and numerically stable. The computationally intensive

Cholesky decomposition is performed just once during training, after which predictions for

new points require only O(N2) operations for the mean and O(N2) for the variance. This

efficiency makes it practical to generate predictions across many test points—necessary for

visualizing the predicted function or computing derived quantities in astronomical applica-

tions.

The algorithm also handles edge cases gracefully. If the kernel matrix is singular

or nearly singular (which can happen with poorly chosen hyperparameters), the Cholesky

decomposition will fail cleanly rather than producing misleading results. This provides a

natural diagnostic for numerical problems and guides hyperparameter optimization.
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14.9 Optimizing Hyperparameters in Gaussian Processes

Having established the computational framework for implementing Gaussian Pro-

cesses, we now encounter another crucial question: how do we select the optimal hyperpa-

rameters for our kernel function? Our derivations have assumed these parameters are known,

but in practice we must learn them from data.

The choice of hyperparameters has a profound impact on the types of functions our

GP can represent. To understand why this matters, consider modeling stellar variability

where we might use a composite kernel:

k(t, t′) = θ0 exp

(
−θ1

2
|t− t′|2

)
+ θ2 + θ3 exp

(
−2 sin2(π|t− t′|/θ4)

θ25

)
(14.116)

This kernel combines three components: an RBF term (smooth evolution), a constant

term (baseline brightness), and a periodic term (rotational modulation). Each parameter

controls different aspects of the function behavior.

The figure illustrates how these specific parameters shape function behavior: θ0 con-

trols the amplitude of variations, θ1 determines smoothness, θ4 sets the periodic spacing,

and θ5 governs how strictly the periodicity is enforced. Different parameter choices produce

dramatically different function classes, and some will fit our data much better than others.

When we observe stellar data, we want parameter values that make our observations

likely under the resulting function distribution. If our data shows rapid oscillations but we

choose parameters that only allow smooth functions, the fit will be poor. Conversely, if we

choose parameters that are too flexible for slowly varying data, the GP may overfit to noise.

How do we systematically determine which parameter values best capture the patterns

in our data? Gaussian processes offer a principled solution through the marginal likelihood.

The Marginal Likelihood Approach The key insight is to treat hyperparameter selec-

tion as a model comparison problem. For any choice of hyperparameters θ, we ask: how

probable are our observations under this parameterization? This probability is the marginal

likelihood:

p(t|X,θ) = N (mθ,Kθ +Σn) (14.117)
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Figure 14.9: Visualization of how different kernel parameters affect functions sampled from
Gaussian Process priors. The figure shows random functions drawn from GP priors with
varying kernel parameters. Top row: Functions sampled with smaller parameter values; bot-
tom row: Functions with larger parameter values. From left to right: (1) RBF amplitude
parameter θ0 controls the vertical scale of functions, with larger values allowing greater devi-
ations from the mean; (2) Inverse length scale parameter θ1 determines function smoothness,
with smaller values producing smoother functions and larger values allowing more rapid vari-
ations; (3) Period parameter θ4 in the periodic kernel sets the distance between repetitions
in the function; (4) Flexibility parameter θ5 controls how strictly the periodicity is enforced,
with smaller values requiring more exact repetition and larger values allowing the periodic
pattern to evolve. Each subplot shows three random function samples (in different colors)
from the same GP prior to illustrate the characteristic properties induced by each parameter
setting. This visualization demonstrates how kernel parameters directly encode prior beliefs
about function properties in the GP framework.

where Kθ indicates the kernel matrix depends on hyperparameters, and mθ represents the

mean function values.

The term “marginal” means that the latent function values have been integrated out

analytically, leaving us with a direct expression for the data probability. This marginal
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likelihood automatically balances model fit against complexity.

To see why, examine its logarithm:

log p(t|X,θ) = −1

2
(t−mθ)

T (Kθ +Σn)
−1(t−mθ)−

1

2
log |Kθ +Σn| −

N

2
log(2π) (14.118)

This expression contains two competing terms:

1. The data fit term −1
2
(t−mθ)

T (Kθ +Σn)
−1(t−mθ) rewards models that explain the

observations well.

2. The complexity penalty −1
2
log |Kθ + Σn| penalizes overly flexible models. When we

make the model more flexible (decreasing length scales, for example), the determinant

increases, reducing the likelihood.

This automatic balance embodies Occam’s razor: we find the simplest model that

adequately explains our data.

Efficient Computation Computing the log marginal likelihood faces the same computa-

tional challenges as prediction. We need matrix inversion and determinant calculation, both

expensive for large datasets. The Cholesky decomposition again provides the solution.

With Kθ +Σn = LLT , we can compute efficiently:

For the data fit term, we reuse α = (Kθ +Σn)
−1(t−mθ) from prediction:

(t−mθ)
T (Kθ +Σn)

−1(t−mθ) = (t−mθ)
Tα (14.119)

For the determinant, we use the diagonal elements of the Cholesky factor:

log |Kθ +Σn| = 2
N∑

i=1

logLii (14.120)

This gives us the final efficient form:

log p(t|X,θ) = −1

2
(t−mθ)

Tα−
N∑

i=1

logLii −
N

2
log(2π) (14.121)
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Figure 14.10: Demonstration of hyperparameter optimization in Gaussian Process regres-
sion. The top panel shows the log marginal likelihood landscape over a grid of RBF kernel
hyperparameters (length scale and amplitude) plotted on logarithmic scales. Brighter re-
gions indicate higher likelihood values, with the optimal hyperparameters (red star) yielding
significantly higher likelihood than suboptimal choices (red x). The bottom panel com-
pares GP regression results using optimal versus suboptimal hyperparameters. The optimal
model (blue curve) with appropriate length scale and amplitude captures the true under-
lying function (dashed gray) more accurately, with well-calibrated uncertainty bands (light
blue region). In contrast, the suboptimal model (orange) with shorter length scale oscillates
unnecessarily between data points, exhibiting overfitting behavior. This figure illustrates
how maximizing the marginal likelihood automatically balances model fit and complexity
without requiring explicit regularization terms.

Optimization Strategies With an efficient method for computing the log marginal like-

lihood, we can optimize it with respect to hyperparameters θ. The choice of optimization
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method depends on the dimensionality of the hyperparameter space and the computational

resources available.

For low-dimensional hyperparameter spaces (typically 1-3 parameters), grid search

provides a straightforward and reliable approach. We evaluate the log marginal likelihood

on a predefined grid of hyperparameter values and select the combination yielding the highest

value. For example, if our kernel has two hyperparameters—amplitude and length scale—we

might evaluate the likelihood on a 20× 20 grid, requiring 400 likelihood evaluations.

Grid search offers several advantages: it is simple to implement and parallelize across

multiple processors, it provides complete visualization of the likelihood landscape that can

reveal important features like multimodality, and it guarantees finding the global optimum

within the grid resolution. The visualization aspect is particularly valuable for understand-

ing how different hyperparameters interact and for diagnosing potential problems with the

optimization.

However, grid search becomes computationally prohibitive as the number of hyper-

parameters increases. With d hyperparameters and m grid points per dimension, we need

md evaluations—an exponential growth that quickly becomes infeasible. For problems with

more than three or four hyperparameters, we need more efficient approaches.

For higher-dimensional hyperparameter spaces, gradient-based optimization becomes

necessary. The basic approach iteratively updates hyperparameters in the direction of the

gradient:

θ(t+1) = θ(t) + ηt∇θ log p(t|X,θ(t)) (14.122)

where ηt is the learning rate at iteration t. This approach scales much better than grid search,

requiring only O(d) gradient evaluations per iteration regardless of the dimensionality.

Computing the gradient of the log marginal likelihood with respect to hyperparam-

eters can be done analytically for specific kernels, but this becomes tedious for complex

composite kernels. Modern implementations increasingly rely on automatic differentiation

(autodiff) frameworks to compute these gradients. Autodiff works by tracking all operations

during the forward computation and then systematically applying the chain rule during the

backward pass.

Libraries like TensorFlow, PyTorch, and JAX provide autodiff capabilities that can

automatically compute gradients of arbitrary computational graphs. This eliminates the

need for manual gradient derivation and makes it practical to experiment with complex kernel
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structures. We will explore automatic differentiation in much greater detail in Chapter 15

when we discuss neural networks, where it plays a central role in training.

Parameter optimization highlights a key advantage of Gaussian processes: the marginal

likelihood provides an objective, principled criterion for hyperparameter selection that au-

tomatically balances model complexity against data fit. This eliminates the need for ad hoc

regularization terms or complex cross-validation procedures that are required by many other

machine learning methods.

14.10 Model Selection for Gaussian Process Regres-

sion

The previous section addressed hyperparameter optimization within a fixed kernel

structure. We now face a more challenging question: how do we choose the kernel structure

itself? Should we use a simple RBF kernel, a periodic kernel, or a composite kernel combining

multiple components? This kernel selection problem represents a higher level of model choice

that goes beyond tuning parameters within a given functional form.

The challenge becomes apparent when we consider real astronomical phenomena.

Stellar variability might be driven by multiple physical processes operating on different

timescales: pulsations, rotation, magnetic activity, and evolutionary changes. We could

model this with a simple RBF kernel and hope it captures the dominant behavior, or we

could construct a composite kernel with multiple components. How do we decide which

approach is justified by the data?

This question connects directly to the model selection principles we explored in earlier

chapters. We need to balance model complexity against explanatory power, avoiding both

underfitting (missing important patterns) and overfitting (modeling noise as signal). For

Gaussian processes, this challenge has both conceptual and practical dimensions that require

careful consideration.

The Kernel Selection Challenge Unlike hyperparameter optimization, which involves

tuning continuous parameters within a fixed functional form, kernel selection involves choos-

ing between fundamentally different model structures. Consider these possibilities for mod-

eling a stellar light curve:

1. Simple RBF kernel: k(t, t′) = σ2
f exp

(
− 1

2l2
(t− t′)2

)
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2. Periodic kernel: k(t, t′) = σ2
f exp

(
−2 sin2(π|t−t′|/p)

l2

)

3. Composite kernel: RBF + constant + periodic components

4. Matérn kernel with different smoothness parameters

Each choice embodies different assumptions about the underlying physical processes.

The RBF kernel assumes smooth, aperiodic variations. The periodic kernel assumes regular

repetitive patterns. The composite kernel allows for multiple processes operating simultane-

ously. These are qualitatively different models, not just different parameter settings.

The selection challenge is compounded by the fact that more complex kernels can

always fit the data at least as well as simpler ones. A composite kernel with many components

has the flexibility to capture any pattern that a simple kernel could model, plus additional

structure. Without proper penalties for complexity, we would always choose the most flexible

option, leading to overfitting.

Bayesian Model Comparison Framework Gaussian processes provide a principled ap-

proach to this challenge through Bayesian model comparison. For each candidate kernel

structureMi, we can compute the marginal likelihood:

p(t|X,Mi) =

∫
p(t|X,θ,Mi)p(θ|Mi)dθ (14.123)

where p(θ|Mi) represents the prior over hyperparameters for modelMi.

In practice, we typically approximate this integral by using the marginal likelihood

at the optimal hyperparameters:

p(t|X,Mi) ≈ p(t|X,θ∗
i ) (14.124)

where θ∗
i maximizes the marginal likelihood for modelMi. This approximation works well

when the posterior over hyperparameters is concentrated around the maximum, which is

often the case for GP models with sufficient data.

The beauty of this approach is that the marginal likelihood automatically accounts for

model complexity through the determinant term we examined earlier. More complex kernels

have larger parameter spaces and more flexible covariance structures, which increases the

determinant penalty. The model with the highest marginal likelihood represents the best

balance between fit and complexity.
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This framework treats kernel selection as a natural extension of hyperparameter op-

timization. Instead of optimizing over a continuous parameter space, we optimize over a

discrete set of model structures, using the same objective function that worked so well for

parameter tuning.

Information Criteria as Approximations While the marginal likelihood provides the

theoretically correct approach to model comparison, we sometimes want additional safe-

guards against overfitting or need to work with approximations to the full Bayesian treat-

ment. Information criteria provide valuable alternatives that add explicit penalties for model

complexity.

The Bayesian Information Criterion (BIC) and Akaike Information Criterion (AIC)

offer simple approaches:

BIC = −2 ln(L̂) + P ln(N) (14.125)

AIC = −2 ln(L̂) + 2P (14.126)

where L̂ is the maximized likelihood value, P is the number of hyperparameters, and N is

the sample size. The model with the lowest criterion value is preferred.

These criteria add explicit penalty terms based on the number of hyperparameters.

BIC includes an additional dependence on sample size, making it more conservative for large

datasets. Both provide additional protection against overfitting beyond what the marginal

likelihood determinant term provides.

For Gaussian processes, these criteria are particularly useful when comparing models

with very different numbers of hyperparameters. A simple RBF kernel has 2-3 hyperparam-

eters, while a complex composite kernel might have 10 or more. The explicit counting of

parameters in AIC and BIC provides a clear penalty for this additional complexity.

Cross-Validation for Model Assessment Cross-validation offers another approach that

directly measures predictive performance rather than relying on theoretical penalties for

complexity. For Gaussian processes, we typically implementK-fold cross-validation, dividing

the dataset into K subsets and training on K − 1 subsets while testing on the remaining

subset.

The negative log predictive density (NLPD) serves as an appropriate performance
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metric for GPs:

NLPD = − 1

|Dtest|
∑

(xi,ti)∈Dtest

log p(ti|xi, Dtrain) (14.127)

This metric evaluates both point predictions and uncertainty estimates, making it

well-suited for Gaussian processes where uncertainty quantification is a key advantage. A

model that makes confident but wrong predictions will be penalized more heavily than one

that expresses appropriate uncertainty.

Cross-validation for GPs can be computationally expensive, as each fold requires

training a model on approximately (K − 1)/K ×N data points. However, it provides direct

evidence of predictive performance and can reveal overfitting that might not be apparent

from marginal likelihood comparisons alone.

The cross-validation approach is particularly valuable when we want to assess how

well different kernel structures generalize to new data. While the marginal likelihood tells us

which model best explains the observed data, cross-validation tells us which model is most

likely to perform well on future observations.

In practice, effective model selection for Gaussian processes combines multiple ap-

proaches. A typical workflow starts with simple kernels (RBF, periodic, linear), compares

them using marginal likelihood, then constructs composite models by combining promising

components. Cross-validation provides final validation of predictive performance.

For astronomical applications, domain knowledge plays a crucial role in defining the

candidate model set. Rather than testing all possible kernel combinations, we focus on

those corresponding to plausible physical processes, reducing computational burden while

maintaining scientific interpretability.

14.11 Gaussian Process Classification

Throughout our exploration of Gaussian Processes, we have focused exclusively on

regression problems—tasks where we predict continuous outputs like stellar brightness or

radial velocities. However, many astronomical problems require classification—determining

which discrete category an object belongs to. We might want to classify stars by spectral

type, distinguish between stars and galaxies in photometric surveys, or identify different

types of variable objects.
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The success of Gaussian Process Regression naturally leads us to ask: can we extend

this framework to handle classification problems? The challenge is that while regression deals

with continuous function values that fit naturally into the Gaussian framework, classification

involves discrete outcomes that cannot be directly modeled with Gaussian distributions.

This extension parallels our earlier transition from linear regression to logistic regres-

sion. Just as we needed special techniques to handle binary outcomes in the linear modeling

framework, we now need to adapt our Gaussian process machinery to work with discrete

class labels while preserving the benefits of principled uncertainty quantification.

The Challenge of Discrete Outcomes The fundamental obstacle in extending GPs

to classification becomes clear when we examine the nature of the problem. In regression,

our observations are continuous values that can be modeled directly as Gaussian random

variables (with added noise). We can write ti = f(xi)+ ϵi where f is our latent function and

ϵi represents Gaussian noise.

For classification, our observations are discrete class labels—typically 0 and 1 for

binary problems. We cannot simply write ti = f(xi) + ϵi with Gaussian noise, because

discrete outcomes cannot arise from adding Gaussian noise to a continuous function. We

need a different relationship between our latent function and the observed outcomes.

The solution, familiar from logistic regression, is to introduce a link function that

connects continuous function values to class probabilities. Instead of observing the function

directly, we assume there is an underlying continuous function a(x) (often called the “logit”

or “score” function) that determines class probabilities through a nonlinear transformation.

This approach allows us to maintain the Gaussian process framework for the latent

function while handling discrete observations through an appropriate likelihood function.

The latent function can take any real value, which fits naturally with Gaussian processes,

but these values are converted to probabilities in the [0, 1] range through the link function.

From Linear to Nonlinear Decision Boundaries To understand the motivation for

Gaussian Process Classification, let us first recall the limitations of logistic regression. In

logistic regression, we model class probabilities using:

p(t = 1|x,w) = σ(wTϕ(x)) (14.128)

where σ(a) = 1
1+e−a is the sigmoid function, and ϕ(x) represents our feature mapping.
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The key limitation is that the decision boundary—the locus of points where p(t =

1|x) = 0.5—occurs wherewTϕ(x) = 0. This defines a hyperplane in feature space, restricting

us to linear decision boundaries. Even with carefully designed features, many real-world

classification problems require nonlinear boundaries that are difficult to capture with explicit

feature mappings.
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Figure 14.11: Comparison of decision boundaries and predictive uncertainty between
Bayesian Linear Classification (left) and Gaussian Process Classification (right) on a syn-
thetic moon-shaped dataset. Colors represent the predicted probability of class membership,
with red indicating high probability of class 1 and blue indicating high probability of class 0.
The solid black line shows the decision boundary where the class probability equals 0.5. The
Bayesian Linear Classifier is limited by its linear nature and cannot capture the moon-shaped
structure of the data. In contrast, the Gaussian Process Classifier exhibits both increased
uncertainty in sparse data regions and a flexible, nonlinear decision boundary that prop-
erly adapts to the data’s intrinsic geometry. This comparison illustrates how GPC extends
logistic regression beyond linear boundaries while maintaining proper uncertainty quantifi-
cation—the model becomes appropriately less confident in regions with sparse or no data.

Consider astronomical applications where we need to separate stars from galaxies

based on photometric colors. The true boundary between these classes in color space is often

curved and complex, depending on redshift effects, stellar populations, and observational

selection functions. A linear classifier might capture the gross separation but miss important

substructures.

Gaussian Process Classification addresses this limitation by replacing the linear func-



Statistical Machine Learning for Astronomy — Y.-S. Ting 553

tion wTϕ(x) with a more flexible function a(x) that follows a Gaussian process prior:

a(x) ∼ GP(0, k(x,x′)) (14.129)

For simplicity, we use a zero mean function, though this can be generalized. The logit

function a(x) can take any real value, which fits naturally with Gaussian processes, while

the sigmoid transformation ensures proper probability outputs:

p(t = 1|x, a) = σ(a(x)) (14.130)

This approach provides the flexibility to learn arbitrarily complex decision boundaries

through the kernel function, while maintaining a probabilistic framework that quantifies

uncertainty in our classifications.

The Information Flow in GP Classification To understand how Gaussian Process

Classification works, it helps to trace the flow of information through the model. The

process involves several stages that connect our input features to final class predictions.

The model works as follows:

1. Input to latent mapping: The Gaussian process maps input features xi to latent

function values ai = a(xi). These latent values can take any real number and represent

the “score” for class membership before conversion to probabilities.

2. Latent to probability transformation: The sigmoid function converts latent values

to class probabilities: pi = σ(ai). This ensures outputs are properly bounded between

0 and 1.

3. Probability to class assignment: We observe discrete class labels ti that are sam-

pled from Bernoulli distributions with probabilities pi.

The power of this framework lies in the first step. By using a Gaussian process for

the latent function, we can learn complex mappings from inputs to scores without explicitly

designing features. The kernel function encodes our assumptions about which inputs should

receive similar scores, and the GP automatically adapts the complexity of this mapping to

the data.

The uncertainty quantification in GP classification has an interesting property: uncer-



554 Statistical Machine Learning for Astronomy — Y.-S. Ting

−1 0 1 2
Feature 1

−2

−1

0

1

2

Fe
at

ur
e

2
Training Data
{X, t}

Class 0
Class 1

−1 0 1 2
Feature 1

−2

−1

0

1

2

Fe
at

ur
e

2

Latent Function Values
a = [a1,a2, ...,aN]

−2.25

−1.50

−0.75

0.00

0.75

1.50

2.25

3.00

L
at

en
tF

un
ct

io
n

V
al

ue
s

a

−1 0 1 2
Feature 1

−2

−1

0

1

2

Fe
at

ur
e

2

Class Probabilities
p(t = 1|a) = σ(a)

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

Pr
ob

ab
ili

ty
of

C
la

ss
1

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
Position Along Input Path

−10

−5

0

5

10

L
at

en
tF

un
ct

io
n

V
al

ue
a ∗

Gaussian Process Posterior for Test Point Prediction
Mean µ∗
Uncertainty σ 2

∗
Test Point x∗
σ(µ∗)
Probability Uncertainty

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Pr
ob

ab
ili

ty
p(

t ∗
=

1|
x ∗

)

Input Variable
X = [x1,x2, ...xN]

Latent Variable
a = [a1,a2, ...aN]

Target Variable
t = [t1, t2, ...tN]

Gaussian
Process

Response Function,
e.g. Sigmoid

Figure 14.12: Visualization of the information flow in Gaussian Process Classification. The
top panels show the progression from training data (left) through latent function values
(middle) to class probabilities (right) using moon-shaped data, illustrating how GPC can
handle nonlinear decision boundaries. The middle panel demonstrates how uncertainty is
propagated from latent space to probability space: the posterior standard deviation in latent
space (σ∗) represents our uncertainty about the true latent function value a∗ at a test point.
When transformed through the sigmoid function, this uncertainty becomes asymmetric in
probability space - wider near the decision boundary (where the latent function a∗ ≈ 0) and
narrower at the extremes (where |a∗| is large). The bottom diagram shows the core concep-
tual flow: the Gaussian Process transforms input variables to latent variables (assigning a
latent value ai to each input xi), then the sigmoid response function converts these latent
values to class probabilities. This structure illustrates how GPC extends logistic regression
beyond linear boundaries while maintaining proper uncertainty quantification.

tainty in the latent space (represented by the GP posterior variance) translates to uncertainty

in probability space through the sigmoid transformation. Near decision boundaries where

a(x) ≈ 0, small changes in the latent function produce large changes in class probabilities,
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so the model appropriately expresses high uncertainty. Far from boundaries where |a(x)|
is large, the sigmoid saturates and uncertainty in the latent space has less impact on class

probabilities.

This natural uncertainty propagation makes GP classification particularly valuable

for astronomical applications where we need to identify objects that are difficult to classify.

Rather than forcing a discrete classification, the model can express appropriate uncertainty

about ambiguous cases, allowing follow-up observations to be targeted where they will be

most informative.

The main challenge in implementing this framework is that the nonlinear link function

makes exact Bayesian inference intractable. Unlike GP regression where Gaussian likelihoods

preserve conjugacy, the sigmoid function creates a non-Gaussian posterior that requires ap-

proximation techniques. This computational complexity is the price we pay for the flexibility

of nonlinear decision boundaries.

14.12 The Predictive Distribution in GP Classification

Having established the conceptual framework for Gaussian Process Classification, we

now turn to the central computational challenge: how do we actually compute predictions?

While the intuition behind GPC is straightforward—use a GP for the latent function and

transform through a sigmoid—the mathematical implementation requires careful handling

of the nonlinear relationship between latent values and class probabilities.

The challenge stems from the fact that we cannot directly observe the latent function

values. We have discrete class labels and need to infer both the latent function and make

predictions at new points. This inference problem is more complex than GP regression

because the sigmoid likelihood breaks the conjugacy that made GP regression analytically

tractable.

Our goal is to compute the predictive distribution for a new test point x∗:

p(t∗ = 1|x∗,X, t) (14.131)

This represents the probability that x∗ belongs to class 1, given our training data {X, t}.
Unlike GP regression where we could write down this distribution directly, GPC requires us

to carefully handle the latent variables and nonlinear transformations.
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The Challenge of Non-Conjugate Likelihoods To understand why GP classification

is more complex than regression, let us trace through the inference process. The complete

flow involves several steps that must be handled carefully:

1. Training data: We observe inputs X and discrete class labels t ∈ {0, 1}N

2. Latent function inference: We use this data to infer the distribution of logit values

a at training points

3. GP prediction: The trained GP predicts the logit value a∗ at test point x∗

4. Classification: We convert the predicted logit to a class probability using the sigmoid

function

The problem lies in step 2. In GP regression, we directly observed noisy function

values, so we could apply standard Gaussian conditioning. In GP classification, we observe

discrete labels that are connected to the latent function through the nonlinear sigmoid trans-

formation. This creates a non-Gaussian posterior over the latent function values that cannot

be computed analytically.

To formalize this challenge, let us apply the sum and product rules of probability to

derive our predictive distribution. Since we do not observe the logit values directly, we must

marginalize over all possible values of a∗:

p(t∗ = 1|x∗,X, t) =

∫
p(t∗ = 1|a∗)p(a∗|x∗,X, t)da∗ (14.132)

The first term is straightforward: p(t∗ = 1|a∗) = σ(a∗). The challenge is computing

the second term, p(a∗|x∗,X, t), which requires us to infer the latent function distribution

from discrete observations.

Using the sum rule again:

p(a∗|x∗,X, t) =

∫
p(a∗|a,x∗,X)p(a|X, t)da (14.133)

The first term inside this integral is the standard GP prediction we know how to

handle:

p(a∗|a,x∗,X) = N (a∗|µa∗|a, σ
2
a∗|a) (14.134)
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where the mean and variance follow our familiar GP prediction formulas.

The problematic term is p(a|X, t)—the posterior distribution of latent function values

given the observed class labels. Using Bayes’ rule:

p(a|X, t) = p(t|a)p(a|X)

p(t|X)
(14.135)

The prior p(a|X) = N (0,K) is Gaussian, but the likelihood p(t|a) =∏N
i=1 σ(ai)

ti(1−
σ(ai))

1−ti involves products of sigmoid functions. When we multiply a Gaussian prior by this

non-Gaussian likelihood, the result is no longer Gaussian, preventing analytical computation.

The Laplace Approximation Solution To make progress, we need approximation tech-

niques that can handle the non-Gaussian posterior. The Laplace approximation, which we

introduced in Chapter 9 for Bayesian logistic regression, provides exactly the tool we need.

The key idea is to approximate the complex posterior with a Gaussian distribution centered

at the posterior mode.

Recall from Chapter 9 that the Laplace approximation works by finding the maximum

a posteriori (MAP) estimate of the parameters and then approximating the posterior with

a Gaussian based on the local curvature at that point. For GP classification, we apply this

same principle to approximate p(a|X, t).

The Laplace approximation proceeds in three steps:

1. Find the mode aMAP of the posterior distribution

2. Compute the Hessian matrix of the negative log posterior at this mode

3. Construct a Gaussian approximation using the mode and Hessian

To find the mode, we maximize the log posterior:

log p(a|X, t) ∝
N∑

i=1

[ti log σ(ai) + (1− ti) log(1− σ(ai))]−
1

2
aTK−1a (14.136)

To find the maximum, we compute the gradient and set it to zero. For the likelihood
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term, the partial derivative with respect to each ai is:

∂

∂ai
[ti log σ(ai) + (1− ti) log(1− σ(ai))] = ti

σ′(ai)

σ(ai)
+ (1− ti)

−σ′(ai)

1− σ(ai)
(14.137)

Using the fact that σ′(ai) = σ(ai)(1− σ(ai)), this simplifies to:

= ti
σ(ai)(1− σ(ai))

σ(ai)
− (1− ti)

σ(ai)(1− σ(ai))
1− σ(ai)

(14.138)

= ti(1− σ(ai))− (1− ti)σ(ai) (14.139)

= ti − tiσ(ai)− σ(ai) + tiσ(ai) (14.140)

= ti − σ(ai) (14.141)

Setting the full gradient to zero:

∇a log p(a|X, t) = t− σ(a)−K−1a = 0 (14.142)

where σ(a) = [σ(a1), σ(a2), . . . , σ(aN)]
T .

This equation has no closed-form solution due to the nonlinearity of the sigmoid

function, so we solve it iteratively using gradient-based optimization:

a(j+1) = a(j) + η
(
t− σ(a(j))−K−1a(j)

)
(14.143)

Fortunately, we can prove that this optimization problem is globally concave. The

log-likelihood term is concave because the log of the sigmoid function is concave, and the

term −1
2
aTK−1a is also concave since K is positive definite. The sum of concave functions

is concave, guaranteeing convergence to a unique global maximum.

The Hessian matrix captures the local curvature of the log posterior. For the diagonal

elements:

∂2

∂a2i

N∑

i=1

[ti log σ(ai) + (1− ti) log(1− σ(ai))] =
∂

∂ai
(ti − σ(ai)) (14.144)

= −σ′(ai) (14.145)

= −σ(ai)(1− σ(ai)) (14.146)
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For the off-diagonal elements, since each term in the sum depends only on a single ai,

the mixed partial derivatives are zero. The Hessian of the negative log posterior is therefore:

H = −∇a∇T
a log p(a|X, t)|a=aMAP

= W +K−1 (14.147)

where W = diag(σ(a1)(1− σ(a1)), . . . , σ(aN)(1− σ(aN))) contains the second derivatives of

the negative log-likelihood.

The Laplace approximation then gives us:

p(a|X, t) ≈ N (a|aMAP,H
−1) (14.148)

Deriving the Predictive Distribution With a Gaussian approximation for p(a|X, t),
we can now tackle the predictive distribution. We need to compute:

p(a∗|x∗,X, t) =

∫
p(a∗|x∗,X, a)p(a|X, t)da (14.149)

Substituting our approximations:

p(a∗|x∗,X, t) ≈
∫
N (a∗|kT

∗K
−1a, k∗∗ − kT

∗K
−1k∗)N (a|aMAP,H

−1)da (14.150)

This integral has the form of a convolution of two Gaussians, which results in another

Gaussian:

p(a∗|x∗,X, t) ≈ N (a∗|µ∗, σ
2
∗) (14.151)

µ∗ = kT
∗K

−1aMAP (14.152)

σ2
∗ = k∗∗ − kT

∗K
−1k∗ + kT

∗K
−1H−1K−1k∗ (14.153)

These expressions can be simplified using the iterative solution for aMAP and matrix

identities, yielding:

µ∗ = kT
∗ (t− σ(aMAP)) (14.154)

σ2
∗ = k∗∗ − kT

∗ (W
−1 +K)−1k∗ (14.155)
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Converting to Class Probabilities We now have the distribution of the logit value a∗,

but we need the class probability. We must compute:

p(t∗ = 1|x∗,X, t) =

∫
σ(a∗)p(a∗|x∗,X, t)da∗ (14.156)

This integral does not have a closed-form solution because the sigmoid function does

not conjugate with the Gaussian density. However, we can use the probit approximation

that we introduced in Chapter 9. Recall that the logistic sigmoid function can be closely

approximated by the probit function Φ(λa), where Φ is the standard normal CDF and

λ =
√
π/8.

Using this approximation and the properties of Gaussian integrals, we get:

p(t∗ = 1|x∗,X, t) ≈ σ

(
µ∗√

1 + πσ2
∗/8

)
(14.157)

This completes our derivation of GP classification predictions. Through the Laplace

approximation and probit approximation—both techniques we developed in Chapter 9—we

have transformed the intractable exact inference into a practical computational procedure

that maintains the probabilistic rigor of the Gaussian process framework.

Interpreting the Predictions The factor 1/
√
1 + πσ2

∗/8 acts as an uncertainty moder-

ation term—the same mechanism we encountered in Bayesian logistic regression in Chapter

9. When σ2
∗ is large (high uncertainty in the latent function), this factor shrinks µ∗ toward

zero, pushing the prediction toward σ(0) = 0.5 (maximum uncertainty).

When the test point is near many training points with consistent labels, σ2
∗ is small,

the moderation factor approaches 1, and the prediction is approximately σ(µ∗). When the

test point is far from training data or near decision boundaries, σ2
∗ is large, the moderation

factor shrinks the effective logit value, and the probability moves toward 0.5.

This automatic uncertainty moderation is a key advantage of the full Bayesian treat-

ment—GP classification naturally becomes more uncertain where it should be, unlike simpler

methods that might make overconfident predictions everywhere.

The mean prediction µ∗ = kT
∗ (t − σ(aMAP)) represents a weighted combination of

residuals at training points. When a training point’s true label differs significantly from
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the model’s MAP prediction, it contributes more strongly to predictions at new points. The

weights depend on kernel similarities but also account for correlations among training points.

The uncertainty estimate σ2
∗ = k∗∗−kT

∗ (W
−1+K)−1k∗ has a structure similar to GP

regression, but the matrix W captures how sensitive each observation is to changes in the

latent function. Points near decision boundaries provide the most information about where

boundaries lie, having the greatest influence on reducing uncertainty.

14.13 Extending to Multiclass Classification

So far, we have focused on binary classification problems, but many astronomical

applications require classifying objects into multiple categories—stellar spectral types, galaxy

morphologies, or variable star classifications. The natural question is: can we extend our

Gaussian Process Classification framework beyond the binary case?

The challenge goes beyond simply handling more categories. Naive approaches like

one-vs-rest can lead to inconsistent decision boundaries and conflicting predictions where

different binary classifiers disagree. For astronomical applications requiring principled un-

certainty quantification, we need a coherent framework that ensures probabilities sum to one

and decision boundaries are consistent across all classes.

The most principled extension uses the multinomial probit model, which modelsK−1
latent functions for a K-class problem (with one function fixed to zero for identifiability).

Each function represents the score for class c relative to the reference class:

fc(x) ∼ GP(0, kc(x,x′)) (14.158)

We can use the same kernel for all classes or allow different kernels to capture class-

specific characteristics. Class assignment follows the simple rule:

y = argmax
c
fc(x) (14.159)

This creates consistent decision boundaries by design—the boundary between any

two classes i and j is defined by the locus of points where fi(x) = fj(x), ensuring the input

space is partitioned without gaps or overlaps.

The inference becomes substantially more complex than the binary case. With K− 1
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functions and N training points, we have (K−1)×N latent variables to infer simultaneously.

The likelihood function for a training point (x, y = c) is:

p(y = c|f(x)) = p(fc(x) > fj(x) for all j ̸= c) (14.160)

This probability involves integrating over a truncated multivariate Gaussian distribu-

tion, which lacks a convenient closed form like the sigmoid function in binary classification.

Unlike the binary case where we could use the probit approximation for closed-form solutions,

the multiclass setting requires numerical approximation techniques.

The Laplace approximation extends to this setting by finding the mode of the pos-

terior over all (K − 1) × N latent variables and approximating with a Gaussian. However,

the optimization problem is much higher-dimensional, and the Hessian matrix grows as

O((K − 1)2N2). Even after obtaining the Gaussian approximation, computing predictive

probabilities requires additional approximations for the multinomial integrals. For large-

scale problems with many classes, the computational burden often becomes prohibitive, with

memory requirements scaling as O((K − 1)2N2) and computational complexity increasing

correspondingly.

Nevertheless, for moderate-scale astronomical problems where uncertainty quantifica-

tion is essential, multiclass GP classification provides a principled framework that properly

handles relationships between categories while maintaining the rigorous probabilistic founda-

tion we developed for the binary case. The ability to express appropriate uncertainty about

class membership—particularly for objects falling between well-defined categories—often

justifies the additional computational complexity in scientific applications where misclassifi-

cation has significant consequences.

14.14 Summary

Throughout this chapter, we have explored Gaussian Processes from multiple per-

spectives, building a comprehensive framework that extends our statistical toolkit to handle

complex, nonlinear modeling problems. Our journey began with a fundamental limitation:

while linear regression provides analytical solutions and rigorous uncertainty quantification,

it requires explicit feature engineering that becomes intractable for complex astronomical

phenomena. Gaussian Processes offer a solution to this dilemma by replacing explicit fea-

tures with similarity measures encoded through kernel functions.
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We developed two complementary views of Gaussian processes. The kernel trick per-

spective showed how to reformulate Bayesian linear regression entirely in terms of similarity

measures, eliminating the need for explicit feature design while maintaining computational

tractability. This view revealed that GPs are not fundamentally different from the lin-

ear models we studied earlier—they are a natural extension where we substitute kernel

evaluations for explicit feature mappings. The function-space view provided a more direct

probabilistic interpretation, treating GPs as distributions over functions and using familiar

Gaussian conditioning to make predictions.

These perspectives unite in a powerful mathematical framework. Through either

derivation path, we arrive at the same predictive equations that provide both point esti-

mates and rigorous uncertainty quantification. The key insight is that we can work with

potentially infinite-dimensional feature spaces through finite-dimensional kernel matrices,

making flexible modeling computationally feasible.

The practical implementation of Gaussian processes requires careful attention to com-

putational efficiency. The Cholesky decomposition emerged as a crucial technique for han-

dling the matrix operations that dominate GP computations, reducing both computational

cost and numerical instability. Hyperparameter optimization through the marginal likelihood

provides a principled approach to model selection that automatically balances complexity

against data fit, embodying Occam’s razor without requiring explicit regularization.

For astronomical applications, Gaussian processes offer several key advantages. They

adapt their complexity automatically to the data structure, becoming more flexible where

observations are dense while maintaining appropriate uncertainty where data is sparse. This

automatic complexity adaptation eliminates much of the manual tuning required by other

approaches. Most importantly, GPs provide principled uncertainty quantification that distin-

guishes between measurement noise and model uncertainty—essential for scientific inference

where understanding confidence levels is as important as making predictions.

Our extension to classification demonstrated how the same principles apply beyond

regression problems. Through the Laplace approximation and probit function techniques

from Chapter 9, we showed how to handle the nonlinear relationship between continuous

latent functions and discrete class labels. The resulting framework maintains the flexibility

of nonlinear decision boundaries while providing principled uncertainty estimates that help

identify ambiguous cases requiring further investigation.

However, we cannot ignore the computational limitations of Gaussian processes. The
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O(N3) scaling with dataset size restricts direct application to moderate-sized problems,

typically those with fewer than several thousand observations. While approximation methods

can mitigate this limitation, the computational challenge remains a primary constraint on

GP applicability to large-scale astronomical surveys.

Looking forward, this limitation points toward alternative approaches for flexible

nonlinear modeling. Chapter 15 will explore neural networks as a different strategy that

sacrifices some of the mathematical rigor and automatic uncertainty quantification of GPs

in exchange for substantially better computational scalability. Neural networks can handle

datasets far beyond the reach of standard GP methods and have revolutionized many areas

of machine learning through their ability to learn complex patterns from massive datasets.

The relationship between GPs and neural networks should not be viewed as replace-

ment but rather as complementary strengths. Neural networks excel at discovering complex

patterns in large datasets and can scale to problems involving millions of observations. How-

ever, they often lack the rigorous uncertainty quantification that makes GPs valuable for

scientific applications.

For astronomical applications, both approaches have specific niches. Gaussian pro-

cesses remain ideal for problems requiring rigorous uncertainty quantification and principled

treatment of sparse or irregular data. Examples include modeling stellar variability from

ground-based photometry, characterizing exoplanet transit signals, or analyzing spectro-

scopic time series where understanding uncertainties is crucial for physical interpretation.

Neural networks excel when working with large, regularly sampled datasets where

computational efficiency is paramount and when the complexity of underlying patterns ex-

ceeds what can be captured by kernel methods. They are particularly powerful for image

analysis, large-scale classification problems, and situations where the goal is prediction ac-

curacy rather than physical understanding.

Understanding both approaches—and their connections—provides a complete toolkit

for tackling the diverse challenges of astronomical data analysis. As surveys become larger

and more complex, the ability to choose the right tool for each problem becomes increas-

ingly important. Gaussian processes represent the pinnacle of classical statistical learning

methods, combining mathematical rigor with modeling flexibility. While their computational

limitations prevent universal application, they remain invaluable for problems where their

strengths align with scientific requirements.
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Further Readings: The development of Gaussian Process theory builds upon centuries

of advances in stochastic processes and functional analysis, with mathematical foundations

provided by Aronszajn [1950] on reproducing kernel Hilbert spaces and connections to spatial

statistics through Matheron [1963] and Cressie [1993]. For readers interested in the statis-

tical framework, O’Hagan [1978] provides the Bayesian treatment of curve fitting with GP

priors, while Wahba [1990] demonstrates deep connections between splines, smoothing, and

Gaussian processes, with theoretical foundations in Kimeldorf and Wahba [1970]. The defini-

tive modern treatment is Rasmussen and Williams [2006], which unifies decades of theory

with practical algorithms. Connections between Gaussian processes and neural networks are

explored in Neal [1996], revealing GPs as infinite-width limits of neural architectures. For

computational efficiency, sparse approximations are developed in Csato and Opper [2002],

Quiñonero-Candela and Rasmussen [2005], and Snelson and Ghahramani [2005], with the

principled variational framework of Titsias [2009] providing automatic inducing point selec-

tion. Classification extensions through approximate inference are treated in Williams and

Barber [1998] using Laplace approximation and Minka [2001] for expectation propagation,

with comprehensive comparisons in Kuss and Rasmussen [2005]. Readers interested in hyper-

parameter learning should consult MacKay [1992] on the evidence framework, while Kennedy

and O’Hagan [2001] demonstrates GP applications to computer model emulation. For rig-

orous mathematical treatment of interpolation theory, Stein [1999] provides comprehensive

coverage of the Matérn class and theoretical properties.
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Chapter 15

Neural Networks

Throughout this course, we have built a comprehensive foundation of statistical tech-

niques, progressing from simple linear models through increasingly sophisticated methods.

We began with linear regression and classification, advanced through Bayesian inference and

sampling methods, explored Principal Component Analysis and clustering for unsupervised

learning, and in the previous chapter examined Gaussian Processes as a powerful nonpara-

metric approach. Neural networks represent the final step in this progression—a shift to the

most flexible modeling approach we will cover.

The comparison between Gaussian Processes from Chapter 14 and neural networks

reveals complementary strengths and limitations. While GPs provide a mathematically

rigorous framework with principled uncertainty quantification and exact Bayesian inference,

they face scalability limitations that become prohibitive for large datasets. Neural networks

offer greater scalability and flexibility, capable of handling massive datasets and learning

complex representations, but often with less formal uncertainty guarantees than Bayesian

methods.

Neural networks are not new—the concept was proposed decades earlier before their

recent prominence. The perceptron dates to 1958, and multilayer networks were studied

in the 1980s. However, theoretical reasons initially suggested they would not work well,

and computational limitations hindered their practical application. Their empirical success

since around 2012-2013 has revolutionized machine learning, leading to breakthroughs across

numerous domains despite incomplete theoretical understanding.

We have purposefully limited our coverage of neural networks in this “classical-centric”

567
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textbook for two primary reasons. First, astronomical data typically exhibits lower com-

plexity than real-life data. As we discussed since the beginning of the course, astronomical

phenomena, while fascinating, are usually governed by a few key physical principles, in some

cases dominated by gravity itself (for example, large-scale cosmic structures). This means

that in many cases, we can achieve excellent results with simpler techniques, focusing on

statistical rigor. Second, science requires uncertainty quantification. While progress has

been made in neural networks in this regard, a full Bayesian approach—at least at the time

of writing—is still not as well established as with classical techniques.

For astronomy, neural networks provide particular value in modeling complex, non-

linear systems where simpler techniques prove insufficient. Many astronomical phenomena

exhibit intricate nonlinear relationships—stellar spectra depend nonlinearly on temperature,

pressure, and chemical composition; galaxy morphologies form complex manifolds in im-

age space; gravitational dynamics create non-Gaussian structure in the cosmic web. When

the linear assumptions of earlier methods break down and the kernel choices for Gaussian

Processes become unclear, neural networks offer a path forward.

The key innovation of neural networks lies in their feature learning approach: they

discover useful representations directly from data without explicit human design. Instead

of requiring astronomers to engineer features manually (as in linear models) or specify ker-

nel functions (as in Gaussian Processes), neural networks automatically learn appropriate

transformations through composition of simple nonlinear functions. This capability proves

particularly valuable for tasks like galaxy classification or transient detection, where neural

networks often discover patterns that human experts might overlook.

While neural networks and deep learning are vast topics deserving of their own dedi-

cated textbook, it’s important to provide a foundational understanding even in this classical-

focused course. Our approach will be to introduce the essential concepts while drawing con-

nections to the statistical methods we’ve already covered. We’ll keep our discussion focused

and practical, covering what you need to know to begin working with neural networks in

astronomical applications.

What we’ll cover represents just the basics of neural networks rather than the full

complexity of modern deep learning. This aligns with our course’s philosophy of starting

with simpler, statistically rigorous methods before moving to more complex approaches.

Given the powerful statistical tools we’ve already explored, neural networks should often be

considered only when simpler methods prove insufficient for particularly complex problems.
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Despite their reputation as mysterious “black boxes,” neural networks build directly

on the statistical principles we’ve established throughout this course. Their loss functions

extend the maximum likelihood principles from our early chapters on regression and clas-

sification. Their optimization relies on the gradient-based methods we studied extensively

in logistic regression, using the same stochastic gradient descent with enhanced algorithms

like Adam. Even their regularization techniques parallel concepts from Bayesian inference—

weight decay corresponds exactly to placing Gaussian priors on parameters, connecting to

our discussions of ridge regression and Bayesian linear models.

This continuity reveals that neural networks represent natural extensions of familiar

statistical methods rather than entirely foreign constructs. The trade-off between Gaussian

Processes and neural networks mirrors broader themes in statistical learning: mathematical

rigor versus computational flexibility, exact inference versus scalable approximation, inter-

pretable models versus powerful black boxes.

This chapter progresses from basic neural network concepts through specialized archi-

tectures and advanced applications. We begin with feedforward networks and backpropaga-

tion, explore different architectures and their inductive biases, examine Bayesian approaches

to neural networks, and conclude with modern applications including autoencoders, density

estimation, and simulation-based inference. Throughout, we emphasize connections to the

statistical framework developed in earlier chapters, showing how neural networks extend

rather than replace the methods we’ve studied.

15.1 From Linear Regression to Neural Networks

Throughout this course, we have extensively studied linear models in which the output

y depends linearly on some transformation of the input features. For regression tasks, this

relationship takes the form y = wTϕ(x), while for classification, we employ y = σ(wTϕ(x)),

where σ represents the logistic function.

The primary advantage of linear models lies in their mathematical tractability. For

linear regression, we derived closed-form analytic solutions for maximum likelihood esti-

mation, regularized optimization, posterior distributions, and predictive distributions. The

optimization landscape is convex, guaranteeing a unique global optimum.

It is important to note that linear models are not limited to strictly linear relationships

between input variables and outputs. Through appropriate feature transformations ϕ(x), we
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can capture various nonlinear patterns. For example, we might transform a single input x

into polynomial features [x, x2, x3], or create interaction terms like x1x2 between inputs. The

model remains “linear” because the output y can always be expressed as a linear combination

of parameters w:

y =
∑

i

wiϕi(x) (15.1)

where each ϕi(x) can be any nonlinear function of the inputs. The linearity refers to how the

parameters wi combine with the features - they only appear as multiplicative coefficients,

never inside nonlinear functions like sin(wi) or e
wi . This linear parameter structure ensures

the optimization problem remains convex, even when the relationship between inputs x and

outputs y is highly nonlinear.

However, these methods share a limitation: they depend critically on our ability to

define appropriate feature transformations ϕ(x). For complex problems, especially those

involving high-dimensional data with nonlinear relationships, manually designing suitable

transformations becomes challenging. In essence, we must somehow divine the right nonlin-

ear features before applying our linear model—a task requiring substantial domain expertise

and often involving considerable trial and error.

Gaussian Processes, as we discussed in the previous chapter, offered one solution to

this challenge by replacing explicit feature engineering with kernel functions. The kernel

function implicitly defines features through the similarity measure it computes between data

points. This allows GPs to capture complex nonlinear relationships without explicitly con-

structing features. However, as we discussed earlier, GPs face scalability limitations with

large datasets.

Neural Networks as Learned Feature Transformations Neural networks take a dif-

ferent approach. Instead of using kernels or manually engineered features, they learn the

appropriate feature transformations directly from the data through a composition of simple

nonlinear functions. This direct learning approach has proven effective, though interestingly,

neural networks maintain a deep theoretical connection to Gaussian Processes. Under cer-

tain conditions, infinitely wide neural networks converge to Gaussian Processes with specific

kernels determined by the network architecture—a relationship formalized in Neural Tangent

Kernel theory.

Before we investigate how neural networks achieve this feat, let’s first understand why

simply composing multiple linear functions isn’t sufficient. Consider two successive linear
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Figure 15.1: Visualization of how neural networks approximate complex functions through
composition of simple nonlinear transformations. The figure demonstrates a neural network
approximating a target function (red solid line) composed of multiple sine waves of different
frequencies. The network output (blue dashed line) closely matches the target pattern by
combining multiple sigmoid neurons (light blue lines). Each individual neuron has a simple
sigmoidal shape defined by a weight w and bias b as σ(wx+ b), but when linearly combined
with learned coefficients, they form a powerful approximator capable of representing com-
plex nonlinear relationships. This illustrates the principle behind neural networks: while
individual neurons perform only simple nonlinear transformations, their composition creates
models with extraordinary flexibility. Unlike polynomial regression which requires manual
feature engineering, or Gaussian Processes which use kernel functions, neural networks au-
tomatically learn the appropriate feature transformations directly from data through the
weights and biases of each neuron.

transformations, where w represents weights and b represents bias terms:

y(1) =
∑

i

w
(1)
i xi + b(1) (15.2)

y(2) =
∑

j

w
(2)
j y

(1)
j + b(2) (15.3)
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Substituting the first equation into the second:

y(2) =
∑

j

w
(2)
j (
∑

i

w
(1)
i xi + b(1)) + b(2) =

∑

i

(
∑

j

w
(2)
j w

(1)
i )xi + (

∑

j

w
(2)
j b(1) + b(2)) (15.4)

This is simply another linear transformation with new weights wi =
∑

j w
(2)
j w

(1)
i and bias

b =
∑

j w
(2)
j b(1) + b(2). No matter how many linear transformations we stack, the result

remains a linear combination of the form y =
∑

iwixi + b.

The key insight behind neural networks is that we need to introduce nonlinearity

between linear transformations. By “sandwiching” nonlinear activation functions between

linear layers, we create models that can capture complex, nonlinear relationships. This simple

idea—alternating linear transformations with nonlinear activations—forms the core of neural

networks and enables them to approximate complex functions when properly structured.

The Artificial Neuron The basic computational unit of a neural network is the artificial

neuron, inspired loosely by biological neurons. In its elementary form, a single neuron applies

a linear transformation followed by a nonlinear “activation function” to its inputs. For a

neuron receiving inputs x = [x1, x2, . . . , xD]
T , the output is calculated as:

y(x,w) = f

(
D∑

j=1

wjxj + b

)
= f(wTx+ b) (15.5)

Here, w is a vector of weights, b is a bias term, and f is the activation function.

The earliest form of artificial neuron, the perceptron, was proposed by Frank Rosen-

blatt in 1958. The perceptron used a step function as its activation:

f(z) =




1 if z ≥ 0

0 if z < 0
(15.6)

This binary activation was directly inspired by the all-or-nothing firing behavior of biological

neurons and aligned with the binary computing paradigms of that era. With this activation

function, a single perceptron could classify linearly separable patterns by dividing the input

space with a hyperplane.

The initial excitement around perceptrons was tempered by Marvin Minsky and Sey-

mour Papert’s 1969 book “Perceptrons,” which demonstrated limitations of single-layer

perceptrons—notably their inability to learn the XOR function or any other non-linearly
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separable pattern. This critique, combined with the limited computing resources of the

time, led to a decline in neural network research, often called the “AI winter.”

Interest in neural networks resurged in the 1980s with the development of back-

propagation, an efficient algorithm for training multi-layer networks. While we’ll explore

backpropagation in detail later in this chapter, its key innovation was enabling the training

of networks with multiple layers, overcoming the limitations of single-layer perceptrons.

These networks replaced the discontinuous step function with continuous, differen-

tiable activation functions, most commonly the sigmoid function:

f(z) =
1

1 + e−z
(15.7)

This change was necessary because gradient-based optimization methods require differen-

tiable functions. The sigmoid function connects directly to logistic regression, effectively

transforming each neuron into a logistic regression model whose inputs are transformations

of the original features. The prevalence of the sigmoid function stems from neural networks’

historical roots in classification tasks, following Rosenblatt’s original perceptron. While

modern neural networks have expanded beyond binary classification to tackle regression,

generation, and many other problems, this early focus on classification problems influenced

the initial choice of activation functions.

To understand what a single neuron can accomplish, consider astronomical spec-

troscopy. A single spectrum might contain thousands of wavelength measurements spanning

from ultraviolet to infrared. A single neuron could learn to identify specific spectral fea-

tures like the Balmer series in stellar spectra (Hα at 6563Å, Hβ at 4861Å, etc.), molecular

absorption bands in cool stars, or the complex patterns of emission lines in active galactic

nuclei. The neuron could also learn to recognize patterns across multiple wavelength regions

simultaneously—such as the correlation between the 4000Å break and other metal absorption

features that indicate a galaxy’s age and metallicity. This ability to process high-dimensional

spectral data makes even a single neuron a useful computational unit, capable of extract-

ing astrophysical features that would be difficult to identify with simpler low-dimensional

analyses.

Multi-Layer Composition Building on this foundation, the power of neural networks

emerges through composition—combining multiple neurons in parallel and across multiple

layers. This architecture allows the network to learn increasingly complex representations of
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Figure 15.2: Evolution of activation functions in neural networks, highlighting the progres-
sion from early discrete models to modern differentiable alternatives. The Step function
(red) was used in the original Perceptron (1958), creating a binary output that enabled ba-
sic linear classification but prevented gradient-based learning. The Sigmoid function (blue)
and Tanh function (green), introduced in the 1980s, enabled backpropagation through their
smooth, differentiable nature, though they suffered from vanishing gradient problems in deep
networks. ReLU (purple), which became dominant in the 2010s, addressed this issue through
its simple piecewise linear form that prevents saturation for positive inputs while providing
true sparsity for negative inputs. GELU (orange), introduced in 2016, has become popular
in modern transformer architectures, combining the benefits of ReLU with smooth transi-
tions. This evolution reflects the requirement that introduced nonlinearity between linear
transformations, which is essential for enabling neural networks to approximate complex
functions through composition of simple operations. Each activation function represents a
different trade-off between mathematical properties (differentiability, saturation, sparsity),
with modern functions optimized for gradient-based learning in deep architectures.

the input data. For a single hidden layer network with M neurons in the hidden layer and

a single output, the function becomes:

y(x,W(1),W(2)) = f (2)

(
M∑

j=1

w
(2)
j f (1)

(
D∑

i=1

w
(1)
ji xi + b

(1)
j

)
+ b(2)

)
(15.8)
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Here, W(1) represents the weight matrix for the first layer (with elements w
(1)
ji ), W

(2) contains

the weights for the output layer, and b
(1)
j and b(2) are the respective bias terms.

x1

x2

x3

x4

Input
Layer

Hidden
Layer 1

Hidden
Layer 2

y1

y2

y3

Output
Layer

h = f (wT x + b)

Forward Pass: Compute outputs layer by layer

Feedforward Neural Network Architecture

Figure 15.3: Architecture of a fully connected feedforward neural network, also known as a
Multi-Layer Perceptron (MLP), with input, hidden, and output layers. Each circle represents
a neuron, with connections showing the information flow from inputs (xi) to outputs (yj).
Every neuron in one layer connects to every neuron in the subsequent layer, creating the
“fully connected” structure. The magnified view shows the mathematical operation inside
each neuron: a weighted sum of all inputs from the previous layer (wTx+b), passed through
a nonlinear activation function f . During the forward pass, information propagates from left
to right as each layer transforms the outputs from the previous layer. This composition of
simple transformations enables the network to learn complex representations—early layers
detect basic features while deeper layers combine these features into higher-level abstractions.
The key insight of neural networks lies in this hierarchical composition: by stacking multiple
nonlinear transformations, the network can approximate virtually any continuous function
to arbitrary precision, as guaranteed by the Universal Approximation Theorem.

We can extend this to networks with multiple outputs and additional hidden layers

by further composition. A deep neural network with L layers can be expressed recursively

as:

h(l) = f (l)(W(l)h(l−1) + b(l)) (15.9)

where h(0) = x is the input, h(L) is the output, and h(l) represents the activations of the l-th
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hidden layer.

This architecture is commonly known as a feedforward neural network, because in-

formation flows in one direction from inputs to outputs. These networks are also frequently

called Multi-Layer Perceptrons (MLPs), though this is technically a misnomer since they use

differentiable activation functions rather than the step function of the original perceptron.

The term persists because these networks extend the perceptron concept to multiple layers.

The underlying principle is straightforward: by iteratively applying simple nonlinear

transformations, we can approximate complex functions. To understand why this works,

consider how each layer transforms the input space. The first layer creates a set of basic

nonlinear transformations—essentially carving the input space into regions defined by each

neuron’s activation boundary. The second layer then combines these regions in new ways,

creating more complex patterns. With each additional layer, the network can create increas-

ingly intricate combinations of these patterns, much like how complex shapes can be built

by combining simple geometric forms.

15.2 Theoretical Foundations of Neural Networks

Now that we understand how neural networks are constructed through layers of neu-

rons and nonlinear activations, we can explore a mathematical result about their capabili-

ties. While we’ve seen how these networks can create increasingly complex patterns through

layer-wise transformations, you might wonder: just how powerful are they? The answer is

quite remarkable and helps explain why neural networks have proven so useful across diverse

scientific applications despite their relatively simple building blocks.

The key theoretical result is the Universal Approximation Theorem, which establishes

that even a two-layer network with a single hidden layer can, in principle, approximate any

continuous function to arbitrary accuracy, given enough hidden units. This property is

known as the Universal Approximation Property. While the formal proof involves advanced

mathematical concepts beyond the scope of this course, we can understand its significance

by drawing parallels to familiar mathematical ideas.

To understand this theorem intuitively, consider how neural networks transform data.

Each neuron creates nonlinear boundaries in the input space through its activation function.

When we add more neurons, each with its own activation function and different weights and

biases, we’re adding more building blocks to our approximation. Each neuron contributes its
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own “bump” or “edge” to the function space, and by carefully combining these basic shapes—

like assembling a complex structure from simple geometric forms—we can construct virtually

any continuous function to arbitrary precision.

Those familiar with real analysis might recognize similarities to the Stone-Weierstrass

theorem, which shows that any continuous function on a closed interval can be uniformly

approximated by polynomials. In physics, we see a similar principle with Fourier series,

which allow us to represent any periodic function as a sum of sines and cosines. The universal

approximation property of neural networks extends these ideas to a different class of basis

functions—the outputs of individual neurons—to build complex approximations.

This property has profound implications for scientific applications. In principle, a

neural network could approximate any continuous function in nature—from the gravitational

interactions of celestial bodies to the spectral features of distant stars, or even something

as complex as human consciousness (assuming, of course, that such phenomena can be

represented as continuous functions).

Practical Limitations of the Universal Approximation Theorem While the univer-

sal approximation theorem establishes the theoretical power of neural networks, it comes with

important practical limitations. The theorem guarantees that a solution exists but provides

no guidance on how to find it efficiently. The appropriate weights are hidden somewhere in a

vast, high-dimensional space, making the search for optimal parameters a challenge. More-

over, the theorem only proves the existence of a sufficiently large network without specifying

the minimum size needed for any particular problem.

This gap between theoretical capability and practical implementation helps explain

the historical skepticism toward neural networks. For decades after their initial proposal, re-

searchers harbored two main concerns. First, the computational demands seemed prohibitive—

training even modest networks required computing resources that wouldn’t become widely

available for many years. Second, the networks’ vast number of parameters appeared to invite

overfitting, similar to fitting high-degree polynomials to limited data. According to statisti-

cal learning theory, models with more parameters than training examples should generalize

poorly to new data. Yet intriguingly, neural networks often defied this expectation.

At first glance, neural networks seemed reminiscent of epicycles in astronomy—adding

complexity without necessarily improving understanding. Just as epicycles were used to

patch the geocentric model of the solar system rather than adopting the simpler heliocentric
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view, neural networks appeared to be adding layers of parameters rather than developing

better theories. The lack of interpretability further reinforced this perception—unlike lin-

ear models where coefficients have clear meanings, neural network parameters often resist

straightforward interpretation.

What changed this perspective was the persistence of neural network research coupled

with remarkable empirical success across diverse domains, computational advances (particu-

larly GPUs originally designed for video games), and the availability of larger datasets. These

successes came as a genuine surprise to many machine learning practitioners who were still

pursuing more statistically grounded kernel-based techniques like Gaussian Processes.

Modern Theoretical Understanding Despite their empirical success, some criticisms

of neural networks persist, particularly in fields like astronomy. While some criticisms are

justified, many are not. A legitimate limitation of neural networks, as we’ll see, concerns

Bayesian treatment. Although we know how to optimize neural networks (analogous to

finding the MLE solution in linear regression), implementing fully Bayesian neural networks

remains challenging. This limitation is important for scientific applications where uncertainty

quantification is crucial.

However, many common criticisms of neural networks are less well-founded. For

instance, they’re often dismissed as “black boxes,” yet it’s important to note that feature

engineering in linear regression is often equally non-physical and based on trial and error.

Similarly, kernel-based methods can be just as opaque in practice.

It’s also worth recognizing that the empirical success of neural networks has spawned

entirely new branches of mathematics aimed at understanding their structure and behavior.

This situation parallels how we developed steam engines before fully understanding the laws

of thermodynamics. And just as thermodynamic theory eventually allowed us to dramatically

improve engine efficiency, the emerging “Science of AI” is providing insights that enable more

effective neural network applications. While the details of this field are beyond the scope of

this introductory course, it’s important to recognize that many criticisms of neural networks

are being addressed through rigorous theoretical work.

The theoretical developments in understanding neural networks have spawned en-

tirely new branches of mathematics. For example, researchers have discovered phenomena

like double descent, which challenges our traditional understanding of model complexity and

performance, and the Neural Tangent Kernel, which establishes deep connections between
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Figure 15.4: Comparison between classical statistical learning theory and the modern dou-
ble descent phenomenon observed in neural networks. The top panel shows the traditional
U-shaped risk curve that has guided model selection for decades. In this classical view, as
model complexity increases, test error initially decreases (addressing underfitting), reaches
an optimal point, and then increases indefinitely as the model overfits. The bottom panel
illustrates the double descent phenomenon, where test error follows a more complex pattern:
it first decreases to a local minimum (similar to the classical curve), then increases as the
model approaches the interpolation threshold (where parameters equal training samples),
but—contrary to classical theory—begins decreasing again in the overparameterized regime,
eventually achieving lower error than the first minimum. This unexpected asymptotic im-
provement in highly overparameterized models helps explain why modern neural networks
with millions or billions of parameters can generalize well despite having far more parameters
than training examples. This phenomenon has challenged conventional statistical wisdom
and sparked new theoretical frameworks to understand the generalization capabilities of deep
learning models.
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neural networks and the kernel methods we studied with Gaussian Processes. We’ll explore

these theoretical insights in detail later in this chapter, as they provide important perspec-

tives on why neural networks work so well in practice despite seeming to violate classical

statistical wisdom.

In the remainder of this chapter, rather than getting into details of these theoretical

aspects, we’ll focus on the practical implementation of neural networks, as most practition-

ers do. We’ll explore training methods, particularly backpropagation, which makes efficient

optimization of these complex models possible. We’ll also examine applications in astron-

omy, connecting these advanced methods back to the statistical principles we’ve developed

throughout this course.

15.3 Training Neural Networks

Having explored the theoretical foundations of neural networks, let’s turn to the

practical question of how to train them. While neural networks may seem complex due to

their nested structure, we can train them using familiar gradient-based methods that we’ve

studied throughout this course. The key insight is that training neural networks represents

a natural extension of optimization principles we already understand.

An advantage of neural networks is their flexibility in handling inputs and outputs

of any dimension through matrix multiplication. Unlike simpler models that often require

fixed input and output dimensions, neural networks can be designed to map from RD to

RK for any dimensions D and K. This mapping is achieved through a series of matrix

multiplications and nonlinear transformations:

h = f(Wx+ b) (15.10)

where W ∈ RM×D is a weight matrix mapping from D input dimensions toM hidden dimen-

sions, b ∈ RM is a bias vector, and f is a nonlinear activation function applied element-wise.

The input layer accepts a vector x ∈ RD, and through appropriate choice of weight matrices

in subsequent layers, eventually produces an output vector in RK . The hidden layers can have

any number of neurons M , with each layer potentially having different dimensions, provid-

ing flexible transformations between input and output spaces. This dimensional flexibility

through matrix operations is particularly powerful for tasks like multi-class classification,

where we need C outputs (one per class) regardless of input dimension.
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Loss Functions from Maximum Likelihood Let’s begin with the question: what ex-

actly are we trying to optimize? Just as we’ve done throughout this course, we’ll follow

the principle of maximum likelihood estimation (MLE) - we want to find parameters that

maximize the probability of observing our data. The various loss functions we use for neural

networks emerge naturally from this statistical foundation, not as arbitrary choices.

For regression tasks with inputs xi ∈ RD and outputs yi ∈ R, if we assume ho-

moscedastic Gaussian noise (as we did with linear regression), maximizing the likelihood

leads directly to minimizing the mean squared error (MSE):

LMSE(w) =
1

N

N∑

i=1

(yi − fw(xi))
2 (15.11)

When we have heteroscedastic measurement uncertainties σi in our astronomical ob-

servations, incorporating these into our likelihood naturally gives us the weighted MSE:

Lweighted MSE(w) =
1

N

N∑

i=1

(yi − fw(xi))
2

σ2
i

(15.12)

This is exactly what we derived earlier in the course for linear regression under heteroscedas-

tic Gaussian noise.

The key difference from linear regression is not in the statistical principles, but in the

form of fw(xi). Instead of a simple linear function, it’s now our neural network’s output - a

flexible function composed of multiple transformations:

fw(x) = f (L)(W(L)f (L−1)(W(L−1)...(f (1)(W(1)x+ b(1))...) + b(L−1)) + b(L)) (15.13)

For binary classification, following the same likelihood principles we used in logistic

regression, we model the probability of class membership using the sigmoid function:

p(y = 1|x) = σ(fw(x)) =
1

1 + e−fw(x)
(15.14)

Maximizing the likelihood of our observed binary outcomes leads directly to minimizing the
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binary cross-entropy (BCE):

LBCE(w) = − 1

N

N∑

i=1

[yi log(σ(fw(xi))) + (1− yi) log(1− σ(fw(xi)))] (15.15)

For multi-class problems with C classes, the same maximum likelihood principle ap-

plies. We model class probabilities using the softmax function (a generalization of the sigmoid

to multiple classes), and maximizing the likelihood gives us the cross-entropy loss:

LCE(w) = − 1

N

N∑

i=1

C∑

c=1

yic log(pw(xi)c) (15.16)

where pw(xi)c is the predicted probability for class c:

pw(xi)c =
efw(xi)c

∑C
j=1 e

fw(xi)j
(15.17)

It is important to note that these loss functions aren’t arbitrary - they’re direct consequences

of applying maximum likelihood estimation to different types of data. Whether we’re using

linear regression, logistic regression, or neural networks, we’re following the same statistical

principle: finding parameters that make our observed data most probable under our model

assumptions.

Gradient Descent Optimization With the loss function defined, the central question

becomes: how do we find the weights w that minimize these potentially complex, non-convex

functions? The approach remains gradient descent, a method we’ve studied extensively in

this course. The basic update rule is unchanged:

w(t+1) = w(t) − η∇wL(w
(t)) (15.18)

where η is the learning rate and ∇wL(w
(t)) is the gradient of the loss function with respect

to all weights at iteration t.

For neural networks, calculating this gradient becomes more complex than for simpler

models. In logistic regression, we derived a compact expression for the gradient using the

chain rule. For a single example in binary classification, this was simply:

∇wL(w) = (σ(wTx)− y)x (15.19)
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For neural networks, while the same chain rule principle applies as in logistic regres-

sion, the gradient calculation becomes considerably more complex. We need to propagate

derivatives through multiple layers of nonlinear transformations, creating an intricate cas-

cade of derivatives flowing backward through the network. This challenge is solved by the

backpropagation algorithm, which we’ll examine in detail in the next section.

Before diving into backpropagation, however, let’s address another practical challenge

in computing gradients. Just as we encountered with logistic regression, calculating gradients

over the entire training set for each update would be prohibitively expensive when working

with large datasets. To address this, we use Stochastic Gradient Descent (SGD), which we

covered in detail earlier in this course. As a reminder, SGD approximates the true gradient

using a small random subset or “mini-batch” of training examples:

w(t+1) = w(t) − η∇wLB(w
(t)) (15.20)

where LB is the loss computed on a mini-batch B of training examples randomly sampled

from the full dataset.

As we discussed extensively during our treatment of logistic regression, this stochastic

approach offers several critical advantages that make it particularly well-suited for neural

network training:

1. Computational efficiency: By using mini-batches instead of the full dataset, we can

dramatically reduce the computational cost per update. This allows for more frequent

parameter updates and faster convergence in terms of wall-clock time.

2. Implicit regularization: The inherent noise introduced by sampling different mini-

batches acts as a form of regularization. This stochastic behavior helps the optimization

process escape shallow local minima and saddle points in the loss landscape, potentially

leading to better solutions.

This latter point deserves emphasis. One of the historical criticisms of neural networks

was the concern that their non-convex loss landscapes would contain numerous local minima

that would trap optimization algorithms. While recent theoretical work suggests that the

optimization landscape may be more benign than initially feared, the stochasticity of SGD

still provides valuable insurance against potential optimization challenges. By introducing

noise into the gradient estimates, SGD helps the optimization process explore the parameter

space more thoroughly and avoid getting stuck in suboptimal regions.
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Figure 15.5: Stochastic Gradient Descent (SGD) with different learning rates navigating a
non-convex loss landscape. While this visualization was originally introduced in our dis-
cussion of logistic regression, the same principles apply directly to neural network training.
The contour plots represent a simplified 2D projection of a high-dimensional loss landscape,
with darker regions indicating lower loss values. The left panel shows SGD with a small
learning rate, which follows the gradient more precisely but may become trapped in local
minima. The right panel demonstrates how a larger learning rate enables the optimization
to escape shallow local minima, potentially reaching better global solutions. In neural net-
works, this behavior is particularly important due to the highly non-convex nature of the
loss landscapes. The stochasticity introduced by mini-batch sampling—as discussed in the
text—provides an additional mechanism that works in concert with the learning rate to help
navigate these complex loss surfaces.

The choice of mini-batch size involves a trade-off that can be understood through the

analogy of a vehicle navigating a terrain. A large batch size is like a big, heavy vehicle—it

moves more precisely along the gradient but may struggle to navigate narrow paths that

might lead to better solutions. A small batch size is like a lighter, more agile vehicle—

it might not always move in the optimal direction, but its ability to explore more varied

paths can sometimes lead to superior final positions. Common batch sizes range from 32

to 256 examples, though the optimal choice depends on the specific problem and available

computational resources.

The learning rate η plays a similarly crucial role. Too large a value can cause the

optimization to diverge, while too small a value leads to slow convergence. Modern practice

typically employs sophisticated learning rate schedules:
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1. Inverse time decay: The learning rate follows η(t) = η0/(1 + γt), where η0 is the

initial learning rate and γ controls the decay speed. Like switching from a large wheel

to a smaller one, this schedule enables quick initial progress followed by increasingly

precise updates.

2. Cosine annealing with warm-up: The learning rate varies according to η(t) =

ηmin +
1
2
(η0− ηmin)(1+ cos(tπ/T )). Drawing inspiration from metallurgy, this schedule

typically runs for T/4 steps before restarting at η0, creating cycles of exploration (high

learning rate) and exploitation (low learning rate) that help escape local minima.
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Figure 15.6: Common learning rate schedules used in neural network training. The left panel
shows inverse time decay, where the learning rate gradually decreases according to η(t) =
η0/(1 + γt). This schedule enables larger initial steps for faster progress in early training,
followed by progressively smaller steps for fine-tuning. The right panel illustrates cosine
annealing with restarts, where the learning rate oscillates according to η(t) = ηmin +

1
2
(η0 −

ηmin)(1+cos(tπ/T )). This cyclical approach is particularly effective for neural networks, as it
creates alternating phases of exploration (high learning rate) and exploitation (low learning
rate), helping the optimization process escape local minima in complex loss landscapes. The
restart mechanism, where the learning rate periodically returns to its maximum value, allows
the optimizer to explore different regions of the parameter space.

These scheduling techniques have proven particularly important for neural networks,

where different layers may benefit from different learning dynamics at various stages of train-

ing. The cyclic nature of cosine annealing with restarts is especially effective for navigating

the complex loss landscapes characteristic of deep networks.
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Advanced Optimization Algorithms Beyond basic SGD, neural network training has

benefited from enhanced optimization algorithms that share interesting parallels with MCMC

methods we studied earlier. The most widely used is Adam (Adaptive Moment Estimation),

which, like MCMC, generates a sequence of parameter updates that can be viewed as a

chain. Similar to how MCMC methods use proposal distributions and acceptance rules to

explore parameter space, Adam employs adaptive step sizes and momentum to navigate the

loss landscape. The key ideas behind Adam are:

1. Momentum: This maintains a moving average of past gradients to continue moving in

promising directions, helping the optimization process maintain velocity in productive

directions while dampening oscillations.

2. Adaptive learning rates: Similar to how adaptive MCMC methods adjust their

proposal distributions based on the chain’s history, Adam adjusts learning rates for

each parameter based on gradient history.

Just as we estimate moments in MCMC by taking running averages over the chain, Adam

estimates the first and second moments of the gradients through exponential moving aver-

ages:

mt = β1mt−1 + (1− β1)gt (15.21)

vt = β2vt−1 + (1− β2)g2t (15.22)

where gt is the current gradient. Here, β1 and β2 (typically set to 0.9 and 0.999) act like

window sizes for the moving average – larger values give more weight to historical gradients,

similar to how we might use longer MCMC chains to get more accurate moment estimates.

The exponential decay ensures that recent gradients have more influence, while still main-

taining some memory of past updates.

When we initialize these moving averages at zero (m0 = 0 and v0 = 0), they are

biased toward zero in the early steps of training. To understand this bias, consider the first

moment estimate m1 after one step: it will be (1 − β1)g1, which is much smaller than the

true gradient g1 since β1 is close to 1. This bias gradually diminishes as training progresses,

but it can slow down early training.
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Figure 15.7: Comparison of Stochastic Gradient Descent (SGD, left) and Adaptive Moment
Estimation (Adam, right) on a loss landscape with varying curvature. Both optimizers start
from the same point (black star) and attempt to find the global minimum (black circle).
SGD uses a fixed learning rate that causes oscillatory behavior in regions of high curvature
and prevents precise convergence to the minimum. In contrast, Adam combines momentum
(shown by purple arrows) with adaptive learning rates to navigate the loss landscape more
effectively. The momentum term m̂t acts as a moving average of past gradients, helping
Adam maintain consistent progress through regions with noise or high oscillation. Mean-
while, the second moment term

√
v̂t scales each parameter’s update according to its gradient

history, automatically taking smaller steps in directions with high gradient variance. Di-
viding the momentum term by the second moment estimate creates these adaptive learning
rates, allowing Adam to make rapid progress in flat regions while precisely converging to
minima without overshooting.

To correct for this initialization bias, Adam applies a correction factor:

m̂t =
mt

1− βt
1

(15.23)

v̂t =
vt

1− βt
2

(15.24)

These correction terms account for the number of steps t taken so far. Early in training when

t is small, the denominators (1 − βt
1) and (1 − βt

2) are also small, effectively boosting the

estimates to compensate for the initialization bias. As training progresses and t increases,

these terms approach 1, and the correction becomes negligible.
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Finally, these bias-corrected moments determine the parameter update:

w(t+1) = w(t) − η m̂t√
v̂t + ϵ

(15.25)

The intuition behind Adam connects well with MCMC concepts: just as MCMC

methods need to take smaller steps in regions of high curvature and larger steps in flat-

ter regions, Adam automatically adapts its step sizes based on the local geometry of the

loss surface. Parameters experiencing consistent gradients (analogous to regions of smooth

probability density in MCMC) take larger steps, while those with highly variable gradients

(like regions of high curvature in MCMC) take smaller, more cautious steps. This adaptive

behavior, reminiscent of the sophisticated proposal mechanisms in modern MCMC methods,

has made Adam the optimizer of choice for most deep learning applications.

Regularization Techniques Having explored optimization techniques for neural net-

works, we now turn to a challenge that should feel very familiar from our earlier discussions:

preventing overfitting. For astute readers, you’ll notice that many of the techniques we’ll

discuss here directly parallel the classical statistical methods we covered in previous chap-

ters. This recurring theme—that modern deep learning often rediscovers and builds upon

classical statistical principles—continues to prove insightful.

Consider weight decay (or L2 regularization), one of the regularization techniques in

neural networks. If this sounds familiar, it should—we encountered this exact same principle

when discussing ridge regression. Just as before, we add a penalty term to the loss function

that grows quadratically with the magnitude of the weights:

Lreg(w) = L(w) + λ∥w∥22 (15.26)

The gradient update reveals the same intuitive behavior we saw in ridge regression—each

weight update includes a decay term:

w(t+1) = w(t) − η(∇L(w(t)) + 2λw(t)) = (1− 2ηλ)w(t) − η∇L(w(t)) (15.27)

This multiplicative decay factor (1− 2ηλ) explains the name “weight decay”—as the factor

is less than 1, it gradually reduces the magnitude of weights in each training step when there

are no opposing gradients. The term “decay” refers to this systematic reduction in weight

magnitudes over training iterations. But more importantly, it implements the same principle

of parameter shrinkage we studied extensively in our treatment of linear models.
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And just as we interpreted ridge regression from a Bayesian perspective, here too

we can recognize weight decay as equivalent to placing a zero-mean Gaussian prior on the

weights:

p(w) ∝ exp(−λ∥w∥22) (15.28)

The primary difference from our earlier encounters with this technique is scale: in neural

networks, this regularization affects not just a single layer of weights but propagates through-

out the entire network hierarchy. Nevertheless, the principle remains unchanged—we’re ex-

pressing our preference for simpler models through the same mathematical framework we

developed much earlier in this course.

Another common technique in practice is early stopping. Its implementation directly

applies the cross-validation principles we established in the first few chapters: during train-

ing, we monitor both the training loss and the validation loss (computed on a held-out

portion of the data not used for gradient updates). The validation loss typically decreases

initially along with the training loss, but as the model begins to overfit, the validation loss

will start increasing while the training loss continues to decrease. The principle of early stop-

ping is to save the model parameters at the point of minimum validation loss and terminate

training once we’ve found this minimum.

Early stopping is conceptually identical to the model selection procedures we’ve used

throughout this course. By using the validation set to determine when to stop training,

we’re effectively using it to select the optimal complexity of our model. While ideally the

validation set should be separate from the test set, in practice with limited astronomical

data, these sets are sometimes combined. This compromise is not theoretically optimal but

represents a practical approach when data is scarce.

Training neural networks can sometimes seem more art than science, given the multi-

tude of choices we need to make—from optimization algorithms to regularization techniques.

However, this complexity is not unique to neural networks. Even in linear models, we faced

similar challenges in selecting features or kernel functions. The key difference with neural

networks lies in the selection of hyperparameters—learning rate, regularization strength, net-

work architecture, activation functions, batch size, and more. While this may seem daunting

at first, for many astronomical applications with modest data sizes, a simple grid or random

search across the key hyperparameters is often sufficient and practical.

The most important hyperparameters to focus on are typically the learning rate and

network architecture (depth and width), which have the largest impact on performance.
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Other choices like regularization strength and optimizer selection often have more moderate

effects, while parameters specific to optimizers (like momentum values) can usually be set

to established defaults.

When simple grid or random search proves insufficient, more sophisticated approaches

like Bayesian optimization can be valuable. Bayesian optimization treats the model’s per-

formance as a function of its hyperparameters and uses a Gaussian Process to model this

relationship, leveraging the GP’s uncertainty estimates to guide the search toward promising

regions of hyperparameter space. While a detailed treatment is beyond our current scope,

it represents a marriage of classical statistical techniques with modern optimization needs.

An encouraging development in the field has been the emergence of certain hyper-

parameter choices that perform well across a wide range of tasks. For instance, the cosine

annealing schedule with warm restarts has proven effective across diverse problems, reduc-

ing the need for extensive tuning. These robust settings often provide good starting points

for many astronomical applications. While neural networks do introduce additional com-

plexity in terms of hyperparameter selection, the combination of systematic search and

cross-validation principles we’ve discussed throughout this course often provides satisfactory

results for most astronomical problems.

15.4 Backpropagation: Efficient Gradient Calculation

Having explored the theory and training approaches for neural networks, we now con-

front a practical challenge: how do we efficiently calculate gradients in these complex, nested

architectures? This question is crucial because gradient computation forms the foundation

of neural network training.

Let’s start with the basic principle. Neural networks are trained using stochastic

gradient descent (SGD), where we iteratively update parameters by taking small steps in

the direction that reduces the loss:

w(t+1) = w(t) − η∇L(w(t)) (15.29)

While this update rule is simple, it hides a computational challenge: calculating the gradient

∇L(w(t)) efficiently in a network with potentially millions of parameters.

This computational challenge might seem insurmountable at first. After all, we need

to compute how the loss changes with respect to every parameter in the network. However,
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a breakthrough algorithm called backpropagation makes this calculation not just possible,

but highly efficient. In fact, backpropagation has been so transformative that it’s considered

one of the most important algorithmic innovations in neural network history.

The key insight behind backpropagation comes from calculus: while our neural net-

works are complex, they are ultimately just nested compositions of simpler functions. Thanks

to the chain rule, we can break down the computation of derivatives in these nested functions

into manageable pieces. For a simple composite function f(g(x)), the chain rule states:

d

dx
f(g(x)) =

df

dg
· dg
dx

(15.30)

For multivariate functions in neural networks, this extends to partial derivatives and

matrix calculus. However, even with this powerful tool, the challenge remains. For even

modestly sized networks, manually deriving these gradients would yield expressions span-

ning many pages, with intricate dependencies between parameters across layers. The sheer

number of parameters and the compositional nature of neural networks create a gradient

calculation problem that would be practically impossible without computational techniques

tailored to this specific structure.

Why Manual Differentiation Fails To understand the importance of backpropagation,

let’s first examine how differentiation works and why traditional approaches become imprac-

tical for neural networks.

In calculus, we learn rules for differentiating elementary functions: the derivative of

xn is nxn−1, the derivative of sin(x) is cos(x), and so forth. For compositions of functions,

we apply the chain rule. For example, to differentiate f(x) = sin(x2), we can write it as

f(x) = sin(g(x)) where g(x) = x2. Then by the chain rule:

f ′(x) =
d

dx
sin(g(x)) = cos(g(x)) · g′(x) = cos(x2) · 2x (15.31)

This symbolic approach—deriving explicit formulas using differentiation rules—is what we

typically learn in calculus courses and what systems like Wolfram Alpha implement.

However, as functions become more complex with multiple nested compositions, even

the chain rule becomes unwieldy to apply manually or symbolically. Consider a moderately
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complex neural network with just a few layers:

f(x) = W (3)σ(W (2)σ(W (1)x+ b(1)) + b(2)) + b(3) (15.32)

Deriving ∂f/∂W (1) symbolically would require careful application of the chain rule through

multiple nested functions, resulting in an expression with numerous terms that grows expo-

nentially as network depth increases. For modern neural networks with dozens of layers and

millions to billions of parameters, the resulting symbolic expressions would be impossibly

long and computationally inefficient to evaluate. Moreover, we don’t actually need the ex-

plicit symbolic form of the gradient; we only need its numerical value at specific points for

gradient descent updates.

Another approach leverages the definition of derivatives from calculus. Differentiation,

at its core, involves taking a limit:

df

dx
= lim

∆x→0

f(x+∆x)− f(x)
∆x

(15.33)

This definition leads directly to numerical approximation through finite differences:

∂f

∂wi

≈ f(wi +∆)− f(wi)

∆
(15.34)

For a small but non-zero ∆, this gives an approximation of the derivative. This method

has a direct connection to classical numerical methods that have been used extensively in

scientific computing, from fluid dynamics simulations to astrophysical modeling.

While conceptually simple, finite differences suffer from numerous drawbacks. For a

network with P parameters, we would need at least P + 1 forward evaluations to compute

the full gradient—one baseline evaluation of f(w) plus one evaluation for each parameter

where we perturb that parameter while keeping all others fixed (e.g., f(w1 +∆, w2, ..., wP ),

f(w1, w2+∆, ..., wP ), and so on). This quickly becomes prohibitively expensive as the number

of parameters grows.

Moreover, choosing an appropriate ∆ presents a delicate balance: too large, and our

approximation becomes inaccurate; too small, and we encounter numerical precision issues

due to finite computer arithmetic. For neural networks with millions or billions of parameters,

this approach becomes computationally prohibitive, requiring millions or billions of forward

passes to compute a single gradient.
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Figure 15.8: Visualization of gradient approximation using the finite difference method for a
one-dimensional function f(x) = 0.5x2−0.3 sin(3x). At the point x0, the true gradient (green
dashed line) is given by the analytical derivative evaluated at that point. The finite difference

approximations (red lines) estimate this gradient by computing f(x0+∆)−f(x0)
∆

for different
values of ∆. As shown, the approximation becomes more accurate as ∆ decreases, converging
to the true gradient as ∆ approaches zero. This illustrates the definition of derivatives:
df
dx

= lim∆→0
f(x+∆)−f(x)

∆
. While conceptually simple and easy to implement, this approach

becomes computationally prohibitive for neural networks with millions of parameters, as it
requires a separate function evaluation for each parameter. For a network with P parameters,
at least P + 1 forward passes would be needed to compute the full gradient vector—one
baseline evaluation plus one additional evaluation per parameter. This inefficiency motivates
the development of backpropagation, which computes exact gradients more efficiently by
applying the chain rule systematically through the computational graph.

Automatic Differentiation This brings us to automatic differentiation, which combines

the numerical efficiency of computation with the accuracy of symbolic approaches. Unlike

symbolic differentiation, which tries to derive explicit formulas for derivatives, automatic

differentiation breaks down complex functions into a sequence of elementary operations (like

addition, multiplication, and exponentials) and computes derivatives by applying the chain

rule step by step. For example, if we have a function like f(x) = sin(x2), instead of deriving

the symbolic expression f ′(x) = 2x cos(x2), automatic differentiation would compute it by
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tracking how small changes in x propagate through each operation (x2 then sin). This

approach gives us exact derivatives (not approximations like finite differences) while being

computationally efficient.

Automatic differentiation comes in two main forms: forward mode and reverse mode.

To understand the difference, imagine computing derivatives through a chain of operations.

In forward mode, we start at the inputs and work our way forward, computing how changes

in each input affect the intermediate values and final output. Think of it like following a

ripple effect from the source. In reverse mode, we first compute the function value, then work

backwards from the output to determine how each input contributed to the final result. It’s

like tracing back the path that led to a particular outcome.

To make this concrete, let’s examine a simple neural network layer with a loss function.

For a single hidden layer network, we might have:

L = E(W, b) =
1

2
(y − ŷ)2 = 1

2
(y − σ(Wx+ b))2 (15.35)

where x is the input, W is the weight matrix, b is the bias vector, σ is an activation function

like the sigmoid, ŷ is the network’s prediction, and y is the target value.

This function can be represented as a computational graph—a directed acyclic graph

where nodes represent variables (both inputs and intermediate values) and edges represent

operations. The computational graph is a powerful conceptual tool that explicitly shows the

flow of data and the dependencies between variables.

Each node in this graph stores both the operation and the resulting value when the

network is evaluated at specific inputs. The computational graph makes the structure of

the calculation explicit, showing how information flows from inputs to outputs during the

forward pass, and how gradients flow from outputs back to inputs during backpropagation.

We can decompose this function into a sequence of simpler operations:

z = Wx+ b (15.36)

h = σ(z) (15.37)

ŷ = h (15.38)

L =
1

2
(y − ŷ)2 (15.39)
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Figure 15.9: Computational graph for a simple neural network showing the forward pass with
stored intermediate values. The graph represents the function L = 1

2
(y− ŷ)2 = 1

2
(y−σ(Wx+

b))2 decomposed into elementary operations. During the forward pass, computation flows left
to right through the graph, with each node computing and storing its output value (shown
in green boxes). These stored values—such as z = 0.6 at the linear computation stage and
h = 0.646 at the sigmoid activation—are essential for efficient gradient calculation during
backpropagation. This example illustrates the first phase of backpropagation, where the
model establishes the specific point in parameter space at which gradients will be evaluated.
The subsequent backward pass would propagate gradients from the loss node back to each
parameter, applying the chain rule at each step to compute partial derivatives like ∂L

∂W
and ∂L

∂b
.

By structuring computation as a graph with cached intermediate values, backpropagation
achieves exact gradient computation with substantially greater efficiency regardless of the
number of parameters and exact architecture of the neural network.

To update the weights through gradient descent, we need to compute ∂L/∂W and

∂L/∂b. Using the chain rule, we can write:

∂L

∂W
=
∂L

∂ŷ
· ∂ŷ
∂h
· ∂h
∂z
· ∂z
∂W

(15.40)

∂L

∂b
=
∂L

∂ŷ
· ∂ŷ
∂h
· ∂h
∂z
· ∂z
∂b

(15.41)
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Computing each term at their specific evaluation points:

∂L

∂ŷ

∣∣∣∣
ŷ=ŷ∗

= −(y − ŷ∗) (15.42)

∂ŷ

∂h

∣∣∣∣
h=h∗

= 1 (15.43)

∂h

∂z

∣∣∣∣
z=z∗

= σ′(z∗) (15.44)

∂z

∂W

∣∣∣∣
W=W ∗,x=x∗

= x∗T (15.45)

∂z

∂b

∣∣∣∣
b=b∗

= 1 (15.46)

Therefore:

∂L

∂W

∣∣∣∣
W=W ∗,x=x∗,z=z∗,ŷ=ŷ∗

= −(y − ŷ∗) · σ′(z∗) · x∗T (15.47)

∂L

∂b

∣∣∣∣
b=b∗,z=z∗,ŷ=ŷ∗

= −(y − ŷ∗) · σ′(z∗) (15.48)

This calculation illustrates the two key ingredients needed for automatic differentia-

tion:

1. Knowledge of how to differentiate each primitive operation

2. Access to the intermediate values (z∗, h∗, ŷ∗) needed to evaluate these derivatives at

specific points

The second point is crucial and often overlooked. Gradients are always evaluated at

specific points—they represent the slope of the function at a particular location in parameter

space. To compute these gradients, we must first evaluate the function at that point and store

all intermediate values. For example, to compute ∂h/∂z|z=z∗ = σ′(z∗), we need the specific

value z∗ from the forward pass. Without storing these intermediate values, we would need

to recalculate them during the backward pass, which would be computationally inefficient.

The Two-Phase Algorithm Backpropagation implements automatic differentiation through

two phases:

1. Forward Pass: Following the computational graph from inputs to outputs, we com-
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pute and store all intermediate values (z∗, h∗, ŷ∗) by evaluating each operation in

sequence. This forward pass establishes the specific point in function space where we’ll

evaluate gradients, just as we did in our earlier example where we needed z∗ to compute

σ′(z∗) and ŷ∗ to compute −(y − ŷ∗).

2. Backward Pass: Propagate gradients backward from the loss function to each pa-

rameter, applying the chain rule step by step, effectively traversing the computational

graph in reverse. At each node, we compute how changes in that node’s output affect

the final loss. For example, starting with ∂L
∂ŷ
, we work backwards through the graph,

calculating quantities like ∂L
∂h

= ∂L
∂ŷ
· ∂ŷ
∂h

and so on.

This two-phase approach is essentially a dynamic programming solution to the gradi-

ent calculation problem. By storing intermediate results during the forward pass (like z∗, h∗,

and ŷ∗ in our computational graph), we avoid redundant computations during the backward

pass, making the whole process highly efficient. This is particularly evident in our earlier

computational graph x,W, b → z = Wx + b → h = σ(z) → ŷ = h → L = 1
2
(y − ŷ)2, where

each node’s value is computed and stored once during the forward pass, then reused during

backpropagation.

More critically, the computational advantage of backpropagation stems largely from

the scalar nature of the loss function. Since our loss function outputs a single scalar, the

gradient calculations maintain manageable dimensions as we work backwards. To illustrate

this point, let’s examine the dimensions of the matrices involved in our earlier calculation. If

x ∈ RD (input dimension), W ∈ RM×D (weight matrix for M hidden units), and z, h ∈ RM

(hidden layer activations), then:

∂L

∂ŷ
∈ R (scalar) (15.49)

∂ŷ

∂h
∈ R1×M (row vector) (15.50)

∂h

∂z
∈ RM×M (diagonal matrix) (15.51)

∂z

∂W
∈ RM×(M×D) (tensor) (15.52)

Before proceeding, let’s clarify what we mean by a tensor. While vectors are one-

dimensional arrays and matrices are two-dimensional arrays, tensors are generalizations that

can have any number of dimensions. In our case, ∂z
∂W

is a third-order tensor because it

represents how each element of z changes with respect to each element of the matrix W .



598 Statistical Machine Learning for Astronomy — Y.-S. Ting

x

Input

x = 0.5

∂L
∂x = 0.0697

W

Weight

W = 1.0

∂L
∂W = 0.0348

b

Bias

b = 0.1

∂L
∂b = 0.0697

z

z = Wx + b
z = 0.6

∂L
∂ z = 0.0697

h

h = σ(z)
h = 0.646

∂L
∂h = 0.354

y

Target

y = 1.0

∂L
∂y = 0.354

ŷ

ŷ = h
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Figure 15.10: Visualization of the backward pass in backpropagation, showing how gradients
flow from the loss function back to the network parameters. Following the forward pass
(shown with the stored values in green), the backward pass begins at the loss node L with
∂L
∂L

= 1 and propagates gradients right-to-left through the computational graph (red arrows).
At each node, the incoming gradient is multiplied by the local derivative according to the
chain rule. For instance, the gradient at ŷ is ∂L

∂ŷ
= −0.354, which then flows to h with

the same value since ∂ŷ
∂h

= 1. The gradient further propagates to z as ∂L
∂z

= 0.0697 after
multiplication by ∂h

∂z
= σ′(z) = 0.228. From z, the gradient branches to compute ∂L

∂W
=

0.0348, ∂L
∂b

= 0.0697, and ∂L
∂x

= 0.0697. The detailed calculation for ∂L
∂W

shown at the

bottom illustrates how the full chain rule is applied: ∂L
∂W

= ∂L
∂ŷ
· ∂ŷ
∂h
· ∂h
∂z
· ∂z
∂W

. This systematic
backward flow of gradients using stored forward pass values is what makes backpropagation
computationally efficient, requiring only one forward and one backward pass regardless of
the number of parameters and exact architecture of the neural network.

This creates a three-dimensional structure where each element (i, j, k) represents the partial

derivative of the ith element of z with respect to the (j, k)th element of W .

One might wonder, “Why do we need the backward pass? Couldn’t we just apply

the chain rule in the forward direction?” The answer lies in computational efficiency. Let’s
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consider what happens if we tried to compute the gradient “forward”:

∂L

∂W
=

∂

∂W

[
1

2
(y − σ(Wx+ b))2

]
(15.53)

Following the forward chain rule, we would first compute ∂z
∂W

= xT , then ∂h
∂W

= ∂h
∂z
· ∂z
∂W

=

σ′(z) · xT , and so on. The key problem is that ∂h
∂W

already has dimensions M × (M × D),

and this grows exponentially as we add more layers. For a deep network, the intermediate

Jacobian matrices become intractably large.

In contrast, when we work backwards, we maintain smaller dimensions because we’re

always multiplying by the gradient of the loss, which is a scalar. This seemingly simple

change leads to orders of magnitude faster computation, even though we’re performing the

same mathematical operations. Consider the calculations:

1. ∂L
∂ŷ
∈ R (scalar)

2. ∂L
∂h

= ∂L
∂ŷ
· ∂ŷ
∂h
∈ R1×M (row vector)

3. ∂L
∂z

= ∂L
∂h
· ∂h
∂z
∈ R1×M (row vector)

4. ∂L
∂W

= ∂L
∂z
· ∂z
∂W
∈ RM×D (matrix)

At each step, we’re dealing with manageable dimensions, making the computation tractable

even for very deep networks. This efficiency gain is dramatic - what might take hours or

days to compute in the forward direction can often be completed in seconds or minutes when

working backwards.

Another advantage of backpropagation is the reuse of intermediate calculations. No-

tice that the calculations for ∂L
∂W

and ∂L
∂b

share common terms:

∂L

∂W
=
∂L

∂z
· ∂z
∂W

=
∂L

∂z
· xT (15.54)

∂L

∂b
=
∂L

∂z
· ∂z
∂b

=
∂L

∂z
· 1 (15.55)

Once we compute ∂L
∂z
, we can reuse it for multiple parameter gradients, further increasing

efficiency. This reuse of intermediate calculations is also what we illustrate in the computa-

tional graph, where the same gradient information flows backward through shared paths in

the network.
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∂L
∂h

∂L
∂z

∂L
∂W

R

R

R1×M

R1×M

RM×D

Backward Mode Gradient Calculation

Figure 15.11: Comparison of forward mode and backward mode gradient calculation meth-
ods, illustrating why backpropagation is computationally efficient. The left panel shows
forward mode calculation, where gradient dimensions grow exponentially with network
depth, starting from inputs x ∈ RD and weights W ∈ RM×D. The intermediate tensor
∂z
∂W
∈ RM×(M×D) rapidly expands in dimension. The right panel demonstrates backpropa-

gation (backward mode), where gradient computation starts from the scalar loss L ∈ R and
propagates backward through ∂L

∂ŷ
, ∂L

∂h
, and ∂L

∂z
to ultimately compute ∂L

∂W
∈ RM×D. This

approach maintains manageable dimensions throughout, resulting in reduced computational
complexity.

The efficiency of backpropagation becomes even more apparent when we extend it

to deeper networks. For a network with multiple layers, the backward pass simply applies

the same chain rule principle recursively through each layer. The gradient “flows” backward

through the network, accumulating contributions from each layer.

For instance, in a two-layer network with architecture x → z(1) = W (1)x + b(1) →
h(1) = σ(z(1)) → z(2) = W (2)h(1) + b(2) → h(2) = σ(z(2)) → L, the gradient of the loss with

respect to W (1) would be:

∂L

∂W (1)
=

∂L

∂h(2)
· ∂h

(2)

∂z(2)
· ∂z

(2)

∂h(1)
· ∂h

(1)

∂z(1)
· ∂z

(1)

∂W (1)
(15.56)

This recursive application of the chain rule through the network layers gives backpropagation

its name—gradients propagate backward from the output to the input layer.

It’s worth noting that backpropagation’s efficiency is particularly well-matched to

modern hardware accelerators like Graphics Processing Units (GPUs), which excel at ma-

trix multiplication. There’s no inherent reason why GPUs were initially developed for neural
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networks—they were primarily created for rendering graphics in video games. These gam-

ing applications demand fast parallel matrix operations for transforming coordinates and

computing pixel colors—precisely the same operations needed for neural network training.

When researchers discovered that these gaming-oriented processors could accelerate neural

network training by orders of magnitude, it catalyzed the deep learning revolution.

This historical accident—that the computational patterns in neural networks per-

fectly matched existing hardware designed for an entirely different purpose—illustrates how

technological progress often depends on such serendipitous alignments. Neural networks,

one might say, won the “hardware lottery” by requiring precisely the kind of parallel matrix

multiplications that GPUs were designed to accelerate for graphics rendering.

Modern Automatic Differentiation Frameworks What we commonly refer to as

“deep learning packages” like PyTorch, JAX, and TensorFlow are, at their core, powerful

automatic differentiation frameworks. While they’re often described primarily as tools for

neural networks, their automatic differentiation capabilities make them valuable for a much

broader range of scientific computing applications, from physics simulations to optimization

problems in various domains. Their efficiency in handling gradient computation makes them

indispensable tools for any application requiring derivatives of complex functions.

In practice, these modern frameworks implement automatic differentiation seamlessly.

Researchers can define their models in terms of differentiable operations, and the framework

handles the gradient calculations automatically. This abstraction allows for rapid experi-

mentation with complex architectures without manually deriving gradients. This capability

has been transformative, enabling the development of sophisticated network architectures

that go far beyond simple feed-forward networks.

The term “deep learning” itself stems from this ability to effectively train networks

with many layers. While the concept of multi-layer networks existed for decades, it was the

combination of automatic differentiation, modern optimization techniques, and architectural

innovations that made training such deep networks feasible.

Understanding and Improving Gradient Flow However, being able to write down

the model and calculate its gradients does not guarantee successful training or convergence

to a good solution. This challenge parallels the historical development of thermodynamics

alongside the steam engine—while engineers could build increasingly sophisticated engines,

it took the development of thermodynamics to truly understand why and how they worked.
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Similarly, while we can construct and compute gradients for increasingly complex neural

networks, our theoretical understanding of why they succeed or fail remains incomplete.

Understanding these principles remains crucial for effective neural network develop-

ment, especially when diagnosing issues like vanishing or exploding gradients. For instance,

the vanishing gradient problem—where gradients become extremely small as they propagate

backward through many layers—can be understood in terms of the chain rule. If multiple

terms in the chain have small derivatives (as with sigmoid activations in their saturated

regions), their product can become vanishingly small, effectively stopping gradient flow to

earlier layers. This understanding has led to architectural innovations like skip connections

and layer normalization that help maintain stable gradient flow through very deep networks.

This understanding of gradient flow has led to numerous innovations in deep learning,

such as residual connections (ResNets), which provide shortcuts for gradients to flow through

deep networks. Such innovations, while seemingly simple in hindsight, were revolutionary

in enabling the training of much deeper networks than was previously possible. While a

comprehensive treatment of these advanced techniques is beyond the scope of this chapter,

they highlight how the principles of backpropagation continue to inform cutting-edge research

in deep learning.

In short, backpropagation represents a synthesis of calculus, dynamic programming,

and computational efficiency. It transforms what would otherwise be an intractable gradi-

ent calculation into a feasible computation, enabling the training of increasingly complex

neural networks. While the mathematical foundation—the chain rule—has been known for

centuries, its systematic application through backpropagation has revolutionized machine

learning.

15.5 Architectures and Inductive Biases

While we have focused primarily on feedforward neural networks (also called Multi-

Layer Perceptrons or MLPs) in this chapter, it’s important to recognize that neural networks

encompass a much broader family of architectures. Since this textbook concentrates on

statistical machine learning principles rather than engineering details, we won’t provide

comprehensive definitions of these architectures. Nevertheless, understanding the conceptual

differences between architectures and their underlying inductive biases is crucial for effective

application in astronomical research.
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The feedforward neural network we’ve discussed represents just one architectural

pattern—neurons arranged in layers where information flows strictly from input to out-

put without loops or lateral connections. This basic structure, while theoretically powerful

due to the universal approximation theorem, is not always the most efficient or effective for

specific types of data.

You’ve likely encountered terms like Convolutional Neural Networks (CNNs) or Trans-

formers in the scientific literature or popular discourse. These architectures all rely on the

same backpropagation algorithm we’ve explored, and benefit from the same theoretical prop-

erties like double descent and neural tangent kernels that make neural networks trainable

despite their complexity. However, they differ in their structure and the inductive biases

they encode.

The concept of inductive bias is central to understanding these architectural choices.

As we’ve emphasized since the first chapter of this textbook, all machine learning methods

incorporate some form of inductive bias—assumptions that guide learning when data alone

is insufficient to determine the solution. Linear regression assumes relationships are linear

in the feature space; logistic regression assumes a linear decision boundary between classes;

and Gaussian Processes assume smoothness governed by a specific kernel function.

Neural networks are no exception. While the universal approximation theorem makes

MLPs extremely flexible, this flexibility is both a blessing and a curse. Without appropriate

inductive biases, a model might require vastly more data and computation to learn patterns

that could be more easily discovered with a more constrained architecture. This illustrates

a principle: machine learning is always a balance between modeling (incorporating prior

knowledge through inductive biases) and learning (extracting patterns directly from data).

Different neural network architectures essentially encode different inductive biases —

assumptions about the structure of the data that help the network learn more efficiently.

Let’s examine some key architectures and their corresponding inductive biases:

Convolutional Neural Networks Convolutional Neural Networks encode two powerful

inductive biases particularly suited to image data: translation invariance and hierarchical

local structure. Translation invariance means that a pattern recognized in one part of an

image should be recognized regardless of where it appears. Hierarchical local structure means

that nearby pixels are more strongly related than distant ones, and these local patterns

combine to form increasingly complex features at larger scales.
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These inductive biases are implemented through convolutional layers, where small

filters (kernels) slide across the input, applying the same transformation at each position.

Mathematically, for an input image X and a kernel K of size k×k, the convolution operation

at position (i, j) is given by:

(X ∗K)i,j =
k∑

m=1

k∑

n=1

Xi+m−1,j+n−1 ·Km,n (15.57)

whereXi,j represents the pixel value at position (i, j) in the input image, andKm,n represents

the weight at position (m,n) in the kernel. The operation effectively computes a weighted

sum of the local neighborhood around each pixel.

This parameter sharing dramatically reduces the number of learnable parameters

compared to a fully connected network while encoding the assumption that the same feature

detectors should be applied throughout the image. For example, if we have an input image

of size n × n and a kernel of size k × k, a CNN layer requires only k2 parameters (plus

bias), whereas a fully connected layer would require n2 × k2 parameters. This reduction in

parameters is achieved by reusing the same kernel weights across all positions in the input.

The mathematical foundations of CNNs have led to the development of scattering

transforms—a branch of mathematics that provides insights into why these architectures

work so well for image data. This mathematical framework helps explain the theoreti-

cal underpinnings of CNNs, further illustrating the “Science of AI” we mentioned earlier.

Just as thermodynamics emerged to explain the principles behind steam engines, scattering

transforms provide a rigorous mathematical foundation for understanding why CNNs are

particularly effective for image processing tasks. Notably, scattering transforms have found

broad applications in cosmology, where they are used to analyze the large-scale structure of

the universe and extract meaningful features from galaxy surveys.

While CNNs excel at image processing, their inductive biases can be counterproduc-

tive for many astronomical data modalities. For instance, spectroscopic data and time series

often contain critical information in long-range dependencies and global patterns rather than

hierarchical local structures. A CNN applied to a stellar spectrum might focus excessively

on local spectral features while missing important correlations between widely separated

spectral lines that indicate specific physical conditions.

Transformers This limitation of CNNs in handling long-range dependencies led to the

development of Transformers, which have become widely used in natural language process-
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ing and increasingly other domains as well. Transformers encode a different set of inductive

biases compared to CNNs. Rather than assuming locality, Transformers use attention mech-

anisms that allow direct connections between any elements in a sequence, regardless of their

distance. This architecture excels at capturing long-range dependencies and global patterns.

Input Image
Convolution Layers

Pooling Layers

Fully Connected Layers

Output Layer

Sliding Kernels

Convolutional Neural Network (CNN)

Input Tokens (e.g., Spectral Flux)

Embedding Layer

Self-Attention Layer

Feed-Forward Network

Output Layer

Transformer Architecture

Figure 15.12: Schematic comparison of Convolutional Neural Networks (CNNs) and Trans-
former architectures, highlighting their distinct structural designs and inductive biases. Top:
The CNN processes an image through a sequence of specialized layers: convolution layers
with sliding kernels detect local features, pooling layers reduce spatial dimensions while pre-
serving important features, and fully connected layers integrate these features for the final
output. This architecture encodes translation invariance and hierarchical local structure.
Bottom: The Transformer processes sequential data through a different approach. Input
tokens are embedded into a higher-dimensional space, then processed through a self-attention
layer where each token interacts directly with every other token regardless of position (vi-
sualized by the curved connections). This global interaction is followed by a feed-forward
network and output layer. The self-attention mechanism enables Transformers to capture
long-range dependencies, making them particularly effective for data where relationships be-
tween distant elements are important, such as spectroscopic data where correlations between
widely separated spectral lines can indicate specific physical conditions.
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The key innovation in Transformers is the self-attention mechanism, where each el-

ement in a sequence is related to every other element through learned attention weights.

Mathematically, for a sequence of length n, the attention mechanism computes relationships

between all n2 pairs of elements, allowing the model to learn which elements should influence

each other. This enables Transformers to focus on relevant information regardless of position,

making them particularly well-suited for data with important long-range dependencies.

For astronomical applications, Transformers are promising. Consider a stellar spec-

trum: while CNNs might struggle to connect widely separated spectral lines, Transformers

can directly model relationships between any wavelengths, regardless of their distance. This

capability is crucial for identifying complex patterns that indicate specific stellar composi-

tions or evolutionary states. Similarly, in analyzing light curves, Transformers can capture

relationships between events separated by time intervals, potentially revealing subtle peri-

odicities or evolutionary trends that might be missed by other architectures.

The choice of architecture becomes particularly important when working with different

types of astronomical data. Each data modality has unique characteristics that make certain

architectures more suitable than others. For example, using a CNN for spectral analysis

would be inappropriate since spectral data doesn’t exhibit the spatial locality that CNNs

are designed to exploit. Similarly, using a fully connected network for image classification

would be inefficient compared to a CNN, which can leverage the spatial structure of images.

This architectural choice reflects a principle in machine learning: the trade-off between

model flexibility and constraints. On one hand, more flexible models can potentially learn

more complex patterns, but they require more training data and computational resources.

On the other hand, models with appropriate inductive biases can learn effectively from less

data, but they might miss patterns that don’t align with their built-in assumptions.

While this textbook focuses on core statistical machine learning principles, under-

standing neural network architectures and their inductive biases is becoming increasingly

important for astronomers. We’ll explore these concepts in more detail in our upcoming

textbook on deep learning for astronomy, where we’ll provide practical guidance on selecting

and implementing appropriate architectures for different astronomical applications.

The field of neural network architectures is rapidly evolving, with new designs emerg-

ing that combine computational principles with domain-specific knowledge. For astronomers,

it’s essential to stay informed about these developments while carefully evaluating their rel-

evance to specific astronomical problems. This balanced approach ensures that we leverage
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the power of neural networks while maintaining scientific rigor in our research.

15.6 Activation Functions

Having explored neural network architectures and their inductive biases, let’s return

to a more technical aspect of neural networks that we introduced earlier but merits deeper

examination: activation functions. While this might seem like a minor implementation detail,

the choice of activation function has profound implications for neural network training and

performance.

As we described in the beginning of this chapter, the key mathematical property that

gives neural networks their expressive power is nonlinearity. Without nonlinear activation

functions, composing multiple linear layers would simply result in another linear transforma-

tion, regardless of network depth. The universal approximation theorem, which establishes

neural networks’ theoretical capacity to represent arbitrary continuous functions, critically

depends on this nonlinearity.

Given the original focus of neural networks on classification problems, the sigmoid

function became a prominent early choice for activation:

σ(x) =
1

1 + e−x
(15.58)

The sigmoid function maps any real-valued input to the range (0, 1), making it intuitively

appealing for representing probabilities or normalized activations. However, despite its his-

torical significance, the sigmoid function is rarely used in modern networks due to limitations

that become apparent when we examine its gradient.

Recall from our discussion of logistic regression that the derivative of the sigmoid

function is:
dσ(x)

dx
= σ(x)(1− σ(x)) (15.59)

This derivative has a maximum value of 0.25 at x = 0 and approaches zero as |x| increases.
This creates problems for gradient-based learning. The vanishing gradient phenomenon

occurs when |x| is large, causing the gradient to become extremely small and effectively

stopping learning in those regions. Furthermore, the small gradient magnitude provides

weak, indecisive signals for parameter updates, slowing convergence considerably.

This indecisiveness in the gradient is analogous to excessive politeness in communica-
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tion, where the message becomes too subtle to be effective. In optimization, we often require

more decisive signals. The sigmoid’s tendency to produce gradients that are neither clearly

positive nor negative, but rather ambiguously small, leads to prolonged training times and

potential convergence issues.

The limitations of sigmoid functions led to the development of alternative activation

functions, most prominently the Rectified Linear Unit (ReLU):

ReLU(x) = max(0, x) (15.60)

With a derivative of:

dReLU(x)

dx
=




1 if x > 0

0 if x < 0
(15.61)

ReLU offers several advantages over sigmoid functions. For positive inputs, the gra-

dient is constantly 1, preventing the vanishing gradient problem that plagues sigmoid acti-

vations. Additionally, by outputting exactly zero for negative inputs, ReLU creates sparse

activations, which can improve computational efficiency and prevent overfitting. Perhaps

most practically, both the function and its derivative are extremely simple to compute,

making ReLU-based networks faster to train and evaluate.

However, ReLU has its own limitation: the “dying ReLU” problem. When a neuron’s

weights receive updates that push its pre-activation consistently negative, the gradient be-

comes zero, and the neuron stops learning entirely—effectively “dying.” This led to variants

of ReLU that attempt to address this limitation while preserving its advantages.

More recently, the Gaussian Error Linear Unit (GELU) has gained popularity, par-

ticularly in transformer architectures:

GELU(x) = x · Φ(x) (15.62)

where Φ(x) is the cumulative distribution function of the standard normal distribution.

GELU smoothly interpolates between passing and blocking signals, avoiding the non-differentiability

of ReLU at zero while maintaining its advantages for positive values.

Interestingly, GELU closely approximates ReLU for positive inputs while providing

a smooth transition around zero. This similarity to ReLU is not coincidental—it preserves

ReLU’s beneficial properties like sparse activations and constant gradients for positive in-
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Figure 15.13: Comparison of sigmoid and ReLU activation functions and their derivatives.
Top left: The sigmoid function σ(x) = 1/(1 + e−x) maps inputs to the range (0, 1), but
saturates for large positive or negative inputs (highlighted in red), causing vanishing gra-
dients. Top right: The ReLU function ReLU(x) = max(0, x) and its smoother variant
GELU (dashed purple) provide linearity for positive inputs while creating sparsity for nega-

tive inputs. Bottom left: The sigmoid derivative dσ(x)
dx

= σ(x)(1−σ(x)) rapidly approaches
zero in saturation regions, severely limiting gradient flow during backpropagation. Bottom
right: The ReLU derivative is exactly 1 for all positive inputs, allowing strong and constant
gradient flow, while being zero for negative inputs (which can lead to “dying neurons”).
GELU provides a smooth transition around zero, addressing ReLU’s non-differentiability
while maintaining its desirable properties for positive inputs. The vanishing gradient prob-
lem with sigmoid activations slows learning in deep networks, while GELU has emerged as a
preferred choice in modern neural networks by combining ReLU’s advantages with improved
smoothness and training stability.
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puts, while adding the advantage of smoothness. The connection between GELU and ReLU

becomes clear when we note that Φ(x) approaches 1 for large positive x, making GELU

behave nearly identically to ReLU in this regime. This design choice reflects the empirical

success of ReLU while addressing its limitations.

The Constraint of Non-Superlinearity An important observation about all these ac-

tivation functions is that they are never superlinear—meaning they never grow faster than

a linear function as |x| increases. Mathematically, a superlinear function would satisfy:

lim
|x|→∞

f(x)

x
=∞ (15.63)

This absence of superlinearity is not arbitrary but reflects deep statistical principles.

As we discussed in the chapter on summary statistics, higher-order operations—those involv-

ing powers greater than 1—are associated with higher sampling variance. To understand why

this matters, let’s consider a simple example with polynomial functions of increasing order:

f1(x) = x (linear) (15.64)

f2(x) = x2 (quadratic) (15.65)

f3(x) = x3 (cubic) (15.66)

When working with noisy data, the variance of our estimates increases dramatically

with the polynomial order. Consider a dataset with values around x = 2 with a small

measurement error of ±0.1:

• Linear: 2.1− 1.9 = 0.2 difference

• Quadratic: 2.12 − 1.92 = 0.8 difference

• Cubic: 2.13 − 1.93 = 2.4 difference

This example illustrates how each additional power amplifies the impact of measure-

ment errors. The same principle applies to neural networks: superlinear activation functions

would amplify small input variations, leading to unstable gradients and numerical problems

during training.

By constraining activation functions to be at most linear in their growth, neural net-
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Figure 15.14: Visualization of superlinear versus non-superlinear functions. The light red
regions represent superlinear behavior where |y| > |x|, while the light blue regions represent
non-superlinear behavior where |y| ≤ |x|. Five functions are displayed: linear (f(x) = x),
quadratic (f(x) = x2), cubic (f(x) = x3), sigmoid, and GELU. Notably, quadratic and
cubic functions quickly enter the superlinear regions, growing much faster than linear as
|x| increases. In contrast, neural network activation functions (sigmoid and GELU) remain
within the non-superlinear regions—they either saturate to a constant value (sigmoid) or
grow at most linearly (GELU). Superlinear functions would amplify small input errors and
cause unstable gradients in deep networks, making training difficult or impossible. The
non-superlinear constraint represents a careful balance between expressivity and stability in
neural network design.

works can build deep representations that extract complex patterns while maintaining stable

training dynamics. This design choice allows us to stack many layers without suffering from

exploding gradients that would make learning impossible. In essence, the careful calibra-

tion of activation function behavior is crucial for balancing expressive power with training

stability.

This connection between activation function design and statistical sampling properties

reveals an important point about neural networks: while they have advanced properties that
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we don’t yet fully understand—much like steam engines before thermodynamics—they are

not entirely black boxes. Many design choices in neural networks reflect deep statistical and

mathematical principles, even if the full theoretical explanation sometimes follows empirical

success.

15.7 Bayesian Neural Networks

While backpropagation and stochastic gradient descent provide an efficient way to

train neural networks, they only lead to a point estimate of the network parameters—essentially

finding the weights w that minimize the empirical loss:

w∗ = argmin
w

L(w) (15.67)

This is analogous to maximum likelihood estimation in linear regression. Just as with

linear regression, this approach gives us the “best fit” model but provides no information

about uncertainty in our model parameters. In Bayesian analysis, we aren’t merely interested

in finding the optimal parameter values, but rather in characterizing the entire posterior

distribution of parameters:

p(w|D) ∝ p(D|w)p(w) (15.68)

Having access to this posterior distribution allows us to make predictions that account

for parameter uncertainty by integrating over all possible parameter values:

p(y|x,D) =
∫
p(y|x,w)p(w|D)dw (15.69)

For astronomical applications, this uncertainty quantification is often as important as

the prediction itself. It helps us distinguish between confident predictions based on ample

evidence and more speculative ones where the model is uncertain.

One of the key limitations of neural networks compared to the simpler models we’ve

studied is the difficulty of performing rigorous Bayesian inference. For Bayesian linear re-

gression, we derived analytical expressions for the posterior distribution, making Bayesian

inference computationally tractable. For neural networks, however, the nonlinear structure

and high dimensionality of the parameter space make the posterior distribution intractable

to compute exactly. A modern neural network might have millions or even billions of param-
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eters, making direct sampling from the posterior distribution computationally prohibitive.

While exact Bayesian inference in neural networks remains challenging, researchers

have developed several practical approximations. Among these, dropout stands out as both

widely used and theoretically interesting. Originally introduced as a regularization technique,

dropout has deep connections to Bayesian methods that make it particularly valuable for

uncertainty quantification.

Monte Carlo Dropout Approach The dropout mechanism is simple: during training,

each neuron’s output is randomly set to zero with probability p. This process involves two

key steps:

1. For each forward pass during training, we create a random mask for each neuron i:

mi ∼ Bernoulli(1− p) (15.70)

Here, mi = 1 means the neuron remains active, while mi = 0 indicates it’s temporarily

removed. The Bernoulli distribution is a discrete probability distribution that takes

only two possible values: 1 with probability 1 − p and 0 with probability p. In the

context of dropout, this means each neuron has a probability p of being “dropped out”

(set to 0) and a probability 1− p of remaining active (set to 1).

2. We then apply this mask to the layer’s outputs:

h̃(l) = m⊙ h(l)/(1− p) (15.71)

The⊙ symbol represents element-wise multiplication between the maskm and the layer

outputs h(l). The scaling factor 1/(1−p) is crucial: it ensures that the expected output

value remains the same during both training and inference, preventing any systematic

shift in the network’s behavior. This scaling is similar to the bias correction term we

saw in the Adam optimizer, where we divide by (1−βt) to correct for the initialization

bias in the moving averages.

Dropout works by randomly deactivating neurons during training, forcing the network

to develop redundant pathways and become more robust. This is similar to training a team

where members occasionally take sick leave - the team must learn to function effectively

even when some members are absent, preventing any single person from becoming a critical

bottleneck. This redundancy helps prevent overfitting by ensuring the network doesn’t rely
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too heavily on any single neuron or pathway.

During standard inference (i.e., when using the trained network to make predictions

on new data), dropout is typically turned off to use the full network’s capacity. Since the

network has already learned to be robust to missing neurons during training, using the

complete network generally provides the most accurate predictions.

However, we can also keep dropout active during inference and perform multiple

forward passes with different random masks - a technique called Monte Carlo dropout. This

approach approximates Bayesian integration, providing not just predictions but also valuable

uncertainty estimates. This makes it particularly useful for scientific applications where

understanding prediction confidence is crucial.
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Figure 15.15: Visualization of the dropout technique for neural networks. The left panel
shows a standard neural network with fully connected layers, while the right panel demon-
strates the same network with dropout applied (probability p = 0.5). During training with
dropout, neurons are randomly deactivated (marked with red X’s) with probability p, and
their connections are temporarily removed. This forces the network to develop redundant
pathways, preventing overfitting and creating an implicit ensemble of networks. Mathemat-
ically, dropout applies a random Bernoulli mask mi ∼ Bernoulli(1 − p) to each neuron and
scales the outputs by 1/(1 − p) to maintain consistent expected values. When used during
inference (Monte Carlo dropout), this technique approximates Bayesian neural networks by
sampling from an implicit posterior distribution over network parameters, enabling uncer-
tainty quantification in predictions.

Monte Carlo dropout is powerful because it allows us to “sample” different possible

network configurations during inference. Like a team where different members take sick
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leave on different days, Monte Carlo dropout shows how the network’s predictions vary

when different neurons are temporarily unavailable. This variation provides insight into

the network’s confidence in its predictions - if the team performs consistently regardless of

who’s absent, we can be more confident in their collective judgment, while large variations

in performance suggest higher uncertainty in their decision-making.

The statistical foundations of dropout can be understood through complementary

ensemble learning and Bayesian perspectives, which are more closely connected than they

might initially appear.

From the ensemble learning perspective, dropout effectively creates an implicit collec-

tion of neural networks. Each time we apply a different dropout mask, we’re working with

a different “thinned” network—a subnetwork of the original architecture. During training,

the network is constantly being reconfigured as different subsets of neurons are randomly

dropped, forcing the remaining neurons to compensate. This is conceptually similar to boot-

strap aggregating (bagging), where we train multiple independent models on different data

subsets and average their predictions to reduce variance and improve generalization.

The ensemble interpretation reveals dropout’s effectiveness in preventing overfitting

through a mechanism of forced redundancy. By randomly removing neurons during training,

the network must develop multiple pathways to process similar information, preventing over-

reliance on any single neuron or feature combination. This redundancy becomes particularly

valuable for predictions on new data, as it enables effective marginalization over model

uncertainty through multiple network configurations.

This ensemble view directly connects to the Bayesian perspective we introduced ear-

lier. When we keep dropout active during inference (Monte Carlo dropout) and perform

multiple forward passes with different random masks, we’re effectively sampling from an

approximate posterior distribution over network functions. Each dropout mask creates a

different network configuration, analogous to drawing a sample from the posterior distribu-

tion of weights. By averaging predictions from these multiple forward passes:

p(y|x,D) ≈ 1

T

T∑

t=1

p(y|x,mt) (15.72)

where T is the number of forward passes with different masks mt, we obtain an approxima-

tion to the predictive distribution that we would ideally compute through Bayesian model
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averaging. The variance of these predictions provides a natural measure of uncertainty:

Var(y|x,D) ≈ 1

T

T∑

t=1

(f(x,mt)− f̄(x))2 (15.73)

where f̄(x) is the mean prediction across all dropout masks. This uncertainty quantifica-

tion is particularly valuable for scientific applications like astronomy, where understanding

prediction confidence can be as important as the predictions themselves.

The uncertainty captured by Monte Carlo dropout primarily represents model uncer-

tainty (epistemic uncertainty)—uncertainty stemming from the model’s lack of knowledge

due to limited training data or model capacity. This is distinct from aleatoric uncertainty,

which arises from inherent noise in the data itself. Even capturing model uncertainty alone

represents an improvement over standard deterministic neural networks, which provide only

point predictions with no indication of confidence.

Limitations and Advanced Approaches While dropout provides a practical approx-

imation to Bayesian inference, it’s worth noting that this bagging-like approach is just

that—an approximation. Recent research has revealed limitations in Monte Carlo dropout’s

ability to capture the complete predictive distribution, especially in regions far from the

training data or when uncertainty is highly structured. The dropout masks, though they

introduce prediction diversity, don’t fully explore the parameter space in a way that truly

represents the posterior distribution. This has spurred research into more sophisticated

approaches to Bayesian neural networks.

Researchers are actively developing more formal approaches to Bayesian neural net-

works. One direction involves adapting traditional MCMC methods, which we explored

earlier in this course, for sampling from the posterior distribution of neural network weights.

However, the high dimensionality of the weight space presents computational challenges for

these methods.

An alternative approach is to assume a parametric form for the posterior distribution

(such as a Gaussian) and optimize the parameters of this distribution rather than sampling

directly. This is known as variational inference, which transforms a sampling problem into an

optimization problem. While this is a key idea in statistical inference, its detailed application

to neural networks involves technical complexities beyond the scope of this introductory

textbook.
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The contrast between standard neural networks and Bayesian neural networks illus-

trates a broader theme we’ve encountered throughout this course: the trade-off between

computational efficiency and rigorous uncertainty quantification. Standard neural networks

excel in efficiency, leveraging backpropagation and stochastic gradient descent to handle

massive datasets and complex function approximation. However, the lack of properly un-

derstood (or at least not easily achievable/analytic) uncertainty quantification is, in my

opinion, the key limitation of neural networks, rather than just blanket criticisms about

their interpretability.

This limitation has led modern research in two promising directions. One approach

is to make classical Bayesian models like Gaussian Processes more scalable—for instance,

by using neural networks to amortize some computational components while preserving the

core Bayesian generalized linear regression framework. The other approach is to develop

more rigorous Bayesian methods for neural networks themselves. Both directions have seen

progress in recent years.

15.8 Beyond A Fancy Interpolator

Throughout this chapter, we’ve explored neural networks from both practical and

theoretical perspectives. We’ve seen how backpropagation enables efficient training and how

techniques like dropout provide approximations to Bayesian inference. However, a common

misconception persists that neural networks are merely “black boxes” or fancy interpolation

methods without theoretical grounding. This view not only underestimates the mathematical

depth of neural networks but also overlooks theoretical advances that have deepened our

understanding of why and how these models work.

While we cannot provide rigorous proofs within the scope of this textbook, it’s worth

highlighting several key theoretical developments that have reshaped our understanding of

neural networks. These insights illustrate that neural networks are far more than just em-

pirical techniques—they have rich mathematical properties that continue to yield insights

about learning, generalization, and computation.

Double Descent: One of the most striking phenomena in deep learning, observed con-

sistently since around 2016-2017, is double descent. This phenomenon challenges classical

statistical learning theory and our intuitions about model complexity and generalization.

In traditional statistical learning, we expect a U-shaped risk curve: as model complex-
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ity increases, performance initially improves as the model captures true patterns in the data,

but then deteriorates as the model begins to overfit. This trade-off between underfitting and

overfitting is considered a principle in statistical learning theory.

Remarkably, neural networks often violate this classical expectation. Researchers

have observed that after the initial overfitting phase, performance often improves again

with increased model complexity, creating a double descent pattern in the test error curve.

This allows for the effective use of models with far more parameters than training exam-

ples—sometimes billions of parameters to fit millions of data points—without the catas-

trophic overfitting that classical theory would predict. We illustrated this phenomenon

earlier in Figure 15.4.

The key insight behind this phenomenon lies in how the solution space evolves as

we increase model complexity. In classical optimization, adding more parameters typically

creates more local minima, making it harder to find the global minimum. However, in

neural networks, there appears to be a phase transition where the solution space undergoes

a change. As we increase the dimensionality beyond a certain point, the landscape of possible

solutions becomes more connected, creating pathways between what were previously isolated

local minima. This means that gradient descent can now navigate between different solutions

more easily, gradually finding paths to better minima that might have been inaccessible in

lower-dimensional spaces.

This is quite different from the classical notion of local minima, where solutions are

typically isolated and optimization can get trapped. In overparameterized neural networks,

the solution space becomes more like a connected manifold where optimization can flow

between different solutions, allowing the network to find better generalizations even with

many more parameters than training examples.

Neural Tangent Kernel: Connecting Deep Learning to Kernel Methods Another

theoretical advance, popularized around 2018-2019, is the Neural Tangent Kernel (NTK)

framework. This mathematical construct provides a theoretical bridge between neural net-

works and kernel methods like the Gaussian Processes we studied earlier in this course.

The key insight of NTK theory is that in the limit of infinite width (i.e., as the

number of neurons in hidden layers approaches infinity), the behavior of neural networks

during training can be described by a kernel function. This kernel depends only on the

network architecture and initialization, not on the specific parameter values during training.
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What makes this particularly striking is that it connects directly to the optimization

landscape we just discussed. The NTK framework helps explain why gradient descent in

overparameterized networks can reliably find good solutions despite the non-convex nature

of the loss function. In the infinite-width limit, neural networks’ loss landscapes become

increasingly benign, with local minima converging toward the global minimum. This helps

explain why simple gradient-based methods often work surprisingly well for neural networks,

without getting trapped in poor local optima.

In this infinite-width limit, neural networks effectively become kernel machines, with

the kernel defined by the architecture rather than chosen a priori as in Gaussian Processes.

As we saw in our study of Gaussian Processes, kernel methods are powerful because they

implicitly map inputs to infinite-dimensional feature spaces while maintaining computa-

tional tractability. The NTK reveals that neural networks implicitly define their own kernels

through their architecture, giving them similar expressive power while learning the feature

representation directly from data.

The NTK framework also sheds light on why certain neural network architectures

work better than others for specific problems. Different architectures induce different kernel

functions, which in turn have different inductive biases—implicit preferences for certain

types of functions. This perspective allows us to reason about neural network design not

just empirically but in terms of the properties of the induced kernel.

From a statistical perspective, the NTK provides a rigorous way to analyze the con-

vergence and generalization properties of neural networks. It helps explain why gradient

descent on neural networks, despite operating in a highly non-convex loss landscape, often

reliably finds good solutions.

Grokking: Beyond Memorization A particularly intriguing phenomenon observed in

neural networks addresses a question about learning: do neural networks merely memorize

training examples, or can they truly “understand” underlying patterns? This phenomenon,

termed “grokking” (borrowing from science fiction author Robert A. Heinlein’s concept of

deep intuitive understanding), provides compelling evidence for the latter.

One definition of true intelligence is the ability to generalize beyond what has been

explicitly taught—to extract underlying principles and apply them to novel situations. This

generalization capability distinguishes rote memorization from genuine understanding and

represents a hallmark of human cognition. The grokking phenomenon suggests that neural
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networks can exhibit similar capabilities.

When neural networks are trained on algorithmic tasks, such as modular addition

(e.g., (a + b) mod c), they display a striking learning pattern. Initially, these networks

appear to simply memorize the training examples, achieving perfect training accuracy but

poor generalization to unseen examples. However, with continued training and proper reg-

ularization, something remarkable happens—the networks suddenly “grok” the underlying

pattern, achieving near-perfect generalization to unseen examples.

What makes this transition particularly revealing is the change in internal representa-

tions. When a network merely memorizes, its activation patterns tend to be idiosyncratic and

seemingly random. However, when the network “groks” the concept, its activation patterns

organize into structured representations that reflect the underlying mathematical properties

of the task. For modular arithmetic, these representations capture the inherent periodic-

ity of the operation—a clear indication that the network has discovered the mathematical

structure rather than just memorizing individual cases.

This phenomenon occurs even when networks have far more parameters than training

examples—a regime where classical theory would predict pure memorization. Yet instead

of simply memorizing, these networks eventually discover generalizable patterns, suggesting

that neural network learning goes beyond mere interpolation between training points.

The implications of grokking extend far beyond simple arithmetic tasks. We see

similar phenomena in large language models, which can generalize in surprising ways. For

instance, models trained predominantly on English text can, with relatively few examples,

generate coherent responses in languages they were minimally exposed to during training.

This suggests these models aren’t merely memorizing training data but extracting deeper

linguistic patterns that transcend specific languages.

Even more striking is the ability of neural networks to perform counterfactual gen-

eralization—combining concepts that never co-occurred in training. Just as humans can

easily imagine novel combinations, modern neural networks can generate coherent repre-

sentations of concepts that never appeared together in their training data. This ability to

recombine learned elements in novel ways represents a form of creativity that goes beyond

memorization.

These capabilities have important implications for how we use neural networks in

scientific applications, including the development of foundation models that we’ll explore in
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Figure 15.16: Schematic illustration of the “grokking” phenomenon in neural networks. The
top panel shows a conceptual representation of accuracy curves: while training accuracy
(solid blue) quickly rises as the network memorizes examples, test accuracy (dashed red)
remains low for an extended period before suddenly improving at the “grokking point.” The
bottom panels illustrate the hypothesized transformation in neural representation: during
memorization (left), neurons exhibit chaotic, seemingly random activation patterns, while
after grokking (right), activations self-organize into structured patterns that reflect the un-
derlying mathematical relationships in the data. This schematic visualization captures the
essence of how neural networks can transition from memorizing specific examples to discover-
ing generalizable principles. While simplified, this illustration represents patterns observed
in research on neural networks trained on tasks like modular arithmetic, where system-
atic analysis of internal representations reveals that networks eventually discover compact,
generalizable solutions rather than merely interpolating between training examples. This
phenomenon challenges the view of neural networks as fancy interpolators and suggests they
can develop representations that capture the abstract structure governing the data.



622 Statistical Machine Learning for Astronomy — Y.-S. Ting

the next section.

In conclusion, phenomena like grokking reveal that neural networks can transcend

mere memorization to achieve forms of understanding that capture underlying patterns and

principles. Far from being black boxes or fancy interpolation methods, neural networks

represent sophisticated learning systems with the capacity to discover and represent complex

patterns in data. When applied with theoretical understanding, they offer powerful tools

for astronomical research, potentially uncovering patterns and relationships that traditional

methods might miss. The ongoing discoveries about how these networks learn and generalize

continue to deepen our appreciation of their capabilities and their potential for scientific

discovery.

15.9 Foundation Models

The grokking phenomenon described in the previous section points toward a broader

shift in how we think about machine learning models. Rather than training specialized net-

works for each individual task, we can leverage the generalization capabilities that grokking

demonstrates by first training large models on diverse, extensive datasets and then adapting

them to specific applications with minimal additional training. This approach has given rise

to what are known as foundation models.

Foundation models represent a paradigm shift in machine learning: instead of training

specialized models for each task from scratch, we first pre-train a general model on diverse,

extensive data, then fine-tune it for specific applications. This approach builds directly on

the insights from grokking—that neural networks can extract generalizable principles that

transcend the specific examples they were trained on.

What makes foundation models particularly interesting is their few-shot learning capa-

bility—the ability to perform well on new tasks with very few examples. A model pre-trained

on a vast corpus of text and images can rapidly adapt to classify astronomical objects after

seeing just a handful of examples from each category. This suggests that during pre-training,

these models aren’t simply memorizing their training data but are acquiring generalizable

knowledge about the structure of data across domains.

The connection between grokking and foundation models is direct. Both phenom-

ena suggest that neural networks can extract generalizable principles from data that enable

performance beyond what would be expected from mere memorization. In grokking, net-
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Figure 15.17: Schematic illustration comparing foundation models with few-shot learning
to traditional training approaches. The top panel presents a conceptual performance curve
showing how foundation models (blue) achieve high accuracy with very few examples, while
models trained from scratch (red) require orders of magnitude more data to reach compara-
ble performance. The shaded blue area highlights the performance advantage of foundation
models, particularly pronounced in the few-shot region. The plot demonstrates how perfor-
mance varies across few-shot, small data, and large data regimes. The bottom panel diagrams
the foundation model paradigm: a foundation model is pre-trained once on diverse, exten-
sive data (left blue box), then adapted to specific tasks with minimal examples through
fine-tuning (top right green box), resulting in specialized models (right orange box). This
approach contrasts with the traditional method of training separate models from scratch
for each task (shown in gray). This conceptual diagram illustrates the computational effi-
ciency of the foundation model approach, where the high computational cost of pre-training
is incurred only once, while adaptation requires minimal computation and can be performed
quickly for new tasks.

works suddenly generalize after extended training on a small dataset; in foundation models,

networks leverage broad knowledge acquired during pre-training to quickly adapt to new
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scenarios. Both challenge the traditional view of neural networks as simple interpolators.

Transfer Learning in Astronomical Applications Consider a language model trained

on scientific literature that has never seen astronomy datasets. When presented with a few

examples of galaxy classification, it can rapidly learn to classify new galaxies by building on

its pre-existing knowledge of visual patterns, hierarchical structures, and general scientific

concepts. This transfer of knowledge between domains—from general pre-training to spe-

cific astronomical applications—suggests that the model has developed representations that

capture principles rather than surface-level patterns.

Few-shot learning is particularly valuable in astronomy, where labeled examples of

rare phenomena may be scarce. A foundation model pre-trained on broader astronomical

data might require only a few examples of a rare event—such as a particular type of stellar

explosion or an unusual galaxy merger—to accurately identify other instances. This capa-

bility could accelerate the discovery and classification of rare astronomical phenomena from

the massive datasets generated by modern observatories.

The practical implications extend beyond simple classification tasks. Foundation

models can potentially assist with complex reasoning about astronomical phenomena. For

instance, a model trained on diverse scientific texts might help interpret the physical im-

plications of observed spectral features, or suggest follow-up observations based on patterns

learned from the scientific literature. This represents a shift from using neural networks

merely as pattern recognition tools to using them as scientific reasoning assistants.

Scientific Discovery and Pattern Recognition In astronomical contexts, foundation

models offer intriguing possibilities for scientific discovery. When modeling complex phenom-

ena with neural networks, the goal isn’t merely to fit observed data points but to discover

the underlying physical laws or patterns. The generalization capabilities demonstrated in

grokking suggest that neural networks can potentially discover such patterns, even from

limited observations, given sufficient capacity and training.

A neural network trained on limited observational data might, with proper design

and training, extract the underlying astrophysical principles rather than just memorizing

the training examples. For example, a neural network analyzing spectroscopic data might

initially appear to merely interpolate between known stellar spectra, but with sufficient

training, it could potentially discover the underlying physics of atomic transitions and stel-

lar atmospheres. Similarly, a network analyzing galaxy morphologies might move beyond
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classification based on surface features to discover deeper structural principles governing

galaxy formation and evolution.

This potential for discovery extends to cross-domain knowledge transfer. A founda-

tion model trained on diverse scientific data might recognize patterns that connect seem-

ingly disparate phenomena—for instance, identifying similarities between stellar evolution

processes and patterns observed in other physical systems. Such connections could lead to

new theoretical insights or suggest novel research directions.

For astronomers, this means that neural networks offer more than just efficient data

processing—they provide potential windows into physical laws that might be difficult to dis-

cern through traditional analysis. By carefully examining what these networks learn—not

just their outputs but their internal representations—we might gain new insights into astro-

physical phenomena.

Challenges and Considerations While foundation models offer promising capabilities,

their application in astronomy requires careful consideration of several factors. The rep-

resentations learned during pre-training may not always align with the physical principles

governing astronomical phenomena. A model trained primarily on our terrestrial generated

data might develop biases that are inappropriate for understanding cosmic processes.

Additionally, the scale of computation required for training foundation models raises

questions about accessibility and reproducibility in astronomical research. The largest foun-

dation models require computational resources that may be beyond the reach of many re-

search groups, potentially creating disparities in research capabilities.

There are also important questions about interpretability and validation. While foun-

dation models can achieve impressive performance on specific tasks, understanding why they

make particular predictions or how their internal representations relate to physical principles

remains challenging. For scientific applications, this interpretability gap can be problematic

when trying to extract physical insights or validate model predictions against theoretical

expectations.

Despite these challenges, foundation models represent an important development in

the intersection of artificial intelligence and scientific research. Their ability to transfer

knowledge across domains and perform few-shot learning makes them particularly valuable

for fields like astronomy, where data may be scarce for rare phenomena but abundant for more

common observations. As our understanding of these models improves and computational
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resources become more accessible, they are likely to play an increasingly important role in

astronomical research and discovery.

15.10 Autoencoders: Nonlinear Dimension Reduction

So far, we have focused on neural networks for supervised learning tasks—primarily

regression and classification. In supervised learning, we learn a mapping from input data

x to target outputs y, using objective functions like mean squared error (MSE) loss for

regression and cross-entropy (CE) loss for classification. These losses provide clear signals

for gradient-based optimization, enabling neural networks to learn these input-to-output

mappings.

However, neural networks can also be powerful tools for unsupervised learning, where

we work with input data x alone, without any target outputs y. Earlier in this course,

we explored classical approaches to unsupervised learning, including Principal Component

Analysis (PCA) for dimension reduction and K-means clustering and Gaussian Mixture

Models (GMMs) for density estimation. These methods provided solutions based on linear

algebra and statistical principles but were constrained by their inherent assumptions. Neural

networks offer a natural extension to these classical methods, maintaining their conceptual

foundations while relaxing their restrictive assumptions.

For dimension reduction, we previously explored Principal Component Analysis (PCA)

as a technique for linear dimension reduction. Mathematically, given centered input data

x ∈ RD, PCA finds a linear transformation W ∈ Rd×D that maps x to a lower-dimensional

representation z ∈ Rd where d < D. This transformation is obtained by identifying the

directions of maximum variance through eigendecomposition of the data covariance matrix:

Σ =
1

N

N∑

n=1

xnx
T
n (15.74)

The resulting projection:

z = Wx (15.75)

preserves as much variance as possible in the lower-dimensional space.

For reconstruction, PCA uses the transpose of the projection matrix:

x̂ = WTz (15.76)
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This gives us the best linear approximation of the original data given the compressed repre-

sentation. The reconstruction error is then:

E =
1

N

N∑

n=1

∥xn − x̂n∥2 =
1

N

N∑

n=1

∥xn −WTWxn∥2 (15.77)

As we have seen in the PCA chapter, this error represents the information lost during

the compression process. Minimizing this error is equivalent to maximizing the variance

preserved in the low-dimensional space—the two perspectives lead to the same solution.

PCA’s strength lies in its closed-form solution through eigendecomposition. However,

this mathematical convenience comes at a cost: PCA is constrained to linear transformations.

This limitation becomes particularly apparent when our data lies on a nonlinear manifold in

the high-dimensional space. The Swiss roll dataset—a two-dimensional sheet curled up in

three dimensions—perfectly illustrates this challenge. While PCA would struggle to unfold

this structure using only linear projections, an autoencoder can learn to “unroll” the Swiss

roll through nonlinear transformations, revealing its true two-dimensional nature.

The Autoencoder Framework Autoencoders address this limitation by replacing PCA’s

linear transformations with nonlinear neural networks. They preserve the same goal —

finding a low-dimensional representation that minimizes reconstruction error—but with the

flexibility of nonlinear transformations that can capture complex geometric relationships in

the data.

We can formulate the autoencoder approach in direct parallel to PCA. Where PCA

performs encoding via z = Wx and decoding via x̂ = WTz, an autoencoder uses:

1. An encoder function c(x) that maps the input to a low-dimensional representation:

z = c(x) (15.78)

2. A decoder function f(z) that reconstructs the input from this representation:

x̂ = f(z) (15.79)

Both functions c(x) and f(z) are implemented as neural networks, though the specific

architecture can vary based on the data type and task. While we show a simple fully-
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connected network here, in practice we often use specialized building blocks like CNNs for

image data or Transformers for sequential data. The choice of architecture reflects the

inductive biases we want to encode about our data, but the autoencoder concept remains

the same regardless of the specific building blocks used.

1000 256 64 16 64 256 1000

Encoder Bottleneck Decoder

Input x ∈ R1000 Latent Space z ∈ R16 Output x̂ ∈ R1000

z = c(x) x̂ = f (z)

Figure 15.18: Architecture of an autoencoder neural network for nonlinear dimension reduc-
tion. The hourglass structure illustrates the compression and reconstruction process: the
encoder (blue) progressively reduces input dimensionality from 1000 to 16 through hidden
layers of decreasing size (256, 64), while the decoder (green) symmetrically expands from the
bottleneck layer back to the original dimensionality. The bottleneck layer (orange) creates
an information bottleneck that forces the network to learn efficient representations of the
data. During training, the network is optimized to minimize reconstruction error between
the input x and output x̂, encouraging the latent space z to capture meaningful features.
Unlike Principal Component Analysis (PCA) which is limited to linear transformations, au-
toencoders can model complex nonlinear relationships through their neural network layers.

For illustration, a simple two-layer encoder might look like:

c(x) = σ2(W2σ1(W1x+ b1) + b2) (15.80)

where σ1 and σ2 are nonlinear activation functions like GeLU, and W1, W2, b1, b2 are the

learnable parameters. The decoder f(z) would have a similar structure with its own set of

weight matrices and bias vectors. However, this is just one possible implementation - the

key is that both encoder and decoder are learnable functions that can capture complex data

relationships.
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The objective function for training an autoencoder parallels PCA’s reconstruction

error criterion:

L =
1

N

N∑

n=1

∥xn − f(c(xn))∥2 (15.81)

This measures the squared distance between the original input and its reconstruction after

passing through the encoder and decoder. The parameters we need to optimize include all the

weights in both the encoder and decoder networks, regardless of their specific architectural

implementation.

Since backpropagation is a general algorithm for computing gradients through any

differentiable computation graph, we can use exactly the same mechanism we described

earlier to compute gradients of the loss with respect to all these parameters. We then

update these parameters using gradient descent, just as we did in supervised learning tasks.

The only difference is that here we’re optimizing reconstruction error rather than prediction

error.

If we constrained the encoder and decoder to be single-layer linear networks with no

activation functions:

c(x) = Wex (15.82)

f(z) = Wdz (15.83)

and optimized the reconstruction error, the solution would converge to the PCA projection

matrix (up to a rotation). In this sense, a linear autoencoder is equivalent to PCA, and

the nonlinear autoencoder represents a natural extension to capture more complex data

structures.

Autoencoders employ a distinctive hourglass architecture that mirrors the compres-

sion and reconstruction process. The encoder network gradually reduces the input dimen-

sionality through successive layers until reaching the bottleneck layer—the low-dimensional

latent space z. The decoder then symmetrically expands back to the original dimensions.

The bottleneck layer serves as the crucial constraint that drives meaningful learning. With-

out this bottleneck, the network could simply learn to copy inputs directly to outputs, failing

to extract any useful features. This architectural constraint forces the network to identify

and prioritize the most essential aspects of the data needed for accurate reconstruction.

This compression mechanism shares conceptual similarities with PCA’s approach to
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finding principal components. Just as PCA identifies directions that optimally generate the

data, the autoencoder’s bottleneck layer captures the most important patterns for reconstruc-

tion. However, autoencoders offer greater flexibility through their nonlinear transformations.

The latent space dimensions often encode interpretable features because they represent the

most efficient pathways for data generation through the decoder network, similar to how

PCA vectors capture physically meaningful directions in data space.
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Figure 15.19: Comparison of linear and nonlinear dimensionality reduction techniques using
the Swiss roll dataset. The left panel shows the original Swiss roll data—a two-dimensional
manifold (sheet) curled in three-dimensional space, with colors indicating positions along
the spiral. The middle panel demonstrates Principal Component Analysis (PCA), a linear
technique that projects data onto directions of maximum variance. PCA fails to properly
unfold the Swiss roll structure because it is constrained to linear transformations, resulting in
overlapping points from different parts of the manifold (note the mixing of colors). The right
panel illustrates the result of an autoencoder-based dimensionality reduction. By leveraging
nonlinear transformations, the autoencoder effectively “unrolls” the Swiss roll, preserving
local neighborhood relationships and maintaining the continuous color progression that rep-
resents positions along the original manifold.

The resulting compressed representations frequently reveal intuitive features. For

example, in face image analysis, the latent dimensions might naturally encode attributes

such as pose, lighting, expression, and identity. Similarly, for galaxy images, these dimen-

sions could correspond to physical properties like morphological type, size, orientation, and

brightness. These features emerge organically from the network’s optimization process rather

than through explicit training, as they represent the most efficient encoding paths through

the bottleneck.

Applications in Astronomy Beyond simple dimension reduction, autoencoders have

found numerous practical applications in astronomy. One particularly valuable application

is denoising. Consider astronomical images corrupted by noise—cosmic rays, readout noise,
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or sky background fluctuations. Since noise typically lacks the structured correlations present

in the signal, it cannot be efficiently encoded through the bottleneck. When the autoencoder

reconstructs the input, it tends to preserve the structured signal while discarding the random

noise.

Denoising autoencoders formalize this insight by explicitly training on noisy inputs

while targeting clean outputs. If we have pairs of noisy and clean examples (which might be

obtained from simulations or controlled observations), we can train:

L =
1

N

N∑

n=1

∥xclean
n − f(c(xnoisy

n ))∥2 (15.84)

This encourages the network to learn a mapping that removes noise while preserving the

underlying signal.

It’s crucial to understand that denoising autoencoders don’t actually create new in-

formation or “generate more photons” from the observations. From a Bayesian perspective,

what they’re doing is projecting the noisy data onto a learned prior distribution of what we

expect the signal to look like. This prior is encoded in the network’s weights through train-

ing on similar examples. While this can be extremely useful for visual analysis and pattern

recognition, it’s important to recognize that the “cleaned” output represents our best guess

based on prior knowledge, not additional observational data.

This distinction is particularly important in astronomy, where the temptation to inter-

pret denoised results as “super-resolution” or “enhanced signal-to-noise” can be misleading.

The network isn’t magically recovering lost information—it’s making educated guesses based

on patterns it has learned from similar data. This approach has proven effective for cleaning

astronomical images, spectra, and time series data, but users must be careful not to overin-

terpret the results or treat them as if they contained more observational information than

the original data.

Autoencoders can also identify anomalies or outliers in data. After training on a

dataset of “normal” examples, instances that produce large reconstruction errors are likely

outliers—data points that don’t conform to the patterns learned by the autoencoder. This

technique has been applied to detect unusual astronomical objects, instrument failures, or

data quality issues.

For all these applications, the key advantage of autoencoders over PCA is their abil-
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ity to capture nonlinear relationships. Astronomical data often exhibits complex, nonlinear

structure—the spectrum of a star depends nonlinearly on its temperature, pressure, and

chemical composition; galaxy morphologies form complex manifolds in image space; light

curves of variable stars display nonlinear patterns across time. By replacing linear transfor-

mations with flexible neural networks, autoencoders can discover and leverage these nonlinear

patterns, leading to more efficient compression, better denoising, and more accurate anomaly

detection.

The success of autoencoders exemplifies a recurring theme in our exploration of neural

networks: by relaxing restrictive assumptions of classical methods while preserving their core

principles, neural networks offer natural extensions that handle the complexity of real-world

data. Just as neural networks extended linear regression to capture nonlinear relationships

in supervised learning, autoencoders extend PCA to perform nonlinear dimension reduction

in unsupervised learning.

15.11 Encoder-Decoder Architectures

Having explored autoencoders for nonlinear dimension reduction, we now examine

a broader class of neural network architectures that extend beyond the self-reconstruction

paradigm. While autoencoders learn to map inputs back to themselves through a compressed

bottleneck, encoder-decoder architectures can establish more complex relationships between

different data domains.

The key insight driving this extension is that an autoencoder’s bottleneck layer con-

tains more than just compressed information—it captures meaningful representations of the

input data’s essential structure. These latent representations abstract away superficial de-

tails while preserving the underlying patterns that define the data. If these representations

truly encode the “knowledge” or “semantics” of the data, they should prove useful for tasks

beyond simple reconstruction.

Mathematically, we can generalize the autoencoder framework by maintaining the

encoder structure c(x) → z while introducing flexibility in how we use the latent represen-

tation z. Instead of constraining the decoder to reconstruct the original input, we can train

it to produce outputs in different domains or modalities. The encoder c(·) and decoder g(·)
remain neural networks, but their architectures may be tailored to specific input and output

requirements.
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This generalized framework enables two particularly powerful capabilities for astro-

nomical research: domain transfer and cross-modal learning.

Domain Transfer Domain transfer creates mappings between different representations

of similar data types. Instead of the autoencoder’s x 7→ z 7→ x pattern, domain transfer

implements x 7→ z 7→ y, where x and y belong to related but distinct domains:

z = c(x) (15.85)

y = g(z) (15.86)

A practical astronomical application involves bridging the gap between simulated

and observed data. Consider stellar spectroscopy, where theoretical atmospheric models

provide predictions of stellar spectra based on physical parameters like temperature, sur-

face gravity, and metallicity. However, these simulations often fail to capture all physical

processes—missing opacity sources, incomplete line broadening mechanisms, or simplified at-

mospheric assumptions create systematic differences between predicted and observed spectra.

An encoder-decoder network can learn these systematic differences by training on pairs

of (simulated, observed) spectra. The encoder extracts the underlying physical information

from simulated spectra, while the decoder learns to translate this information into more

realistic observed spectra. The latent space z still encodes the physical parameters, but the

decoder g(z) produces outputs that better match observational reality than direct simulation.

This approach acknowledges an important reality in scientific modeling: our simula-

tions represent imperfect approximations of physical processes. Rather than discarding these

models, domain transfer allows us to correct for their systematic limitations while preserving

their physical basis. The resulting hybrid approach combines the theoretical understanding

embedded in simulations with empirical corrections learned from data.

Domain transfer also enables cross-wavelength predictions within astronomy. For ex-

ample, we might train a network to predict infrared galaxy spectra from optical observations,

or to generate radio emission maps from optical images. While these predictions represent

educated guesses based on learned correlations rather than new physical information, they

can guide observational strategies and help identify promising targets for follow-up studies.

Cross-Modal Learning with Shared Latent Spaces Cross-modal learning takes a dif-

ferent approach by forcing multiple data modalities to share a common latent representation.
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Rather than mapping from one domain to another, this architecture requires different data

types to encode into and decode from the same latent space:

z1 = c1(x1) (15.87)

z2 = c2(x2) (15.88)

x̂1 = g1(z) (15.89)

x̂2 = g2(z) (15.90)

Each modality has its own encoder and decoder, but all share the same latent rep-

resentation z. The training objective typically involves reconstructing each modality from

itself, with the crucial constraint that different modalities must use the same latent space.

This forces the network to discover a unified representation that captures information shared

between modalities.

Consider a concrete astronomical example: encoding both galaxy images and galaxy

spectra into the same latent space. The image encoder c1 must learn to extract information

from morphological features, colors, and spatial structure, while the spectrum encoder c2

extracts information from spectral lines, continuum shapes, and emission features. The

constraint that both encoders map to the same latent space forces the network to identify

the underlying physical properties that manifest in both modalities.

This shared representation naturally organizes itself according to physical properties

that affect both modalities. For instance, a galaxy’s stellar population age influences both

its color in images and the strength of specific spectral absorption features. The stellar

mass affects both the galaxy’s apparent size and its overall spectral energy distribution.

By constraining the latent space to represent both modalities, the network discovers these

physical relationships without explicit supervision.

The key distinction from domain transfer is that cross-modal learning seeks a common

representational space rather than a mapping between spaces. This approach enables several

capabilities:

• Self-reconstruction within each modality (preserving the autoencoder property)

• Cross-modal prediction (generating spectra from images or vice versa)

• Discovery of latent variables corresponding to shared physical properties
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Figure 15.20: Encoder-decoder architectures for transformations between data domains. (a)
Domain transfer maps data between different representations of the same type, such as con-
verting simulated stellar spectra to match observed spectra. This approach helps bridge
the gap between theoretical models and observations by learning systematic differences be-
tween simulations and real data. (b) Shared latent space architectures enable integration of
different data modalities by mapping them to a common representation. For example, by
encoding both galaxy images and spectra into the same latent space, the network learns cor-
relations between visual morphology and spectral features, forcing the network to discover
relationships between different data types.



636 Statistical Machine Learning for Astronomy — Y.-S. Ting

Cross-modal learning proves particularly valuable in astronomy, where objects are

routinely observed through multiple instruments and across different wavelength regimes.

Large surveys are routinely providing both imaging and spectroscopic data for millions to

billions of galaxies, while upcoming facilities will generate multi-wavelength observations

across unprecedented scales. By learning unified representations from these diverse observa-

tions, we can discover the physical properties that manifest across observational modalities.

The latent representations learned through encoder-decoder architectures often reveal

physically meaningful organization, even without explicit training on physical parameters.

In galaxy studies, latent dimensions might naturally correspond to properties like stellar

age, metallicity, star formation rate, or morphological type. This emergent organization

occurs because these physical properties represent the most efficient pathways for encoding

information that can successfully reconstruct both modalities.

This capability makes encoder-decoder networks valuable not just for prediction but

for scientific discovery. By examining how the latent space organizes itself and what features

the network considers important for reconstruction, we can gain insights into the relationships

between different observational signatures of the same physical phenomena.

The broader significance of encoder-decoder frameworks lies in their ability to create

unified representations from heterogeneous data sources—a persistent challenge in astronomy

where observations span multiple instruments, surveys, and wavelength regimes. Rather than

analyzing each data type in isolation, these architectures enable integrated analysis that

potentially leads to more complete understanding of astronomical objects and phenomena.

15.12 Mixture Density Networks

Having explored encoder-decoder architectures and dimension reduction through au-

toencoders, we now turn to another application where neural networks extend beyond simple

supervised learning: density estimation. This represents a crucial area where neural networks

move beyond deterministic curve fitting to model the full probabilistic structure of data.

To understand why density estimation matters, consider a limitation of traditional

supervised neural networks. Standard multilayer perceptrons assume a deterministic one-to-

one mapping from input x to output y. However, this assumption frequently breaks down

in scientific applications, where one-to-many mappings occur naturally.
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The Problem with One-to-Many Relationships Consider the Swiss roll dataset we

encountered earlier, but now applied to a supervised learning task. In this scenario, data

points form a complex, folded structure where a single input value x corresponds to multiple

distinct output values y. If we train a standard neural network to predict y from x using

mean squared error (MSE), the result fails to capture the true data structure.

The network learns to predict the conditional mean E[y|x] at each input point —

effectively averaging across all possible outputs for a given input. This averaging smooths

out the multimodal nature of the true distribution, producing predictions that may not cor-

respond to any realistic outcome. At an input where three distinct output values are equally

likely, the network predicts their average, which might represent an impossible configuration.
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Figure 15.21: Comparing deterministic and probabilistic approaches to modeling one-to-
many relationships. Panel (a) shows how a standard neural network trained with mean
squared error (red curve) models the Swiss roll dataset. This deterministic approach must
predict a single output for each input, effectively averaging across multiple valid solutions at
the same x coordinate. Panel (b) shows a probabilistic approach with a vertical dashed line
at x = 2.5 demonstrating how one input can correspond to multiple possible outputs. The
right panel shows the conditional distribution p(y|x = 2.5), with multiple peaks capturing
all possible outcomes and their probabilities. Mixture Density Networks model the full
conditional distribution p(y|x) that varies smoothly with x, allowing the model to capture
how the multimodal nature of the data gradually changes across the input space.

One-to-many relationships pervade astronomy and other scientific fields. When cos-

mological simulations use identical physical parameters but different random seeds, they pro-

duce structurally similar but detailed different realizations of the same underlying physics.

Multiple galaxy types might share the same stellar mass while differing in morphology, metal-
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licity, or star formation history. These examples highlight that true one-to-one mappings are

rare in complex scientific domains.

This reality requires us to move beyond deterministic mappings. Instead of seeking a

function y = f(x) that makes single predictions, we need frameworks that model the entire

distribution of possible outcomes given an input.

From Unconditional to Conditional Density Estimation This need brings us to den-

sity estimation, which takes two distinct forms. In classical unconditional density estimation,

which we explored with Gaussian Mixture Models (GMMs), we learn the probability density

function p(x) of our data. For supervised problems with one-to-many relationships, we need

conditional density estimation—learning p(y|x) rather than just p(x).

The distinction is crucial: p(x) describes the general distribution of our data, while

p(y|x) captures how the distribution of y varies with different values of x. This conditional

framework allows us to represent the full range of possible outputs for each input through

probability distributions.

This approach aligns with the Bayesian perspective we have emphasized through-

out this course. In Bayesian analysis, we routinely work with likelihood functions, which are

conditional distributions. The conditional distribution approach acknowledges inherent vari-

ability in complex systems—even when underlying physics remains fixed, specific realizations

may vary.

Focusing on conditional distributions p(y|x) rather than joint distributions p(x,y)

also offers computational advantages. Describing the joint distribution for complex structures

like the Swiss roll would be extremely challenging. However, if we fix x and examine the

resulting distribution of y, we often find simpler, more tractable structures.

We can draw inspiration from our previous work with Gaussian Mixture Models.

GMMs excel at capturing complex, multimodal distributions by representing multiple peaks

— precisely the structure we observe in one-to-many mappings. However, standard GMMs

have a key limitation: they model a single, static distribution p(y) rather than one that

varies with input conditions p(y|x).

Consider using a single GMM to model p(y) for all values of x in our Swiss roll

example. Such a model would need to represent all possible y values across the entire

range of x, effectively averaging out the distinct local patterns that exist at specific x val-
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ues. What we need instead is a GMM whose parameters—means, covariances, and mixture

weights—change as functions of x.

These parameter changes should be gradual and smooth. When two input values x1

and x2 are similar, their corresponding conditional distributions p(y|x1) and p(y|x2) should

also be similar. This assumption of local smoothness is both physically reasonable and

computationally advantageous.

The Mixture Density Network Framework This insight leads to Mixture Density

Networks (MDNs), which combine neural networks with mixture models to perform condi-

tional density estimation. The core idea is straightforward: use a neural network to compute

the parameters of a GMM as functions of the input x. The resulting model can capture

complex, multimodal distributions that vary smoothly across the input space.

Formally, an MDN models the conditional distribution p(y|x) as a mixture of Gaus-

sians:

p(y|x) =
K∑

k=1

πk(x)N (y|µk(x),Σk(x)) (15.91)

Here, πk(x) represents the mixture weights, µk(x) the means, and Σk(x) the covariance

matrices—all varying as functions of the input x. For each value of x, we have a different

GMM describing the distribution of y.

The innovation of MDNs lies in parameterizing these functions through neural net-

works rather than specifying explicit functional forms. This leverages the universal approx-

imation capabilities of neural networks to learn complex relationships directly from data

without requiring prior knowledge of the true functional forms.

Architecturally, an MDN consists of a neural network that takes x as input and

produces parameters for a GMM as output. For a mixture with K components in a D-

dimensional output space, the network must output:

• K mixture weights πk(x) (constrained to sum to 1)

• K ×D mean values µk(x) (one D-dimensional mean vector per component)

• Covariance parameters for each component (often simplified to diagonal matrices)

Training and Implementation Optimization of MDNs follows the maximum likelihood

principle we have employed throughout this course. Given a dataset of input-output pairs



640 Statistical Machine Learning for Astronomy — Y.-S. Ting

Mode 1

Mode 2

Mode 3

x1

x2

Input
Layer

Hidden
Layers

MDN Output
Layer

Conditional Distribution

p(y|x)

π1(x)
µ1(x)
σ 2

1 (x)

π2(x)
µ2(x)
σ 2

2 (x)

π3(x)
µ3(x)
σ 2

3 (x)

p(y|x) = ∑K
k=1 πk(x)N (y|µk(x),σ 2

k (x))

Mixture Density Network Architecture

π

µ

σ 2

π

µ

σ 2

π

µ

σ 2

Figure 15.22: Architecture of a Mixture Density Network (MDN) for modeling conditional
probability distributions. The left side shows the neural network structure with input neurons
(blue), hidden neurons (green), and output neurons organized by mixture component (or-
ange, purple, red). Each mode has three parameter outputs: mixture weight (πk), mean (µk),
and variance (σ2

k). The right side visualizes the resulting conditional distribution p(y|x) as a
mixture of Gaussians, with each colored component corresponding to a mode in the network
output. MDNs extend traditional neural networks to model full probability distributions
rather than point estimates, making them particularly valuable for problems with one-to-
many relationships where a single input can correspond to multiple plausible outcomes. The
network learns to output the parameters of a mixture model that varies with the input, ef-
fectively implementing the conditional distribution p(y|x) = ∑K

k=1 πk(x)N (y|µk(x), σ
2
k(x)).

This approach enables uncertainty quantification and multimodal predictions, addressing a
limitation of standard (deterministic) neural networks in scientific applications.

{(xn,yn)}Nn=1, we maximize the log-likelihood:

L(w) =
N∑

n=1

log p(yn|xn,w) =
N∑

n=1

log

[
K∑

k=1

πk(xn)N (yn|µk(xn),Σk(xn))

]
(15.92)

wherew represents the neural network parameters. This optimization uses the same gradient-

based methods we have discussed throughout this chapter.

Practical implementation requires attention to constraints. Since mixture weights

πk(x) must be non-negative and sum to one, we apply a softmax function to the correspond-
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ing network outputs:

πk(x) =
exp(zk(x))∑K
j=1 exp(zj(x))

(15.93)

where zk(x) are the raw network outputs. To ensure positive variances, we typically apply

exponential or softplus functions to the relevant outputs.

Numerical stability requires working with log-probabilities rather than probabilities

directly, as products of small probabilities can cause underflow. The objective function

becomes the negative log-likelihood, optimized using standard gradient descent methods.

Applications in Astronomy MDNs have found numerous applications in astronomy

where one-to-many relationships abound. In stellar parameter inference, the same photo-

metric observations could arise from different combinations of temperature, gravity, and

metallicity due to degeneracies and unmodeled effects like extinction. An MDN can provide

complete posterior distributions over stellar parameters rather than just point estimates,

properly capturing uncertainty and potential multimodality.

Color-magnitude diagrams (CMDs) exhibit complex multimodal distributions due to

superposition of different stellar populations and evolutionary stages. MDNs can model these

structures, enabling more accurate stellar population analysis and distance determinations.

In cosmological parameter estimation, MDNs can model the conditional distribution

of cosmological parameters given summary statistics of observations. This probabilistic ap-

proach captures degeneracies and constraints in parameter space, aligning with the Bayesian

framework that dominates modern cosmological inference.

These applications represent early examples of simulation-based inference (SBI), where

neural networks learn to approximate complex likelihoods or posteriors from simulated data.

The ability to model full conditional distributions rather than point estimates makes MDNs

particularly valuable for scientific applications where uncertainty quantification is as impor-

tant as the predictions themselves.

The contrast between standard neural networks and MDNs illustrates a broader

theme: the trade-off between computational simplicity and rigorous uncertainty quantifi-

cation. While standard networks excel in efficiency, MDNs provide the probabilistic frame-

work essential for scientific inference, representing a bridge between deterministic machine

learning and the probabilistic methods we have studied throughout this course.
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15.13 Modern Neural Density Estimators

While MDNs provide a solid foundation for neural density estimation, they represent

just one approach within a broader class of methods that has expanded considerably in

recent years. The field of neural density estimators encompasses techniques that use neural

networks to estimate probability density functions, whether joint or conditional distributions.

These methods address limitations of MDNs while opening new possibilities for modeling

complex probabilistic relationships in scientific data.

Understanding these techniques matters beyond simple curve fitting. In many scien-

tific applications, we are not fitting curves at all—instead, we are capturing the full proba-

bilistic relationship between variables, providing crucial information about uncertainty. This

capability for uncertainty quantification proves essential in the intersection of artificial in-

telligence and scientific research.

Limitations of Mixture Models MDNs, despite their utility, carry an important con-

straint: they rely on a specific parametric form—the Gaussian mixture model. While GMMs

are flexible, they may require many components to approximate complex distributions ac-

curately. Each additional component increases the number of parameters that must be

estimated, potentially leading to overfitting with limited data.

More fundamentally, the Gaussian assumption may not match the true structure of

scientific data. Consider astronomical observations where measurement errors follow heavy-

tailed distributions due to cosmic ray hits, or where physical processes generate distributions

with sharp boundaries that Gaussians cannot represent well. In such cases, forcing a Gaus-

sian mixture representation may introduce systematic biases.

These limitations have motivated the development of more expressive neural density

estimators that can represent arbitrary distributions without committing to specific para-

metric families. The key insight unifying these approaches is the recognition that if we can

transform a complex distribution into a simple one (like a standard Gaussian), we can per-

form density estimation by working in reverse—transforming from the simple distribution

back to the complex one.

The Transformation Principle At the heart of modern density estimation lies a math-

ematical insight: complex probability distributions can be understood through their rela-

tionship to simple ones. This principle—transforming between simple and complex distribu-
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tions—connects to deep mathematical concepts in optimal transport theory, which studies

efficient methods for transforming one distribution into another.

An interesting perspective on this approach comes from cosmology itself. The universe

began with nearly Gaussian random fields—effectively a Gaussian Process like those we stud-

ied earlier—and through gravitational evolution, developed the complex, non-Gaussian struc-

tures we observe today. Neural density estimators essentially attempt to reverse-engineer

this process, learning transformations that map complex distributions back to simple ones,

or vice versa.

This transformation principle manifests in two main approaches that have gained

prominence: normalizing flows and diffusion models. While these methods differ in imple-

mentation, both use the same core idea of establishing mappings between simple and complex

distributions.

Normalizing Flows Normalizing flows directly implement the transformation approach

by learning invertible mappings between a simple base distribution (typically a standard

Gaussian) and a complex target distribution. The key requirement is invertibility: we must

be able to transform in both directions between the distributions.

The mathematical foundation rests on the change of variables formula from calculus.

If we transform a random variable z with known density pZ(z) using an invertible function

f to obtain y = f(z), the density of y is:

pY (y) = pZ(f
−1(y))

∣∣∣∣det
(
∂f−1

∂y

)∣∣∣∣ (15.94)

The Jacobian determinant term accounts for how the transformation stretches or compresses

space, ensuring that probability mass is conserved during the transformation.

By parameterizing f as a neural network while ensuring it remains invertible, we can

learn complex distributions directly from data. The network learns to map from a simple

base distribution (where we can easily evaluate probabilities and generate samples) to our

target distribution (where evaluation and sampling would otherwise be difficult).

What makes normalizing flows particularly useful is their dual capability: they provide

both exact density evaluation and efficient sampling. For density evaluation, we transform

an observed data point to the base distribution and compute its probability there. For

sampling, we draw from the simple base distribution and transform the samples to our
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Figure 15.23: Visualization of normalizing flows showing the gradual transformation between
probability distributions. The diagram illustrates how a complex bimodal target distribution
(left, red) is progressively transformed through intermediate steps into a standard Gaussian
base distribution (right, blue). The gray lines track specific points (x1 through x5) as they
move through each transformation stage, demonstrating how probability mass is transported
from one space to another. The forward direction (left to right) enables density evaluation
using the change of variables formula shown at the bottom, while the inverse direction (right
to left) allows sampling from the complex target distribution. The Jacobian determinant in
the formula accounts for how volume elements are stretched or compressed during transfor-
mation. Normalizing flows learn this invertible mapping directly from data, providing both
precise density estimation and efficient sampling capabilities—a combination that makes
them particularly powerful for modeling complex astronomical distributions where analyti-
cal forms for likelihoods are often intractable.

target distribution. This bidirectional capability addresses both inference and generation

needs.

However, this power comes with constraints. The requirement for invertibility severely

limits the types of neural networks we can use. Not all transformations are invertible, and

even among those that are, not all have computationally tractable inverses or Jacobian

determinants. This forces normalizing flows to use specialized architectures that sacrifice

some expressivity to maintain invertibility.
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Diffusion Models The limitations of invertibility requirements have motivated an alter-

native approach: can we achieve the same goal—transforming between simple and complex

distributions—without requiring exact invertibility for the entire transformation? This ques-

tion leads to diffusion models, which offer a different path to the same destination.

Diffusion models work by gradually transforming a complex distribution into a simple

Gaussian through many small steps of adding noise. This forward process follows a Markov

chain where each step adds controlled amounts of Gaussian noise according to a predefined

schedule:

xt =
√

1− βtxt−1 +
√
βtε (15.95)

where xt is the data at time step t, βt is the noise schedule (typically increasing from near

0 to near 1), and ε ∼ N (0, I) is random Gaussian noise.

As t approaches the final time step T , the distribution of xt approaches a standard

Gaussian distribution, regardless of the initial data distribution. The noise schedule is de-

signed so that after sufficient steps, any complex structure in the original data is completely

obliterated by accumulated noise.

The neural network is then trained to reverse this process by learning to predict the

noise component ε that was added at each step:

ε̂θ(xt, t) ≈ ε (15.96)

where ε̂θ is the neural network with parameters θ. By predicting and removing this noise,

the model can gradually denoise a pure Gaussian sample back into a sample from the target

distribution.

The key insight is that by breaking the transformation into many small steps, we can

“Gaussianize” a complex distribution without requiring strict invertibility of the entire trans-

formation. Each step needs only to model the noise component, which can be accomplished

using standard neural architectures without invertibility constraints.

This progressive approach offers greater flexibility in architectural choices compared

to normalizing flows. Since we only need to model noise components rather than entire in-

vertible transformations, we can use standard neural network architectures. The relationship

between original data and noised versions follows well-defined statistical principles, providing

a solid mathematical foundation.
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Figure 15.24: Visualization of diffusion models showing the gradual addition of noise to
transform data into a standard Gaussian distribution. The diagram illustrates how a com-
plex bimodal data distribution (left, dark blue) progressively absorbs more noise through
intermediate time steps (t = 0.2, 0.5, 0.8) until reaching pure Gaussian noise (right, light
blue). Specific points (x1 through x5) are tracked throughout the process, eventually be-
coming xT,1 through xT,5 at the pure noise stage. Small 1D Gaussian distributions alongside
each point visually represent how noise progressively disperses the data, with the width of
these mini-Gaussians increasing with each step to show the growing variance. The forward
process (dark blue arrow) follows a Markov chain of noising steps defined by the equation
xt =

√
1− βtxt−1 +

√
βtε, where βt controls the noise schedule. The learned reverse process

(light blue arrow) performs denoising to generate new samples. Unlike normalizing flows
which require invertible transformations, diffusion models operate through this progressive
noising-denoising approach, allowing them to model complex distributions without architec-
tural constraints. This approach has proven particularly effective for generating high-quality
astronomical data where physical consistency and uncertainty quantification are essential.

The trade-off is computational cost. Diffusion models typically require many steps for

sampling—often hundreds or thousands of denoising iterations to generate a single sample.

This makes them computationally intensive compared to the single-pass transformation of

normalizing flows. However, the quality of samples often justifies this expense for many

applications.
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Connections and Applications What unites these diverse approaches—MDNs, normal-

izing flows, diffusion models—is their use of neural networks to model probability distribu-

tions, moving beyond the deterministic paradigm that dominated early machine learning.

Despite different implementations, they all serve the same goal: enabling both density esti-

mation and sampling from complex distributions.

This probabilistic perspective proves particularly valuable in scientific applications,

where quantifying uncertainty often matters as much as making predictions. In astronomy,

these methods enable modeling of complex observational processes, accounting for selection

effects, and generating synthetic datasets that preserve the statistical properties of real

observations.

For example, normalizing flows have been applied to modeling the distribution of

galaxy properties in large surveys, capturing complex correlations between mass, color, and

morphology that simple parametric models miss. Diffusion models have shown promise

for generating synthetic astronomical images that maintain realistic noise properties and

preserve subtle correlations across different wavelengths.

These neural density estimators have become increasingly standard in modern as-

trostatistics, particularly in simulation-based inference applications where complex physical

models must be connected with observational data. Rather than reducing observations to

simple summary statistics, these methods can work with high-dimensional data directly,

potentially extracting more information while maintaining rigorous statistical foundations.

The field continues to evolve rapidly, with new architectures and training methods

appearing regularly. However, the core principle remains constant: using neural networks

to learn complex probability distributions enables more flexible and powerful approaches to

scientific inference than traditional parametric methods, while preserving the probabilistic

framework essential for uncertainty quantification in scientific applications.

15.14 Simulation-Based Inference

The neural density estimators we have just explored find their most transformative

application in simulation-based inference (SBI), which represents a paradigm shift in how

we connect complex scientific theories with observational data. This approach addresses a

persistent challenge in modern astronomy: how to perform rigorous Bayesian inference when

our theoretical models are so complex that analytical likelihood functions become intractable.
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The Likelihood Problem in Modern Astronomy Throughout this course, we have

emphasized the Bayesian framework for scientific inference. In its standard form, Bayesian

inference requires specifying a likelihood function p(x|θ) that describes the probability of

observing data x given parameters θ. Combined with a prior p(θ), we compute the posterior

distribution:

p(θ|x) ∝ p(x|θ)p(θ) (15.97)

This framework works well when we can write down explicit expressions for the like-

lihood function. However, as scientific models become increasingly sophisticated, specifying

analytical forms for likelihood functions becomes challenging or impossible. Consider modern

cosmological simulations: given cosmological parameters, we can run numerical simulations

that generate synthetic observations like galaxy distributions or weak lensing maps, but

we typically cannot write closed-form expressions for the probability of obtaining specific

observational outcomes.

The core issue stems from dimensionality and distributional complexity. When we

observe a phenomenon like a galaxy density field represented as an image, we work with

extraordinarily high-dimensional data—a modest 512×512 pixel image lives in a space with

over 250,000 dimensions. In such high-dimensional spaces, explicitly characterizing the dis-

tribution p(x|θ) becomes intractable. The distribution itself typically exhibits complex mul-

timodality, strong correlations, and heavy tails that resist simple parametric representation.

The past few decades have witnessed remarkable advancement in our ability to sim-

ulate complex physical systems. From cosmological structure formation to stellar evolution,

astronomy has developed sophisticated simulation capabilities through high-performance

computing and numerical methods. These simulations incorporate increasingly detailed

physics and achieve higher resolution. Yet a critical gap has persisted: how to rigorously

connect these simulations with observational data in a statistically principled way.

Traditional Approaches and Their Limitations Traditionally, astronomers have ad-

dressed this challenge by reducing dimensionality through summary statistics. As we ex-

plored in the chapter on summary statistics, this approach offers clear advantages. By

condensing high-dimensional observations into low-dimensional summaries like power spec-

tra or correlation functions, we create a more manageable statistical problem. Thanks to the

central limit theorem, these summary statistics often have distributions closer to Gaussian,

making techniques like the Laplace approximation more applicable.
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However, this convenience comes at a substantial cost: information loss. Summary

statistics like the power spectrum capture only certain aspects of the data—specifically the

second moments of the distribution. For a Gaussian random field, the power spectrum

provides a complete statistical description. But cosmic structures and other astronomical

phenomena are decidedly non-Gaussian, containing rich information in their higher-order

moments and phase correlations that summary statistics discard.

We thus face a classic scientific dilemma: a tension between tractability and complete-

ness. Using full high-dimensional observations preserves all available information but makes

likelihood functions effectively incalculable. Reducing observations to summary statistics

creates tractable inference problems but potentially sacrifices information. This tension has

historically forced astronomers to make pragmatic compromises, typically favoring tractabil-

ity at the expense of statistical power.

The Simulation-Based Solution SBI resolves this dilemma by leveraging an asymmetry

common to many scientific domains: while the forward problem (generating observations

from parameters via simulation) is tractable, the inverse problem (inferring parameters from

observations) is challenging. SBI uses neural networks to learn surrogates for key components

of the Bayesian inference pipeline directly from simulated data.

The SBI workflow begins with simulation—the one thing we can do reliably regardless

of model complexity. Consider a concrete cosmological example: we want to infer parameters

like matter density Ωm, dark energy equation of state w, and amplitude of fluctuations σ8

from observations of the cosmic web. We generate parameter-observation pairs {(θi,xi)}Ni=1

by:

1. Sampling cosmological parameters θi = (Ωm, w, σ8, ...)i from a prior distribution p(θ)

2. Running cosmological simulations with these parameters to generate synthetic galaxy

density fields xi

This simulation-first approach sidesteps the need to specify analytical likelihood func-

tions. Instead, we use the simulated data to train neural networks that approximate either

the likelihood p(x|θ) or the posterior p(θ|x) directly.

Neural Likelihood Estimation Neural Likelihood Estimation (NLE) represents the most

theoretically straightforward approach to SBI. By directly learning the likelihood function

p(x|θ), NLE maintains the structure of traditional Bayesian inference while extending it to
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Figure 15.25: Visualization of Simulation-Based Inference (SBI) showing the relationship
between parameter space and observation space. The central panel shows the joint distri-
bution p(θ, x) with black dots representing individual simulations (parameter-observation
pairs). The top panel displays Neural Posterior Estimation (NPE), showing the posterior
distribution p(θ|x) obtained by conditioning on a specific observation value x (purple hor-
izontal dashed line). The right panel shows Neural Likelihood Estimation (NLE), display-
ing the likelihood function p(x|θ) obtained by conditioning on a specific parameter value
θ (red vertical dashed line). Both approaches enable amortized inference—once trained,
they can rapidly evaluate likelihoods or posteriors for any values without re-running simula-
tions. This visualization highlights how SBI addresses a challenge in astronomical inference:
NPE directly learns posteriors in lower-dimensional parameter space (more computationally
efficient), while NLE maintains the traditional likelihood-based framework but works with
complex simulation-based models. By leveraging neural networks to learn these relationships
from simulations, SBI enables Bayesian inference for sophisticated models where analytical
likelihoods would be intractable, without sacrificing statistical rigor.
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previously intractable problems. The learned likelihood function acts as a drop-in replace-

ment for analytical likelihoods, interfacing seamlessly with the broader Bayesian framework.

We can implement NLE using the neural density estimators discussed in the previous

section. For example, using an MDN approach, we model:

p(x|θ) =
K∑

k=1

πk(θ)N (x|µk(θ),Σk(θ)) (15.98)

The training process follows standard maximum likelihood principles. Given our

dataset of simulated parameter-observation pairs, we maximize:

L(w) =
N∑

i=1

log p(xi|θi,w) (15.99)

where w represents the neural network parameters.

For high-dimensional observations like galaxy density fields, we might use more so-

phisticated density estimators like normalizing flows or diffusion models instead of MDNs.

The key principle remains the same: learning a mapping from parameters to observation

distributions, effectively encoding complex physics into a differentiable probabilistic model.

An attractive feature of NLE is that it preserves the modular nature of Bayesian infer-

ence. We can change priors, combine with other likelihood terms, or use different sampling

methods without retraining the neural likelihood. However, modeling high-dimensional ob-

servations presents computational challenges—predicting distributions in 250,000-dimensional

observation space requires enormous networks with potentially billions of parameters.

Neural Posterior Estimation This dimensionality challenge provides strong motivation

for Neural Posterior Estimation (NPE), which takes a more direct route by approximating

the posterior distribution p(θ|x) using conditional density estimators. By modeling p(θ|x)
instead of the likelihood, we only need to predict distributions in the much lower-dimensional

parameter space.

Consider the dimensional contrast: while x might be a 512×512 pixel density field

(262,144 dimensions), θ might consist of just 5-10 cosmological parameters. The neural

network takes observations x as input and outputs a distribution over parameters θ, making

this approach computationally more efficient and statistically more feasible.
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The fundamental difference in what we model:

• NLE asks: “Given parameters θ, what observations x might we see?”

• NPE asks: “Given observations x, what parameters θ might have generated them?”

NPE provides posteriors directly without requiring likelihood evaluation and MCMC

sampling, making inference extremely fast once the network is trained. However, it comes

with an important limitation: the network implicitly incorporates the prior distribution

used during training. Exploring different prior assumptions later requires either retraining

or applying mathematical corrections through importance sampling.

This trade-off makes NPE particularly suitable for applications where priors are

well-established and unlikely to change, or where computational speed at inference time

is paramount—such as analyzing millions of galaxy spectra from large surveys.

Amortized Inference Both NLE and NPE enable amortized inference, which changes

the computational paradigm of Bayesian analysis. In traditional approaches, we run MCMC

algorithms for each new observation, which can be expensive for complex models where each

likelihood evaluation requires extensive calculation.

Amortized inference changes this pattern. Once we train a neural network to ap-

proximate either the likelihood or posterior, we can reuse this approximation for multiple

observations without retraining. For NLE, we still need MCMC for each new observation,

but likelihood evaluations become extremely fast—just forward passes through the neural

network. For NPE, we get immediate posterior samples without any sampling procedure.

This computational advantage becomes crucial when analyzing large astronomical

datasets. Consider a survey with millions of galaxy spectra—running traditional MCMC

for each spectrum would be prohibitively expensive. With amortized inference, we pay the

computational cost upfront during training and then benefit from rapid inference across the

entire dataset.

Historical Context and Modern Developments The concept of performing inference

without explicit likelihood functions is not entirely new. Earlier approaches like Approximate

Bayesian Computation (ABC) aimed for similar goals by comparing summary statistics of

simulated and observed data, accepting parameter values that produce simulations “close

enough” to observations. However, these methods struggled with scalability and often re-
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quired careful manual design of summary statistics and distance metrics.

What has made modern SBI methods revolutionary is the dramatic advancement in

neural density estimation. The same deep learning innovations that transformed generative

AI have made it possible to reliably approximate high-dimensional, multimodal distributions

at scale. Early neural approaches often suffered from mode collapse—a phenomenon where

the network learns to generate samples from only one or a few modes of a multimodal

distribution, effectively “forgetting” about other equally valid regions of high probability.

For example, when trying to model a distribution with three distinct peaks, a network

suffering from mode collapse might only learn to represent one peak while ignoring the others

entirely. Modern techniques like normalizing flows and diffusion models largely overcome

these limitations through improved architectures and training procedures that better preserve

multimodal structure.

SBI applications extend well beyond cosmology to virtually any area with complex

forward models but intractable likelihoods. In stellar population synthesis, we can infer

stellar population properties from integrated galaxy spectra. In exoplanet characterization,

we can determine atmospheric compositions from transmission spectra. In gravitational wave

analysis, we can infer properties of merging compact objects from gravitational wave signals.

Challenges and Considerations While SBI offers transformative capabilities, it carries

important caveats. The neural surrogate is only valid within the parameter space used for

training, and its accuracy depends on how well training simulations represent reality. As

we incorporate more information at all scales, we also include more systematic effects. For

example, cosmological simulations may not accurately model baryon physics at all scales, and

blindly applying SBI might lead to overconfident inferences that depend on these systematic

effects.

However, this challenge affects all simulation-based methods, not just SBI. The so-

lution lies in rigorous testing and validation—generating additional simulations with varied

physical assumptions to assess sensitivity to modeling choices. We can train on one set of

simulations and test on others, quantifying the impact of systematic effects.

Interestingly, using more information does not necessarily amplify systematic biases

compared to summary statistics. In some cases, biases might average out when more infor-

mation is included. This remains an active research area, but the key point is that addressing

these challenges requires careful scientific methodology rather than abandoning the SBI ap-
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proach.

A promising development is that modern neural density estimators have matured to

the point where approximation errors are often subdominant compared to simulation-based

systematics. This allows us to focus on physical questions rather than worrying about neural

network reliability. We return to familiar scientific territory—rigorous benchmarking, blind

tests, and systematic error analysis—but now with the ability to extract more information

from observations while maintaining statistical rigor.

15.15 Summary

Our exploration of neural networks represents a fitting conclusion to our journey

through statistical methods in astronomy. This chapter has traced a path from the universal

approximation theorem through backpropagation to modern applications like simulation-

based inference, revealing how these techniques both extend and build upon the statistical

foundations we have established throughout this course.

The structure of this textbook has been deliberately designed to provide the ground-

work necessary for understanding neural networks in their proper context. Rather than

treating them as fundamentally different from classical approaches, we have emphasized the

deep connections between neural networks and the statistical principles developed in earlier

chapters.

These connections pervade every aspect of neural network methodology. The loss

functions we optimize emerge directly from maximum likelihood principles—mean squared

error for Gaussian noise assumptions, cross-entropy for categorical distributions. The opti-

mization techniques build on the gradient descent methods we studied extensively in logistic

regression. Regularization approaches like weight decay correspond exactly to placing Gaus-

sian priors on parameters, connecting to our discussions of ridge regression and Bayesian

linear models.

Even the architectural choices in neural networks reflect statistical principles. The

careful design of activation functions addresses issues of gradient flow and numerical stability.

The use of non-superlinear functions connects to our discussions of sampling variance in

summary statistics. The inductive biases encoded in different architectures—from CNNs

to Transformers—represent explicit assumptions about data structure, much like the kernel

choices in Gaussian Processes.
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This continuity challenges the common characterization of neural networks as in-

scrutable “black boxes.” Throughout our discussion, we have highlighted how understand-

ing emerges through careful analysis. The emerging science of deep learning reveals insights

into phenomena like grokking, Neural Tangent Kernels, and double descent—areas of active

mathematical research that continue to deepen our theoretical understanding.

The relationship between neural networks and science mirrors other historical pat-

terns in scientific progress. Just as practical steam engines preceded the formal laws of

thermodynamics, neural networks have demonstrated empirical success before their theo-

retical foundations were fully established. This pattern—where engineering practice leads

theoretical understanding—is common in scientific advancement and does not diminish the

validity of the approach.

Our deliberate choice not to center this textbook around neural networks stems partly

from challenges in their full Bayesian treatment. Despite their capabilities, rigorously quan-

tifying uncertainty in neural network predictions remains difficult compared to the classical

methods we studied earlier. Cross-validation provides insight into prediction error but does

not fully account for uncertainty in model parameters themselves. This limitation in uncer-

tainty quantification is important for scientific applications where understanding confidence

intervals often matters as much as the predictions.

Nevertheless, neural networks have proven useful in practice. Their ability to capture

complex nonlinear relationships often results in models where errors from the fitting process

become subdominant to other sources of uncertainty—whether statistical noise in observa-

tions or systematic effects in underlying simulations. This pragmatic advantage explains

their widespread adoption across astronomical applications.

Perhaps nowhere is this practical success more evident than in simulation-based infer-

ence, where neural networks have enabled entirely new possibilities for connecting complex

theoretical models with observational data. These methods allow rigorous Bayesian inference

in contexts where traditional approaches would be intractable, potentially extracting more

information from observations while maintaining statistical rigor.

The applications we have explored—from autoencoders for dimension reduction to

mixture density networks for modeling one-to-many relationships—demonstrate the breadth

of neural network capabilities. Each represents a natural extension of classical methods:

autoencoders extend PCA to nonlinear manifolds, mixture density networks extend GMMs

to conditional distributions, and encoder-decoder architectures enable cross-modal learning
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that would be impossible with traditional approaches.

The field continues to evolve rapidly, with new architectures, training methods, and

theoretical insights appearing regularly. Foundation models demonstrate capabilities for

few-shot learning and cross-domain transfer that seemed impossible just years ago. Neural

density estimators enable sophisticated approaches to probabilistic modeling that maintain

the statistical rigor essential for scientific applications.

Our exploration in this chapter provides a foundation for understanding these modern

techniques within the broader context of statistical inference. By grounding neural networks

in familiar statistical principles, we can approach them not as mysterious algorithms but

as natural extensions of methods we already understand. This perspective enables more

thoughtful application of these tools while maintaining the scientific rigor that distinguishes

astronomy from purely engineering disciplines.

Further Readings: The theoretical foundations of neural networks are explored in Mc-

Culloch and Pitts [1943] who examine mathematical models of neural computation, and

Rosenblatt [1958] who discusses the perceptron learning algorithm. Analysis of single-layer

network limitations can be found in Minsky and Papert [1969]. For readers interested in

the backpropagation algorithm, Rumelhart et al. [1986] provides comprehensive treatment

with practical examples. Universal approximation properties are investigated in Cybenko

[1989] and Hornik et al. [1989], while Vapnik [1995] places neural networks within statistical

learning theory. Bayesian perspectives on neural networks are offered by MacKay [1992] dis-

cussing connections to Bayesian inference, with Neal [1996] providing full Bayesian treatment

and Williams [1996] exploring relationships to Gaussian processes. Important architectural

developments include convolutional networks detailed in LeCun et al. [1998], recurrent archi-

tectures in Elman [1990], and long short-term memory networks in Hochreiter and Schmidhu-

ber [1997]. For uncertainty quantification methods relevant to scientific applications, Bishop

[1994] introduces mixture density networks while Hinton et al. and Srivastava et al. [2014]

develop dropout regularization techniques. While neural networks have become ubiquitous

in modern astronomy, their application to astronomical problems dates back decades, with

Storrie-Lombardi et al. [1992] applying them to galaxy morphology classification, von Hippel

et al. [1994] to stellar spectral classification, Lahav et al. [1995] comparing networks with

human classifiers, and Bailer-Jones et al. [1998] extending to stellar parameter estimation,

demonstrating that astronomers explored these methods well before the current deep learn-

ing era. Recent theoretical developments include the double descent phenomenon explored

in Belkin et al. [2019], with deep learning evidence provided in Nakkiran et al. and theoret-
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ical analysis in Adlam and Pennington. The Neural Tangent Kernel framework developed

in Jacot et al. reveals connections between neural networks and kernel methods, with Lee

et al. and Matthews et al. establishing links to Gaussian processes. For readers inter-

ested in simulation-based inference, Cranmer et al. [2020] offers comprehensive treatment,

while neural density estimation approaches are examined in Papamakarios et al., and neural

posterior estimation methods are discussed in Greenberg et al. and Gonçalves et al. [2020].

Foundation models and few-shot learning capabilities are explored in Bommasani et al., with

Brown et al. demonstrating large language model behaviors, Wei et al. analyzing emergent

properties, and Devlin et al. and Raffel et al. [2020] examining pre-training and transfer

learning approaches. Modern generative modeling encompasses variational autoencoders by

Kingma and Welling, generative adversarial networks by Goodfellow et al., normalizing flows

examined in Rezende and Mohamed with further developments in Dinh et al. and Durkan

et al., along with diffusion-based approaches including denoising diffusion models by Ho et al.

and Song et al..
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Chapter 16

Afterword: A Personal Note

The writing of this textbook has been an interesting personal journey, motivated

primarily by two experiences that many researchers working at the interface of statistics, AI,

and astronomy will recognize. First, I found myself repeatedly engaged in discussions with

colleagues about various techniques, often ending up scribbling LaTeX notes to share my

thoughts. Over time, these scattered notes not only helped my collaborators but also served

as a way for me to organize and clarify my own understanding. There is something about

the process of writing that forces clarity of thought in ways that mere conversation cannot

achieve.

Perhaps more importantly, I have found myself repeatedly drawn into debates about

the utility of machine learning in astrophysics—debates where “machine learning” often

means different things to different people. The responses I encounter range from overly

pessimistic to unrealistically optimistic, and I often find both positions difficult to defend.

These discussions touch on questions that go far beyond technical implementation: What

does it mean for a method to be trustworthy? What makes something interpretable? Is deep

learning always a black box? Are simpler models morally superior? What is our philosophy

of science, and what should be the ultimate goals of scientific inquiry?

I find these conversations fascinating because they reveal how much our methodolog-

ical choices reflect deeper beliefs about the nature of scientific knowledge itself. Writing

this textbook has helped me organize my thoughts on these questions and develop a more

coherent perspective on the role of different statistical approaches in astronomical research.

The process has been as much about understanding my own views as it has been about

659
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communicating them to others.

The encouragement to undertake this project came partly from an informal poll I

conducted on social media, where the overwhelming support from colleagues ultimately con-

vinced me to take on this challenge. However, the transition from scattered notes and lecture

materials to a coherent textbook—especially for a non-native English speaker—proved more

demanding than I initially anticipated.

When I began this project, I ambitiously planned to cover both classical machine

learning and deep learning in equal detail within a single volume. This turned out to be

wildly optimistic. The classical foundations alone expanded to fill the current volume, and

while I hope I have provided a sufficient introduction to neural networks and deep learning,

a comprehensive treatment of these topics will require a separate volume—a project I look

forward to tackling once I have recovered from this one.

This has certainly been one of my largest academic undertakings. From conceptual-

ization to writing the first draft, each page required approximately one hour of focused work,

sustained by many cups of coffee and the occasional dessert for motivation. The subsequent

rounds of editing and revision added another hour per page. For this 650-page volume, the

total time investment approached 1,300 hours, consuming most of my non-working time and

weekends during the 2024-2025 academic year. This time commitment ultimately reinforced

my decision to defer the deep learning volume to the future.

I should acknowledge the role that modern language models have played in making

this project feasible. While the prelimary writing, organization, mathematical content, and

overall perspective represent years of my own thinking and research, I have relied on LLM

assistance primarily for language editing to make the text as readable as possible while

hopefully maintaining my professional voice and occasional attempts at humor. Without

this support, the language polishing alone would have made this project prohibitively time-

consuming for a non-native speaker. The irony is not lost on me that a textbook partly

about machine learning was itself enabled by machine learning.

Despite my own research focus on deep learning applications in astronomy, I remain

convinced that a solid foundation in classical statistical methods addresses a large portion of

the analytical needs in our field. While there are certainly astronomical problems that benefit

from deep learning—which is why I find this research area so compelling—the combination

of domain knowledge and solid statistical reasoning can solve many problems that might

initially seem to require more complex approaches.
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The choice between classical and modern methods should be driven by the nature

of the problem rather than by fashion or technological enthusiasm. This textbook aims to

provide the foundation necessary to make such choices thoughtfully and with full awareness

of the trade-offs involved.

Ultimately, as I mentioned in the preface, my hope is that this textbook contributes

to a more nuanced understanding of how machine learning techniques have evolved and how

they connect to the statistical foundations that astronomers have always relied upon. If

this work contributes in any way to more meaningful and informed discussions about the

role of these methods in astronomy, then the considerable time investment will have been

worthwhile.

When I began this project, I debated whether to pursue traditional publishing or

to release the work as an open-access resource. While I was fortunate to receive interest

from publishers—and the prospect of a physical textbook remains appealing from a personal

standpoint—I ultimately decided to prioritize accessibility. Growing up in Malaysia, where

educational resources in specialized fields like statistical astronomy can be limited, I am

acutely aware of how access barriers can affect learning opportunities. I have therefore

chosen to release this work on arXiv, making it freely available to anyone with an internet

connection. The possibility of a traditional published version remains open, potentially

through crowdsourced funding for open-access publication costs.

This textbook is dedicated to my family, who have supported my somewhat unusual

intellectual trajectory with remarkable patience. My parents endured having a child who

was more interested in solving linear algebra problems than playing with friends—my father

even resorted to paying me to go outside and play, hoping to encourage more conventional

childhood activities. Their tolerance allowed me to explore the mathematical topics that

have always fascinated me and ultimately enabled me to develop expertise spanning physics,

statistics, and artificial intelligence.

The dedication also extends to my grandmother (Popo), who, despite never having

formal education herself, was always amused by my mathematics scribble books. During

family visits, while she worked on sewing blankets, I would sit in her back room solving

equations, and she would occasionally peek over my shoulder with curiosity and pride. Her

quiet support and the warmth of those childhood memories have stayed with me throughout

this journey.

Looking back on this project, I realize that writing a textbook is itself an exercise
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in the kind of thinking it aims to teach. Like statistical modeling, it requires balancing

completeness with clarity, rigor with accessibility, and personal perspective with objective

presentation. The process has taught me as much as I hope the final product will teach its

readers.

To those who undertake the journey through this material, I hope you find it not

just informative but transformative in how you think about the relationship between data

and knowledge. The future of astronomy will undoubtedly require increasingly sophisticated

statistical thinking, and my hope is that this foundation will serve you well regardless of

which specific techniques prove most useful for your particular research challenges.

The conversation about machine learning in astronomy is far from over, and it should

continue to evolve as both our computational capabilities and our theoretical understanding

advance. What matters most is that this conversation remains grounded in careful thinking

about what we are trying to achieve and why particular approaches serve those goals better

than others.

Thank you for joining me on this journey through the landscape of statistical machine

learning for astronomy. The real work begins when you close this book and start applying

these ideas to your own research questions.
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